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Outline

1 Motivation: Why second order systems?

0 Discretization of second order systems
No boundaries
o Mixture of Dy D_ with Dy can cause difficulties
o Stability and choice of discrete norm
o Examples: gKWB, NOR, ADM, 74
Boundary treatment

o (Limitations of the) discrete energy method
o Laplace transform method
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Motivation

1 Second order systems have fewer variables, fewer constraints, and

typically smaller errors.
O They are used by several groups (e.g. BSSN).

O First order systems are better understood.

Improve our understanding of properties of (finite difference

approx of) 2nd order systems;
identify stable discretizations;

and produce discrete boundary prescriptions.
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Motivation

0 Second order systems have fewer variables, fewer constraints, and

typically smaller errors.
O They are used by several groups (e.g. BSSN).
O First order systems are better understood. We need to catch up:

Improve our understanding of properties of (finite difference
approx of) 2nd order systems;

identify stable discretizations;
and produce discrete boundary prescriptions.
1 Notation: h space step, k time step, Div; = (vj11 —v;)/h,

D_v; = (v; —vj—1)/h, Dov; = (vj41 —vj-1)/(2h),
DyD_vj = (vj4+1 — 205 + vj1)/h*.

Gioel Calabrese - Southampton, 18 August 2005 — p.3/21



Some difficulties

Standard notion of stability (based on Ly norm) fails.

Standard discretization of well-posed problems can give rise to
unstable schemes.
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K (t), independent of the initial data, such that the estimate
E(t) < K(t)E(0) holds. A better norm is [(¢? + 1% + ¢2)dz.

Standard discretization of well-posed problems can give rise to
unstable schemes.

Take the wave equation 92¢ = 92¢ and change coordinates (z/ = z — 3t)
O2¢p = 26010, + (1 — %)% ¢ (shifted wave equation)

. . . : — Wi . — U .
The discretization (DOuj = u3+12hu3 L DyD_u; = Uj+1 ;23 TUj 1)

L b =284 Dog; + (1 — %) D D_g;

is unstable for |3| > 1. Who is to blame?

Gioel Calabrese - Southampton, 18 August 2005 — p.4/21



First order systems

. 0 .
Continuum: A first order system 8_? = P(0.)u is strongly

hyperbolic iff

The Cauchy problem is well-posed.

Estimate in Lo follows

lu(t, )|l < Ke*||u(0, )]
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First order systems

Discrete: The scheme v™t1 = Qu™ is stable iff

K ' <H(E)=H"(<K
| A& g < et

Estimate in discrete Lo-norm follows
[0"|n < Ke*||v°]]

where [[v]|? = D v:h.

Von Neumann necessary condition: o(Q(€)) < e*.

Gioel Calabrese - Southampton, 18 August 2005 — p.6/21



First order systems

Discrete: The scheme v ! = Qu" is stable iff

K '<HE)=H(<K
! N < e

Estimate in discrete Ly-norm follows
0" | < Ke*||v°]|n

where ||v]|3 = py vZh.

Von Neumann necessary condition: o(Q(€)) < e*.

Gioel Calabrese - Southampton, 18 August 2005 — p.6/21



First order systems

Discrete: The scheme v ! = Qu" is stable iff

Estimate in discrete Lo-norm follows
[0"|n < Ke*||v°]]

where [[v]|? = D v:h.

Von Neumann necessary condition: o(Q(£)) < e®*.

Gioel Calabrese - Southampton, 18 August 2005 — p.6/21



Simple sufficient condition

Assumptions:

Method of lines: <v; = Pu;. In F. space %4 = P(€)0.

3RK, 4RK, or ICN time integrators: Q = P(kP).

If there exists a discrete symmetrizer I:[(S) of f)(S)

K= < H(§) = H*(§) < K

H(P(E) + PH(&)H(E) =0

(i.e. a conserved energy for the semi-discrete system in F. space)
then the von Neumann condition

A

o(kP) < ag (e.g. oy = /8 for 4RK)

is necessary and sufficient for stability (||v"]|, < K[v°]|n).
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Second order systems

Standard discretization of second order system of the form

u A'DM 4+ B C u
O - i (2) (1) (1)
v DYD;; +E'D;”+F G'D; 7 +J v

E.g. D\ = Dy;, DY = Do;Dyj if i #j, D) = Dy;D_; if i = j.

If 9,0 = P'0, where P’ is the principal symbol of the semi-discrete

system, admits a conserved energy v Hv and

i 0% 0 o
K 'Ig<H<KlIy, Io= — QQ:Z\DH’Q
i=1

then, provided that o(kP’) < ay, the fully discrete scheme is stable

. d
wrt [[vl7 p, = llully + [[vll; + 225 [[D+sull?-
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Results

1 Generalized KWB system

0, A, = —E;
OFE;, = —0%0.A; +r9;0%A, + 0,G
0,G = roFE,

Continuum: Cauchy problem is well-posed for r € R.

Discrete: stability wrt D -norm only for » < 1; for » > 1 the

von Neumann condition is violated.

O NOR formulation of GR has similar properties

at%'j = 2K,
1 r
&5]% — T‘@ZK
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Results

1 Other systems analyzed: ADM, Z4.

O The approximation

d

d
agﬁj(t) = I1,(1), %Hj(w =D D_9¢;(t)

is stable wrt [|¢]|7 + ||T1]|Z + || D4 ¢||3. What about using D3 instead
of D, D_ in the scheme, or Dy instead of Dy in the norm?

The D3-scheme is unstable wrt the D -norm.

Similarly, the standard 2nd o.a. discretization is unstable wrt

the Dy-norm.

D3 in the scheme and Dy in the norm is ok, but one has to be
careful.
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Testing stability

For a linear scheme with no forcing terms a stability test should be
aimed at establishing the existence of K and «, such that

lo"|| < Ke®t |00 for b < hyg

where, for the NOR system, for example, the norm is

Z H%JHh"‘ Z ||KZJHh‘|‘ Z HD+k%JHh+ZHszh

1,7=1 1,7=1 k,,j=1

In the non linear case, however, this wouldn't work!

Ultimately, we want convergence. Suggestion:

Test for convergence with consistent (but not exact!) initial data.
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Boundary treatment

Although the scheme
Gz 0i = 265 Dog; + (1 — %) Dy D_¢;

is unstable for |3| > 1, the approximation

ii® = BDod; +1I;
41, = BDoll; + DiD_¢;

is stable for any 5 € R.

We will use the second approximation in the interior and look for

appropriate discrete boundary prescriptions which are
consistent with those of the continuum problem;

and lead to strong stability.
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Boundary treatment (continuum)

Quarter space (x > 0, t > 0) for the shifted wave equation:

Evolution equations:
Orp = [0y +11+ F?
Ol = PO+ 0%¢ + F!

Initial data: ¢(z,0) = f¢(x), II(z,0) = f(x)
Boundary data: I1(0,t) — 0,.¢(0,t) = g(t) if |B] < 1;
no BCs in the outflow case (5 > 1)
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Boundary data: I1(0,¢) — 0.¢(0,t) = g(t) if |B] < 1;
no BCs in the outflow case (3 > 1)
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Quarter space (x > 0, t > 0) for the shifted wave equation:

Evolution equations:
Orp = [0y +11+ F?
Ol = PO+ 0%¢ + F!

Initial data: ¢(z,0) = f¢(x), II(z,0) = f(x)
Boundary data: I1(0,t) — 0,.¢(0,t) = g(t) if |B] < 1;
no BCs in the outflow case (3 > 1)

Strong stability

lu(, )l < K(2) (IIfH2 +/0 (FC I+ 5\9(7)\2)d7)

where § = 0,1, and u(x,t) = (¢(x, 1), I(x, 1), do(x, 1)L,

Gioel Calabrese - Southampton, 18 August 2005 — p.13/21



Boundary treatment (discrete)

Quarter space semi-discrete problem:

Evolution equations:

d

—0; = BDo¢; +11; + F?

d

%Hj — 6D()Hj+D+D_§/5j—|—FJH

Initial data: ¢,(0) = f;b, I1,(0) = fil

J
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Boundary treatment (discrete)

Quarter space semi-discrete problem:

Evolution equations:

d
d
1 = PBDoll; + Dy D_¢; + F!

Initial data: ¢,(0) = f;b, I1;(0) = f}
What should one do at the boundary? Start with G > 1.
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The Laplace transform method

Quarter space semi-discrete problem (5 > 1, j > 0):

d
0= BDog; +11; + F?

d
— 11 = BDoll; + Dy D_¢; + F!

qu(()):f;-b, Hj(O):fJH
hq2+1fo+1q5_1 _ gﬁb’ hqlDEI'_lH_l _ gH

ITIN: + 1D+ 8ll7 < oo
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The Laplace transform method

Quarter space semi-discrete problem (8 > 1, j > 0):

d
05 = BDod; +11; + F?

d II
%Hj = 5D0Hj —+ D_|_D_¢j -+ Fj

6;(0)=f7, T0;(0) = f}'
hetipetly | —g? R DI = g

ITIl; + 1D+ ¢ll5 < oo

Perform a discrete reduction to first order:

Xj=D+9;
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The Laplace transform method

Reduced quarter space semi-discrete problem (5 > 1, j > 0):

d
- Xj =pBDoX; + D11 + D,F?
d IT
11 = BDoll; + D_X; + F]

X;(0) = Dy f7, 1;(0) = ;'
h2DEX_ = ¢g*/h , h"DIT_, = g"

ITI[5 + 1 X5 < oo
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The Laplace transform method

Reduced quarter space semi-discrete problem (5 > 1, j > 0):

d

- Xj =pBDoX; + D11 + D,F?
d IT
11 = BDoll; + D_X; + F]

X;(0) =Dy ff, T0;(0) = f1F

2D X_ = , h DI = g"

ITI[5 + 1 X5 < oo
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The Laplace transform method

Reduced quarter space semi-discrete problem (3 > 1, 5 > 0):

d
- Xj =pDoX; + D11 + D,F?

d I1
%H‘j = ﬁD()Hj -+ D_Xj -+ Fj

X](O) - D—f—fjba H](O) - f]H
h*DPX 1= ¢g*/h, h"DITI_; = g"
][5 + [1X 15 < oo

Result: the scheme is stable and second order convergent if

qi1,q2 > 2.
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The Laplace transform method

Reduced quarter space semi-discrete problem (3 > 1, 5 > 0):

d
- Xj = BDoX; + DyI1; + D,F?
d II

X;(0) =Dy ff, T0;(0) = £

J
h*DPX 1= ¢g*/h, h"DITI_; = g"
][5 + [1X 15 < oo

Result: the scheme is stable and second order convergent if

J1.q> = 2. Minimum order of extrapolation is
h*D3¢_1 =0, D3Il =0
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The Laplace transform method

Reduced quarter space semi-discrete problem (3 > 1, 5 > 0):

d
- Xj = BDoX; + DyI1; + D,F?
d II

X;(0) =Dy ff, T0;(0) = £

J
h*DPX 1= ¢g*/h, h"DITI_; = g"
][5 + [1X 15 < oo

Result: the scheme is stable and second order convergent if

J1,q> = 2. Minimum order of extrapolation is
¢-1 =300 — 301 + @2, II_; = 21y — II;
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Proof of strong stability

1 Three main parts of the proof:

1. Verifying the Kreiss condition to obtain an estimate for the
F =0, f =0 case.

2. Estimate the solution of the problem with modified BCs in
terms of f and F..

3. Put things together to derive estimate for the original problem.
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Proof of strong stability

Three main parts of the proof:

1. Verifying the Kreiss condition to obtain an estimate for the
F =0, f =0 case.

2. Estimate the solution of the problem with modified BCs in
terms of f and F..

3. Put things together to derive estimate for the original problem.

The strong stability estimate

oI, < &0 (1515, + [ AF@I, +lonPar)

where [lo(t)[|5, = o[l + ITI[7 + 1D+ ¢7, can be used to prove
convergence (i.e. derive estimates for the error).
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The Kreiss condition ()

Solve the Laplace transformed problem for (f =0 and F' = 0) and
express the solution in terms of the boundary data:

A I~k > X ~k
I, = E Cirg" s X; = E 519
k=TI,X k=TI,X

Verify the Kreiss condition (|I1;|? + |X;|? < K(|g"]? + |%|?)) by
plotting
( \ 1/2
N = > (gl + 1)

]:_170

\k:H,X )
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The Krei
Kreiss condition ()

y !
1
q )

10+

1.6
IR
IR

1.4+

S
SSees
LA
%

O
n‘\“
10205 %% S
% S5 aa8
«““““‘““
Sanatill

R

W
R
a8

!

N

X
i ™,
A

I}

=
NS

—_———

1

I‘M

i

{1
P

D

N

=

A

T
(/]

TR S,
n\\“:\"&?
"

)
S

pas!
5553
SRIG
*‘:@”’#
K
X
S8
=
~
N
-~

R

il
st B

=

S
N

A
W
R

0.8

R
N
N\

s
\%‘
R

I
i

W
W
T
I\

\

Gioel C
alabrese
- So
uthampton, 18 A
ugust 20
05 —
p.19/21



Other cases

Similar result holds for the boundary conditions (|5 < 1)

1o — Doo = g
h*DiIl_1 =0
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Other cases

Similar result holds for the boundary conditions (|5 < 1)

¢—1 = ¢1 + 2h(g — o)
II_4 =211y — 11}
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Other cases

O Similar result holds for the boundary conditions (|G| < 1)

o — Dopog = g
h*D3Il_q =0

1 Fourth order accuracy
Outflow case:
h5Digb_1 =0 h4DiH_1 =0
h°D3¢p_5 =0 h4DiH_2 =0
Time-like case:
o — Do(1— 2D D Ypo=g  h*DiTl_, =0
h°D5¢_o =0 hDIII_o =0
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Other cases

Similar result holds for the boundary conditions (|| < 1)

o — Dogo = g
h*D3I1_q =0

Fourth order accuracy
Outflow case:
h°D3¢p_1 =0 h4DiH_1 =0
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Other cases

Similar result holds for the boundary conditions (|| < 1)

o — Dogo = g
h*D3I1_q =0

Fourth order accuracy

Outflow case:
h°D2¢p_1 =0 DI =0
WPD3¢ o=0  h*DATl 4 =0
Time-like case:
o — Do(1— 2D D Ypo=g  h*DiTl_, =0
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Conclusion

1 Subtle difficulties arise in the discretization of first order in time,
second in space systems

Standard discretization of well-posed problems can give rise to

unstable schemes. Not just 3's fault!

With the standard discretization the discrete norm better

contain D, operators.

Testing stability

O Boundary treatment
Limitations of the discrete energy method.

Strong stability proofs for the 2nd and 4th order accurate case.
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