.

Figure 43: A representation of the spin part of the electron wavefunction as postulated
by the theory of hidden variables. A measurement of the spin in a direction within a
shaded area yields the result + 12 ~, whereas a measurement of the spin in a direction
within a unshaded area yields the result − 12 ~.

15

Hidden Variables

If we return to the EPR experiment described above, the hidden variable hypothesis postulates that the electron is in a state such that if one were to choose to measure the spin of an
electron in any given direction, there is a pre-determined result which is either + 21 ~ or − 21 ~.
This means that if we are going to measure the spin transverse to the electron’s direction of
motion and we imagine a circle in the plane transverse to the electron’s direction of motion,
then there are sectors of that circle in which the spin component is + 12 ~ and others in which
it is − 21 ~. An example is shown in Fig. 43, which shows a circle which is a representation of
the state of an electron whose spin in any given direction is determined. The shaded sectors
are the directions in which a measurement of the spin will return the result + 12 ~ and the
unshaded sectors are those in which a measurement of the spin will return the result − 21 ~.
Note that each shaded sector has an unshaded sector exactly opposite reflecting the fact that
if a measurement of spin in a particular direction yields the result + 12 ~ then a measurement
in exactly the opposite direction will give the opposite result.
In 1964, John Bell [35] proved that Quantum Mechanics was not compatible with the
theory of hidden variables, in which all classical properties of a system are determined but
not measured. He also proposed a clean experiment which was able to distinguish between
the predictions of Quantum Mechanics and the predictions of the theory of hidden variables.
The experiment consists of sending one electron from a decaying particle to Bob and the
other to Alice. The two electron spins are correlated in the sense that if both Alice and Bob
measure the spins of their electrons in the same direction, conservation of spin leads to the
fact that one will be spin up and yield the result that the component of spin in that direction
is + 12 ~, whereas the other will be spin down and yield the result that the component of spin
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Figure 46: The red line shows the maximum correlation allowed within the hypothesis of
hidden variables, whereas the blue curve is the result obtained from Quantum Mechanics.
We see that for angles less than 900 the prediction of Quantum Physics exceeds the
maximum allowed by the theory of hidden variables.
so that the correlation function C(θ) is given by:
C(θ) =

(N↑↑ + N↓↓ − N↑↓ − N↓↑ )
θ
= 1− .
N
90

(15.2)

This then is the maximum value that this quantity can have within the hypothesis of hidden
variables. It is shown in the red line of Fig. 46. Since this is the maximum value that the
correlation C(θ) can have within the hypothesis of hidden variables, i.e. the correlation is
smaller than or equal to that shown in the red line, this is known as “Bell’s inequality”.
However, the result of a calculation using the rules of Quantum Mechanics gives
C(θ) = cos θ.

(15.3)

This is shown in the blue curve in Fig. 46. We see that if the angle between the directions is
less than 900 the blue curve is above the red line, meaning that the prediction of Quantum
Mechanics for the probability that the spins are opposite, exceeds the maximum probability
allowed within the hypothesis of hidden variables.
The first test of Bell’s inequality was conducted by Stuart Freedman and John Clauser [36]
in 1972, but the most decisive experiment was carried out in 1982 by Alain Aspect [37]. It
was found that the inequality was violated for angles between the two spin measurement of
less than 900 and that the measured correlation agreed to a very high degree of accuracy
with the prediction of Quantum Mechanics. We therefore have experimental evidence that
an electron does not possess a well-defined component of spin in more than one direction.
There are no hidden variables.
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Why is the Quantum World so Small?

• The energy of a photon of visible light is approximately 0.000000000000000001 Joules.
• The mass of one hydrogen atom is 0.0000000000000000000000000067 kg.
• The (negative) charge of an electron is 0.00000000000000000016 Coulombs.
• The time that an atom remains in an excited state before making a transition to a
lower state is approximately 0.000000001 seconds.
• The average energy of a hydrogen molecule in a gas at 00 C is approximately
0.00000000000000000001 Joules.
• The average distance of an electron from the nucleus in a hydrogen atom is
0.000000000053 meters.
Why are these numbers so small? The answer is that they are not necessarily small. We
are big. The overwhelming majority of the estimated 8.7 million species on Earth are too
small to be seen with the naked eye - and only a small number of animal species are bigger
than we are.
The numbers quoted above which are typical numbers encountered in the quantum world
are small because they are quoted in units which humans have defined to be of the size
relevant to our everyday experiences in the macroscopic world:
• A joule is approximately the energy used in lifting a small object off the floor.
• A second is approximately the time taken to say “one alligator”.
• A meter is a little over half the height of an average human.
• A kilogram is the mass of an object that we can comfortably throw.
• A coulomb is approximately the charge that passes through a small torch bulb in three
seconds.
So the question should really be “Why are we so big?”. One of the consequences of
our size is that we have big brains. Our nervous system has 86 billion neurons, whereas a
mouse only has 71 million neurons. These large brains make us sufficiently intelligent to be
able to study physics, biology and other disciplines in order to discover (at least some of)
the secrets of Nature. In particular, this enables us to pose the question above. Therefore
according to the reasoning of the “anthropic principle”, we must be the size we are, so
that our brains are sufficiently developed to enable us to pose the question in the first place.
Many scientists find this anthropic principle “distasteful” because it invokes the concept of
human consciousness to answer a question about Nature, which is assumed to be objective.
Nevertheless the logic of this method of reasoning is well-founded. There are many species
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