1 Veltman-Passarino Reduction

This is a method of expressing an n-point loop integral with r powers of the loop momentum
[ in the numerator, in terms of “scalar” s-point functions with s = n — r,---n. “scalar”
meaning an integral with no powers of loop-momenta (r = 0) in the numerator - i.e. a
product of propagator denominators.

7.1 Notation
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where
qG =p1+p2-Di

p; being the (incoming) external momenta. d = 4—2e¢ is the number of dimensions in which we
perform the loop integral in order to regularise either ultraviolet (UV) or infrared/collinear
(IR) divergences.

We assume that all external momentum are in four dimensions
Note that masses can be included in these manipulations but add to the algebraic complexi

The case f(I) = 1is what we call the “scalar integrals” - the integrals that would be obtained
in a theory of scalar particles only.
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We also define the integrals
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i.e. the n — 1-point integral obtained by “pinching out” the j** propagator.
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(l + (h)
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Similarly we can define integrals such as I,(Lj_l’gjz)[ f(D)], ete.

7.2 One power of loop momentum in numerator

) ="
dl " n-l
LM = —i(4r d/2/ = > Cuipl,

M = SO | G E T =) e ) &
using the fact that the vector quantity on the LHS must be constructed from the vectors
p1 -+ Pn_1 (by conservation of momentum p; + ps + -+ py_1 = —p, so that p,, is not inde-
pendent)

Contracting both sides with p/ we get
ddl l - p; n—1

Lil-p) = —iam) [ = Y G,

2m) (12 =mg) (L + qu)? —mi) - (I + @) —m) 3

where AY = p; - p; is the “Gram” matrix.

Since p; = ¢; — g;—1 (with ¢o = 0) we can write the numerator of the integral as

1

Lp = 5 (0 = md) = (U + g = mi) +m —md = + )

This is the Veltman-Passarino (VP) reduction formula.

The terms ((I 4 ¢;)* —m3) and ((I + ¢j—1)* —m3_, in the numerator can be used to cancel
(or “pinch”) the j® and (j — 1)"* propagators respectively and so we end up with a set of

n — 1 linear equations for the coefficients C,.;.
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where the RHS is expressed in terms of scalar n-point and (n — 1)-point integrals.

This set of linear equations is readily solved

Z A (I = 195000 + (2 —m? Ly — ¢+ 2 )LL)

However, care is needed if we are dealing with n > 4. The reason for this is that in this
case only the first four of the external momenta p; can be linearly independent. In fact by
attempting to write the integral out as the sum of n — 1 terms, we have over-parametrised
the integral and the coefficients are not unique - the Gram matrix is not invertible as its
determinant vanishes.

In such cases, it is sufficient to choose the first four external momenta only provided the
Gram determinant for those four does not vanish.

det(A) # 0.

In special cases, known as “exceptional momenta” this determinant may indeed vanish and
we must then choose a different four.

We then have

4
== ZCn,zpfa
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Example:

In this example we will consider the three-point function and (for simplicity) set the internal
masses (but not the external square momenta) to zero, so that we have

e I
~in " | T T o

with ¢ = p; and ¢ = (p1 + pa).

= Cs1p) + Cs0p5,

Contracting both sides with p{ gives

i Iy
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Using

L-p1= ((H‘%)Q—ZQ—P%)
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we have

1
p1Cs1+p1-p2Csa = 5(12(1)[1]—12(0)[1] P1I3[1])
with 4
1
V) = —idn)??
2 (1] i(47) /(27?)dl2(l+Q2)
and
dd/{i 1 ddl 1
[(0)1 — —i(47)9/? — —i(4m)Y? .
2 (1] i4m) /(27r)d 0+ q)2(l + @) i{4m) /(2w)dzz(z+p2>2

In the last step we have performed a shift of integration variable I — (I — ¢).

Likewise, if we contract with ph we get

—i(47T>d/2/ - P = Cs1p1 - pa + Csp3,
@2m)? 2+ @) (L + g2)? | ’
Using

l-p2= % ((l +¢)? = (1—q)*+pi — (n +p2)2)
we have

1
pp2Can + 23 Cop = 5 (B0 = B1) = (201 p2 + ) Is[1])

The solutions are

Cay = +prpe) ISV = p2IOT1) = py - poI P2

31 (P2P2 — (p1 - p2)? ((pz b1 p2) 2 (1] = p2La " [1] = p1 - paly ™ [1]
(p1p2—2(p1 pz) —p3(p1 - p2)) Is[1])

Cap = ((p1 +p1-p2) BV + pr 1] = pr - po 15V [1]

(pip3 — (p1 - p2)?
- (p%pg + pi(p1 'Pz)) [3[1])

7.3 Two powers of loop momentum in numerator

For the case

f() = 1"k",
the integral is a rank-two tensor which can be formed out of the outer products of external
momenta p!’ P} and the metric g"”. Again for n > 5 we only use ¢,j = 1---4.
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The first equation we can derive relating the coefficients is obtained by contracting both

sides with ¢g"”, remembering that we need to work in general in d dimensions so that we get
d?l [2

@2m)? (@ —mi)((+@)* —=md) - ([ + ¢a)* — m3)

[(")[l2] = _7'(47T)d/2/ = Cn:OOd_'_Z Cn;ij Aij

.3
Writing

? = (I —mo)* + my,
we get the relation

I +m21,[1] = dChgo+ Y Cruij AV

1,J

Another relation is obtained by contracting both sides with Ay 'pl'p¥, to obtain

AL p - Upy - 1) =min(4, (n — 1))Cr0 + Y Cran A™
Woh

We note here that if n > 5 (and therefore UV finite) and the integral contains no infrared
divergences, then we have two equivalent expressions for the combination of coefficients
4Ch00 + 225 O AF'. This means that the term Chi00 is redundant (not uniquely defined)
and we can set it to zero. However, in the general case we need to keep this coefficient
separate.

The remaining coefficients are obtained by contracting with p}'p}, to obtain

Lpr - U1pn - 1] = CrigoA™ 437 Crij ATAT

i7j

For n > 5 this provides 11 equations for the 10 coefficients C,;; (symmetric in {7, j}) and
C1n,00

The LHS is most easily handled by using the VP reduction formula once only (say for py, - [
and leaving the other scalar product alone.

1
-l = 5 (@) = mi) = (4 qua) —mi ) + gy — g +mi —mi_y)

so that we get

1

2 (I e - 11 = BV e 0+ (G — @ +mi = mi ) Tlpe 1)) = Crigo A+ gy A AT

i7j

We use the results previously obtained for the case where f(I) = py -l to reduce the integrals
on the LHS to scalar integrals.
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Care must be taken for the case where h = 0 (or (h — 1) = 0) since in that case it is the
propagator denominator [* — m2 that has been cancelled and we have the integral

O 10— (442 dl Pr -l
e R (s (s e o ((Eermey iy

To get this into the standard form we must make a shift of integration variable
[ — 1 — q1
This affects the numerator also and we arrive at

, dil Pkl —pr-q1
—i(4m)Y? ,
e B T (e i By o

which is the linear combination of an » = 1 integral and a scalar integral.

Together with the equation obtained by contracting with g*”
Ir(LO—)l[l] + mgIn[l] - an;OO + Cn;lh Alha
we end up with

1
(d+1—n)Croo = _[(0—)1[1] +mgl,[1] -
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oin hz::l (Q}%—l — qj, +mj, — mi—l) Chsh-

N —

Assuming that the r = 1 coefficients have already been calculated, the expression for C,go
can be inserted into the expressions of the other r = 2 coefficients, C),.;; and the set of
in(n — 1) linear equations can be solved.

Example:

Once again we consider a triangle integral with two powers of loop momentum in the nu-
merator n = 3, r = 2, and internal masses set to zero. This has a UV divergence by power
counting and will also be infrared divergent if any of the external square momenta vanish.

dil ke
L) = —im [
sl i(4m) 2m)2 201+ q1)2(1 + go)?
= Cs000" + Ca1pi' Py + Ca200505 + Caa2(phDs + P507)

We can obtain four equations for the four independent unknowns as follows:

Contract with g"”

[2(0)[1] = dCs.00 +p%C3;11 +p§C3;22 +2p1 - p2Csa2 (1)
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Contract with pf'p¥

I3[pk lpg - l] = pzc?,;oo + (pz)zcs;n + (pk ']92)203;22 + 2]9%(]91 ']92)03;12

Using
(l+q)?-12—q}),

N~

pr-l =
this may be written

1
5 ([él)[pl : l] - léo) [Pl : l] - P%ls[Pl l]) = p303;00+(p%)203;11+(291'P2)2C3;22+2P%(Pl'Pz)Cg;m (2)

Contract with php

I3[ps - Ips- 1] = pgc?,;oo + (1 -p2)2C'3;11 + (P§)203;22 + 2]?%]?1 - p2Cs.12

Using

pl =5 ((+a)-(+a)+d-a).

N | —

this may be written

1
5 (B7[p2 1) = 13V pe - 1)+ (af = @) Eslp2 - 1)) = P3C00t(p1-p2)* Conr+(03)* Coaa+ 205 (01 p2) Gz (3)

Contract with p4'py

Iilpy - Ips - 1] = p1-p2Csi00 + (p1 - p2)PiC311 + (p1 - P2)P3Cii22 + (P05 + (p1 - p2)?) sz

Using

pl =S ((+q)’-1—q),

N —

this may be written
1

5 (12(1)[]92 : l] - ]2(0) [p2 : l] - fo3[p2 : l]) = p1'p2C3;00+(p1'pz)p%C&nﬂL(pl'pz)p§C3;22+(p1']92)203;12 (4)

Alternatively we could use

(l+@)’—(+a)+d-da),

N —

p2-l =
to obtain an equivalent equation
1
3 (120 - 1) = 15 1 - 1)+ (@ = @)’ Lslp - 1)) =
p1 - p2Cs00 + (p1 - P2)PICs11 + (1 - P2)P3Chi22 + (p1 - p2)°Ca2 (4)
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It is useful to define the function B(¢?) by

R . A T
~idm)” / erini+qr — 2\

from which we can easily derive

e 1
_ d/2 - _Z 2Y 1
i{4r) /(27r)d K2(1 + q)2 Bl

With this definition the four equations become
B(p3) = dCspo + piCs1 + p3Cs22 + 2p1 - p2Cs12 (1),
(where we have used ¢ — q1 = p2),

(=B(a3) (0} +p1-p2) + B(3) (207 +p1 - p2) — 21 Lspr - 1]) =
P%C?,;oo + (P%)zc&ll + (1 'P2)2C3;22 + QP%(Pl -p2)Cs12  (2),

RS

where we have shifted the integration variable | — [ — q;, and set p; - go = p? + p1 - o,

! (=Bw)p2 - p1+ B(@3) (03 + p1 - p2) + 2007 — ) slp2 - 1)) =

4
pgc?,;oo + (71 'p2)203;11 + (p§)203;22 + 2]?3(]?1 p2)Cs12 (3),
where we have written p, - go = p3 + p.pe, and ¢, = py,

(=B(22)* (83 + pr - p2) + B(p2)*(2p1 - p2 + 13) — 21 Ls[pa - 1)) =

p1 - D2C3.00 + (p1 - p2)piCaa1 + (p1 - P2)p5Caiaa + (p1 - P2)*Caaa (4)

] =
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(=B@)Pt + B(@3) (0} +p1 - p2) + 207 — @) slps - 1]) =

p1 - p2Cs.00 + (P31 'pz)p%C?);n + (p ']92)17303;22 + (1 'p2)203;12 (4/)

N

If we construct the combination
p3(1) + p1(2) — pr - p2((4) + (4)),
divide by p?p3 — (p1 - p2)? and use the previously obtained relations
Islpy - 1] = pi Csq+p1-p2Cso
Islpsy - 1] = p1-p2Csy + piCap,

we arrive at the promised result

(B(p3) = piCsa — (63 — p})Ch2)

N —

2C5.00 + p%CS;ll + P§C3;22 +2p1 - paClap =
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which when combined with (1) gives an expression for Cs.g

Cs00 = (B(pé) + piCaa + (g5 — P%)Cs;z)

1
2(d - 2)

Note that B(g?) is UV divergent so that we must keep the number of dimensions,d, away
from 4 even in the absence of infrared divergences. Cs.go is ultraviolet divergent.

The remaining coefficients Cs.11, Cs.92, Cs.12 can now be obtained by solving the three simul-
taneous equations (1), (2), (3).

7.4 More powers of [

This process can be “rolled out” for any number of powers of loop momentum in the numer-
ator, but the expressions become increasingly longer.

For three powers of loop momentum we have

4 4
L[IM"1r]) = ZCn;OOig{quz'p}+ > Cn;ijlpz{“pju'plp}
i=1 i,50,=1

and we need to contract with g"p? or with p#p”p; to obtain a set of linear equations for the
coefficients C.00; 01 Ch.ijk-

For four powers of loop momentum we have

4 4
LM = Choo0g™ g7 > Cn;()o@'jg{wpfp?} + > Cn;ijzhpl{“p;pfpz}
1,j=1 i,9,k,h=1

(o}

and we need to contract with ¢g"’gf?, g"pf_s, and ptp“p!p? in order to project out the

coefficients Cn;oooo, Cn;OOij and Cn;ijkh

Although this becomes more complicated, a contraction with a single g or with a single
momentum pf, where p; is one of the first four external momenta enables one to write any
loop integral

L0 1]

in terms of
L0 =]

and '
19,

and the process can be iterated.
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7.5 Reduction of n-point integral to (n — 1)-point integral

A very useful application of Veltman-Passarino reduction is the reduction of a one-loop
n-point scalar integral, expressing it as a sum of (n — 1)-point and (n — 2)-point integrals,
which is possible provided n > 4, for which there are 4 linearly independent external momenta
pi, © = 1---4 (the remaining external momenta can always be written as a linear combination
of the first 4 external momenta).

— [au !
(2 =m)((+q)? =md) - (L +¢;)* = m3) -+ (L + qn)* — m3)

with

J
= sz'-
i=1

If n > 4 then we may write

4
" => p- l(A);lpéﬂ

i,j=1
with

AZ] bi - p]
So that A

l2 = Z bi- Z(A)Ulp] l’

i,j=1

Now using

pi-l = % (+a)?=md) = ((+g0)* —miy) + (md —ml + ¢ — )]

and introducing the notation

d4 L
2 2 2 2 2 2 !
p— mo p— p— p— p— « o e p— p—

(=g =) (= gy —m ) - (= aEy = mi )

(i.e. the m-point integral in which the j* propagator is “pinched out”) and we drop the
argument [z] if x = 1. i.e. for scalar integrals.



The terms ‘
I((i)_l)[pi ' l]

can be expressed in terms of " -
1)1y and 157

using the Veltman-Passarino reduction for the case of one power of momentum in the nu-

merator. We therefore end up with a relation between the n-point scalar integrals and the

possible (n — 1)-point and (n — 2)-point scalar integrals, shown above.

As an example, which can be done analytically we go down to two dimensions and consider
the triangle integral, with equal masses on internal lines.

qgq =D
G2 =p1+ Do

— 2 1
s :/d T (A e ([ )

= 2a (1q1 ") qul 1 — G Gl q2) @+ (qfl gy — 1@l - ql) q/ﬂ

1

2 =
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)2 [q%(l )* +ai (- @2)® = 2q1 - gol - ik Q2}
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= [

Similarly

I3](k - q2)?]

and

Is[l ~qk - Q2]

Finally, we use
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1
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since

10 2
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/ Z—I-QQ —m?)

and similarly

2=m?)(([+q)?—m?) 2

1 2 1,0 1
R

2 (1,2)
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@ — Lo
2 [ ] = _5%12
1
O = —< (¢ + ) I

2

Piecing all of this together we find that (in two dimensions)

4263 + 4163 — 2613 - @2 + 4P (q1 - @)* — AmPqig3] I
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[(Q% + qg)% g2 —2(q1 - Q2)2} [2(0) + [qfq% - qgéh : (&} ]2(1) + [Q%qg - Q%Ch : (&} ]2(2)

It therefore follows that any one-loop integral, I,, in four dimensions can be reduced to a

sum of box-integrals, I, triangle-integrals, I3, bubble-integrals, I5, and tadpole-integrals, I3
T

This can be achieved by successive applications of the Veltman-Passarino reduction method.
However, this is very cumbersome. In the next section we show how the coefficients of these
various scalar integrals can be obtained by a technique known as “cut construction”. For
simplicity we will explain how this works in two-dimensions. The extension of the technique
to the four-dimensional case does not introduce any new principles, but simply generates
somewhat more intricate algebra.

7.6 Remnant Integrals

In QCD a one-loop n-point graph has a maximum of n vertices each carrying a maximum
power of one loop momentum and n propagators.

Each stage on the reduction reduces the number of loop momenta on the numerator by one
and the number of denominators (propagators) by one.

This means that from an ultraviolet convergent loop integral we will generate terms which
are ultraviolet divergent. For example a 5-point matrix element will contain the ultraviolet
convergent integral

I[P
Applying the reduction once we will get terms of the form

Ly[I*1v1e1e],

which by power counting in ultraviolet divergent.

Since we started with a UV convergent integral this means that the sum of all the generated
UV divergent integrals will end up being finite. But care must be taken to carry out the inte-
grals using a robust regulator (such as dimensional regularisation or dimensional reduction)
in order to be sure that the remaining finite terms are correct.

The reduction process can be iterated until the only UV divergent integrals are
d’l 1
Bl = i |
S A T R (e
"We will see later that some complications can arise if the integrals are either infrared or ultraviolet

divergences which need to be regularized, for example through dimensional regularization, which necessitates
the inclusion pentagon integrals in five dimensions.
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d’l "
2m)¢ (I = mg) (1 + q)* — m3)

L) = —i(am)*? [ (

and
dil A
(2m)d (12 —mg)((1 4 q)* —mi)

All the other integrals are “scalar” (triangles, boxes, pentagons, etc).

LMY = —i(4m)®? /

Each of these integral has an imaginary part in some domains of the invariant square mo-
menta ¢2.

However, the converse statement, namely that the integrals can be reproduced from knowl-
edge of these imaginary parts has one unfortunate exception arising from the relation (for
massless internal particles)

BEer) - (T2 T b = o

3 12 18 (94" = a"7")

which is purely real. This means that precise knowledge of the imaginary part of an integral
does not specify the coefficient of this (finite) combination of two-point integrals.
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