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ABSTRACT Current hybrid precoding schemes for large-scale antenna array-aided millimeter wave
(mmWave) wireless systems adopt either full-connected or sub-connected architectures based on phased
array antennas (PAAs). The former achieves excellent precoding performance but imposes considerably
high hardware complexity, while the latter is relatively simple but suffers from high performance loss.
In this paper, we exploit the new technology of reflectarray antennas, which among other advantages offers
significant hardware efficiency gain, and propose a novel hybrid precoding architecture based on multi-feed
reflectarray antennas (MRAs) for mmWave wireless systems, which is capable of achieving considerable
hardware efficiency gain even over the low-hardware-complexity sub-connected architecture with PAAs.
The mathematical model is provided for this novel hybrid precoding architecture, and an efficient alternating
descent algorithm is developed to jointly design the analog and digital precoders for the proposed hybrid
precoding scheme. Numerical results obtained demonstrate that our proposed precoding scheme with MRAs
achieves much better precoding performance than its sub-connected counterpart with PAAs.

INDEX TERMS Millimeter wave, hybrid precoding, phased array antennas, reflectarray antennas, hardware
complexity, precoding performance, mutual information.

I. INTRODUCTION
Wireless data traffic is projected to increase by 1000 fold
in 2020 [1]. This exponentially increasing demand for
higher data rate services creates unprecedented challenges
for the next generation outdoor wireless communication sys-
tems. In order to meet the demand of enormous capacity
increase, higher segments of the frequency spectrum must be
exploited [2]. Millimeter wave (mmWave) with abundant fre-
quency bandwidth offers a promising technology to address
the shortage of spectrum resources in the future wireless
networks [3], [4]. In order to effectively utilize the spectrum
resources of the mmWave band, large-scale antenna arrays
with precoding at transmitter and combining at receiver
must be leveraged to combat severe pathloss experienced by

mmWave signals. Fortunately, compared to a current typi-
cal wireless carrier, a typical mmWave carrier has ten-fold
shorter wavelength, which enables anmmWave antenna array
to pack proportionally more antenna elements into the same
aperture size. This makes it practical to implement large-scale
antenna array at the base station (BS) of mmWave wireless
system. With large-scale antenna array, the BS is capable of
providing extremely narrow beamswith very high beamform-
ing gains for surmounting severe mmWave pathloss so as
to extend coverage at longer ranges and to establish reliable
links [5], [6].

Hence a typical mmWave system employs a very large
number of transmit antennas and a much smaller number of
receive antennas to support a limited number of independent
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data streams or users, where the number of independent
data streams is generally much smaller than the number of
receive antennas. The optimal joint precoding and combining
design, commonly referred to as joint transceiver design in the
literature [7], [8], is clearly intractable for such a large-scale
antenna array based system. In practice, therefore, the design
of precoding and the design of combining are carried out
separately. Because the size of transmitter antenna array is
much larger than the size of receiver antenna array, the design
of precoding is much more challenging than the design of
combining. In particular, the cost of deploying powerful
full-digital precoding becomes too high. More specifically,
in full-digital precoding architecture, each transmit antenna
element requires an exclusive radio frequency (RF) chain.
As a result, a full-digital precoding based mmWave wireless
system imposes too high hardware requirements and con-
sumes too much power, and it is uneconomical and impracti-
cal to implement [9]–[11].

Consequently, hybrid precoding for mmWave systems,
which trades off achievable precoding performance with
implementation cost, attracts much attention [12], [13].
With hybrid precoding, the signal processing operations are
divided between the digital and analog domains. Specifi-
cally, a low-dimensional digital precoding is implemented
at the baseband, while the analog part is completed by
applying high-dimensional RF precoding via analog phase
shifters, so that a large number of antenna elements
can be driven by only a limited number of RF chains,
while capable of supporting a number of independent data
streams transmitted on a shared time-frequency resource
block [14], [15]. Presently, most of hybrid precoding
schemes adopt either full-connected or sub-connected archi-
tectures [16], as illustrated in Fig. 1, both of which are
implemented via phased array antennas (PAAs). More specif-
ically, in the full-connected architecture of Fig. 1 (a), each
RF chain is required to connect with all the antenna ele-
ments via microstrip lines, which imposes considerable chal-
lenge to implement the feeding network (FN) of large-scale
antenna array in mmWave band. With hundreds of microstrip
lines and mmWave RF components as well as the com-
plicated FN structure, the full-connected architecture with
PAAs (FC-PAAs) of Fig. 1 (a) is difficult to realize, which
limits its practical applicability [16]–[18], despite of its
excellent precoding performance. By contrast, in the sub-
connected architecture with PAAs (SC-PAAs) of Fig. 1 (b),
each RF chain connects only to a subset of antennas.
Consequently, the SC-PAAs requires much less hardware
components but introduces high precoding performance loss,
compared to the FC-PAAs. The RF hardware requirements of
the both FC-PAAs and SC-PAAs are compared in Table 1.

Recently, the technology of multi-beam reflectarray anten-
nas has been developed and has matured [19]–[32]. In com-
parison with other types of antenna arrays, such as PAAs,
the advantages of reflectarray antennas include high gain,
low profile, low mass, easy to fabricate and easy for cir-
cuitry integration [21]. A type of single-feed reflectarray

FIGURE 1. Conventional hybrid precoding architectures with phased array
antennas: (a) full-connected model, and (b) sub-connected model, where
the transmitter employs Nt antennas with NRF

t (≤ Nt) RF chains to
support Ns (≤ NRF

t ) independent data streams, and typically NRF
t � Nt.

antennas (SRAs) was successfully designed and fabricated
using particle swarm optimization [24]. Multi-feed reflec-
tarray antennas (MRAs) can be implemented with low-
complexity fabrication based on SRAs [25], [26]. Although
conventional reflectarray antennas suffer from the major
drawback of limited bandwidth in phase shifters, novel
techniques such as nonresonant conductor (NRC) cell and
metallic waveguide have been developed for bandwidth
improvement so as to facilitate the applications of reflec-
tarray antennas [28], [29]. Currently, such low-hardware-
complexity reflectarray antennas have been widely used in
radar detection, imaging systems, and satellite communica-
tions, and they can be further utilized in 5GmmWavewireless
communications with proper design [29]–[32].

As is illustrated in Fig. 2 (a), MRAs leverage multiple
RF feeds to transfer RF signals via irradiation instead of
microstrip lines. Analog precoding is performed by phase
shifters, one affiliated to an antenna element. This means
that the number of phase shifters required is equal to the
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TABLE 1. Radio frequency hardware complexity comparisons.

FIGURE 2. Hybrid precoding architecture with multi-feed reflectarray
antennas: (a) architecture of multi-feed reflectarray antennas, and
(b) transmitter diagram where the transmitter employs Nt antennas with
NRF
t (≤ Nt) RF feeds to support Ns (≤ NRF

t ) independent data streams,
and typically NRF

t � Nt.

number of antennas but no RF power divider or combiner is
needed. Therefore, hybrid precoding with MRAs is capable
of achieving considerable hardware efficiency gain, even over
the low-hardware-complexity SC-PAAs, as can be seen from
Table 1. However, applying hybrid precoding with MRAs
to mmWave wireless systems has not been carried out in
the existing literature and, moreover, it is unknown whether
hybrid precoding with MRAs is superior or inferior to hybrid

precoding with SC-PAAs, in terms of achievable precoding
performance.

Therefore, we focus on low-hardware-complexity hybrid
precoding with MRAs for mmWave systems in this paper.
Note that since the design of precoding is separated from the
design of combining, a precoder at the transmitter can operate
with any properly designed combiner at the receiver, includ-
ing the full-digital combiner and other hybrid combiners. Our
main contributions are summarized as follows.
• We propose a novel hybrid precoding architecture based
on MRAs, which removes the requirements of a large
number of microstrip lines and other RF hardware com-
ponents. Hence, our new hybrid precoding architecture
achieves substantial hardware efficiency gain over the
existing hybrid precoding architectures based on PAAs.

• We derive the mathematical model of the proposed
hybrid precoding architecture, including the irradiation
transfer process of MRAs and the analog precoding by
the phase shifters affiliated to antenna elements. Then
we formulate the design of the optimal digital and analog
precoders that maximizes the mutual information (MI)
subject to the analog precoder constraint.

• Because it is challenging to tackle directly this con-
strained joint precoding design optimization, we refor-
mulate the joint precoding design as a constrainedmatrix
recovery problem. We prove that due to its guaranteed
asymptotic sufficiency, the solution of this reformulated
constrained optimization problem is very close to the
optimal solution of the original constrained joint precod-
ing design problem.

• We show that the reformulated approximately equivalent
constrained joint precoding design can be decomposed
into the two analytically solvable sub-problems of ana-
log and digital precoders, respectively. This enables us
to develop an alternating descent algorithm to itera-
tively find a suboptimal solution to the joint design of
the analog and digital precoders, with the guaranteed
convergence.

• We evaluate the performance of the proposed
MRAs-based hybrid precoding architecture in com-
parison with its conventional counterparts, the hybrid
precoding schemes based on FC-PAAs and SC-PAAs,
using an extensive simulation study.

Our investigating results demonstrate that the proposed
hybrid precoding scheme based on MRAs, without the need
of any RF power divider, power combiner andmicrostrip line,
provides substantial hardware efficiency gain over the hybrid
precoding scheme based on FC-PAAs, while only imposing
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an acceptable precoding performance loss. More importantly,
the proposed hybrid precoding scheme based on MRAs not
only attains considerably better precoding performance than
the hybrid precoding scheme based on SC-PAAs with the
identical number of RF phase shifters but also offers a lower
hardware complexity than the latter.

We adopt the following notations throughout this paper.
The boldfaced upper-case and lower-case letters denote
matrices and vectors, respectively, while calligraphic upper-
case letters stands for sets. Rn denotes the n-dimensional
real space and Cn is the n-dimensional complex space, while
Cm×n stands for the space of all the m× n complex matrices.
The transpose, conjugate transpose and inverse operators are
denoted by (·)T, (·)H and (·)−1, respectively, while tr(·) and
det(·) denotes the matrix trace and determinant operators,
respectively. The Frobenius norm of matrix A is denoted
by ‖A‖F , and Ai,j is the (i, j)th entry of A, while ‖a‖ and |a|
denote the 2-norm of complex vector a and the magnitude of
complex number a, respectively. The diagonal matrix with the
diagonal entries {a1, · · · , an} is denoted by diag{a1, · · · , an},
In is the n×n identity matrix, and 0n is the n-dimensional all-
zero vector, while we use 0 to denote all-zero vector or matrix
of appropriate dimension. A complex number a ∈ C is
represented either by a = <[a] + j=[a] or by a = |a|ej 6 a.
Lastly, E{·} denotes the expectation operator.

II. SYSTEM MODEL FOR MRAs
It is well-known that employing large-scale antenna arrays
is highly effective in mitigating the inter-user interference
with the aid of only simple linear signal processing, and
in the asymptotic case of infinite many transmit antennas,
the user accesses to the system becomes effectively orthog-
onal [33]. Therefore, for notational simplicity and without
loss of generality, we consider a single-user mmWave system
with large-scale antenna arrayswhere the transmitter employs
Nt antennas to forward the Ns data streams to the receiver
equipped with Nr antennas. The transmitter is equipped with
NRF
t RF chains with Ns ≤ NRF

t ≤ Nt. Typically, Nt is very
large, andNr is much smaller, that is,NRF

t � Nt andNr � Nt.
Furthermore, generally Ns � Nr.
The transmitter of the proposed hybrid precoding archi-

tecture based on MRAs is illustrated in Fig. 2 (b). Let the
transmit symbol vector be s ∈ CNs with E

{
ssH
}
=

1
Ns
INs .

As usual, digital precoding is performed at baseband with
the digital precoding matrix W ∈ CNRF

t ×Ns . The NRF
t RF

feeds convert the digitally precoded baseband signals via
irradiation transfer, which introduces amplitude variation and
phase delay, and this physical transfer process is depicted in
the dashed block at the top middle part of Fig. 2 (b). For a
convenient comparison with the hybrid precoding architec-
tures based on PAAs of Fig. 1, the actual irradiation transfer
process is equivalent to the virtual RF process with the vir-
tual RF components expressed virtually in the middle block
of Fig. 2 (b). Finally, analog precoding is completed in the
RF domain by the phase shifters affiliated to the Nt antenna

elements, which are characterized by the Nt × Nt diagonal
matrix 3 = diag

{
ejv1 , ejv2 , · · · , ejvNt

}
.

The irradiation transfer process is determined by the con-
figuration of the RF feeds. Note that even for mmWave
systems, it is physically impractical to implement very large-
scale antenna arrays in one-dimensional form. Therefore,
as illustrated in Fig. 2 (a), we adopt the uniform planar
array (UPA) with the antenna spacing d = 0.5λ, where λ is
the carrier’s wavelength, and the feeds are uniformly located
on a circle with radius RF, and the center has the spherical
coordinates of

(
z

cos(θ ) , θ, α
)
, where z is the vertical height

away from the array plane, θ is the polar angle and α is
the azimuth angle of the feed circle center, respectively. The
elevation angle of the feed circle to the array plane is β, and
the array size is denoted by D = min {Nhd,Nvd}, where Nh
and Nv denote the numbers of ‘row’ and ‘column’ antenna
elements, respectively, and Nt = NhNv. The coordinates of
the kth RF feed

(
xRFk , yRFk , z

RF
k

)
are therefore given byxRFkyRFk

zRFk

 =
1 0 0
0 cosβ − sinβ
0 sinβ cosβ


RF cos

2π (k−1)
NRF
t

RF sin
2π (k−1)
NRF
t

0


+

z tan θ cosαz tan θ sinα
z

, (1)

while the antenna element at the mth row and nth column of
the UPA has the coordinates(
xam,n, y

a
m,n, z

a
m,n
)

=

((
m− 1−

Nh − 1
2

)
d,
(
n− 1−

Nv − 1
2

)
d, 0

)
. (2)

We can number the Nt antennas of the MRAs by the antenna
index 1 ≤ i ≤ Nt, with

i = (m− 1)Nv + n, 1 ≤ m ≤ Nh, 1 ≤ n ≤ Nv. (3)

According to the feed horn radiation pattern model [24],
the kth stream of RF signal transferred to the ith antenna goes
through a phase delay of 6 Ri,k and undergoes an amplitude
variation of |Ri,k |. The phase delay is determined by the
optical path difference as

6 Ri,k = 2πLi,k/λ, (4)

where Li,k is the distance between the kth RF feed and the ith
antenna given by

Li,k =
√
(xRFk − x

a
i )

2 + (zRFk − z
a
i )
2 + (zRFk − z

a
i )
2, (5)

and
(
xai , y

a
i , z

a
i

)
are the coordinates of the ith antenna. The

amplitude variation is determined as

|Ri,k | = cosq(�i,k ), (6)

where q is a system parameter and �i,k = arccos
(
zRFk /Li,k

)
is the elevation angle between the kth RF feed and the
ith antenna element [24]. The irradiation transfer process
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shown in Fig. 2 (b) is therefore specified by the transfer

matrix R ∈ CNt×NRF
t , whose ith-row and kth-column entry

is Ri,k = Ri,k = |Ri,k |ej 6 Ri,k . The full column rank R is
normalized to ‖R‖2F = NRF

t . The transfer matrix R is fixed
once the antenna array is fabricated. That is, the values of all
its elementsRi,k are determined once the spatial configuration
of the RF feeds are specified. In practice, R can be measured
after the antenna array is installed, and our numerical results
indicate that hybrid precoding performance is insensitive toR
as long as the RF feeds are configured within a reasonable
spatial scope, as will shown later in the simulation study
section.

The received signal vector y ∈ CNr at the receiver’s Nr
antennas can be expressed by [13]

y =
√
ρH3RWs+ ξ , (7)

where ρ is the average received power, and the noise vec-
tor ξ ∈ CNr follows a complex symmetric Nr-dimensional
Gaussian distribution with the zero mean vector 0Nt and the
covariance matrix 4 ∈ CNr×Nr , i.e., ξ ∼ CN

(
0Nt ,4

)
, while

the channel matrix H ∈ CNr×Nt satisfies E
{
‖H‖2F

}
= NrNt.

The transmission power constraint is ensured by normalizing
the digital precoder W such that ‖3RW‖2F = Ns, which is
equivalent to ‖RW‖2F = Ns.
It is well-known that mmWave wireless propagation expe-

riences inadequate spatial selectivity owing to high pathloss.
Considering limited scattering features and high levels of
antenna correlations, a clustered extended Saleh-Valenzuela
model is established, which has the Nc clusters and each
cluster has the Np paths. Thus, H is given by [13]

H = γ
Nc∑
k=1

Np∑
i=1

αi,kur
(
φri,k , ϕ

r
i,k
)
ut
(
φti,k , ϕ

t
i,k )

× ar
(
φri,k , ϕ

r
i,k
)
aHt
(
φti,k , ϕ

t
i,k
)
, (8)

where αi,k ∼ CN (0,Pi,k ) is the complex gain of the
ith path from the kth cluster, and φri,k (ϕri,k ) and φ

t
i,k (ϕti,k )

are the azimuth (elevation) angles of arrival and departure of
the ith propagation path contributed by the kth cluster, while
ur(φ, ϕ) (ut(φ, ϕ)) represent the receive (transmit) antenna
element gains at the specific angles (φ, ϕ), and ar(φ, ϕ) ∈
CNr×1 (at(φ, ϕ) ∈ CNt×1) are the normalized transmit
(receive) antenna array response vectors determined by the
geometric architectures of the transmit (receive) antenna
arrays. For the UPA with size of Nh × Nv, the array response
vector aUPA(φ, ϕ) can be expressed as

aUPA(φ, ϕ) =
1
√
Nt

[
1 · · · ej 2π

λ
d(m sinφ sinϕ+n cosϕ)

· · · ej 2π
λ
d((Nh−1) sinφ sinϕ+(Nv−1) cosϕ)

]T
, (9)

where 0 ≤ m ≤ (Nh− 1) and 0 ≤ n ≤ (Nv− 1). Finally, γ in
(8) is a normalizing scalar factor to ensure E

{
‖H‖2F

}
= NrNt.

Many methods can be used to estimate the channel
state information (CSI) [12], [34]–[37], and in this paper,

we assume that the accurate CSI is available at the transmitter.
We point out that to address the CSI uncertainty at transmitter
caused by CSI feedback delay and quantization errors, robust
precoding techniques have to be applied [38]–[42], which is
however beyond the scope of our paper.

III. HYBRID PRECODING WITH MRAs
The effective MI achieved by Gaussian signaling can be
adopted as the optimization objective of transmitter hybrid
precoding design [13], which is expressed as

I (3,W ) = log2
(
det

(
INr+

ρ

σ 2Ns
H3RW

(
H3RW

)H))
,

(10)

where the channel noise vector is assumed to be white,
i.e., 4 = σ 2INr .

A. OPTIMAL JOINT DESIGN OF DIGITAL AND
ANALOG PRECODERS
Based on theMImetric (10), the transmitter hybrid precoding
design can be posed as the following constrained optimization
problem:(
3opt,Wopt

)
= arg max

3∈CNt×Nt ,W∈CN
RF
t ×Ns

I (3,W ),

s.t. 3∈D,
{
3=diag

{
ejv1 , · · · , ejvNt

}}
,

‖RW‖2F = Ns. (11)

The joint digital and analog precoders’ optimization (11) is
non-convex, owing to the constraint imposed on the analog
precoder 3, which is challenging to solve directly even in a
suboptimal way. Therefore, we propose to consider alterna-
tive joint digital and analog precoders optimization, whose
optimal solution is at least very close to the optimal solution
of the challenging optimization problem (11) and, moreover,
is easier to tackle.

First, consider the normalized MI of the full precoder
X ∈ CNt×Ns defined as

Ī (X)= log2

(
det

(
INr+

1

tr
(
XXH)HXXHHH

))
. (12)

Then the optimal full digital precoding solution is the optimal
unconstrained unitary precoder Xopt ∈ CNt×Ns that maxi-
mizes Ī (X) [13], namely,

Xopt = arg max
X∈CNt×Ns

Ī (X). (13)

As aforementioned, the full digital precoder requires
NRF
t = Nt and imposes too high hardware requirements.

Consequently, it is impractical to implement for large-scale
antenna array aided mmWave systems. However, given the
CSI H , the closed-form Xopt can readily be obtained analyt-
ically from (13) [13]. Therefore, we can utilize the optimal
full precoder solution Xopt as the ‘desired response’ for our
joint digital and analog precoders’ design. More specifically,
we can joint optimize the analog and digital precoders 3
andW so that3RW is as close as possible to Xopt. Of course
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we have to consider the constraint imposed on the analog
precoder. This leads to the following alternative constrained
optimization for joint design of 3 andW :(
3̃opt, W̃opt

)
= arg min

3∈CNt×Nt ,W∈CN
RF
t ×Ns

‖Xopt −3RW‖2F ,

s.t. 3 ∈ D,
‖RW‖2F = Ns. (14)

We now prove that the optimal solution of the constrained
optimization problem (14) is very closed to the optimal solu-
tion of the constrained optimization problem (11), that is,(
3̃opt, W̃opt

)
is at least a near-optimal solution to the original

optimization problem (11). First, we introduce the following
two lemmas.
Lemma 1: Given A,P ∈ CN×K , define D = APH

+

PAH
∈ CN×N . Then the trace tr

(
DHD

)
is bounded by four

times of tr
(
AHA

)
tr
(
PHP

)
, i.e.,

tr
(
DHD

)
≤ 4 · tr

(
AHA

)
tr
(
PHP

)
. (15)

Proof: See Appendix A.
Let the eigenvalues of a matrix G be arranged in the

descending order. Further denote the ith largest eigenvalue
of G as λi(G) and the ith largest singular value of G as σi(G).
Lemma 2: Given the complex matrices H and D with

appropriate dimensions, the eigenvalue λi
(
HDHH) is

bounded, i.e.,
∣∣λi(HDHH)∣∣ ≤ ν, ∀i, where
ν ,

1
2
+

1
2
tr
(
DHD

)(
tr
(
HHH

))2
. (16)

Proof: See Appendix B.
Next we define the two metric spaces B

(
CNt×Ns , ‖ ·

‖F
)

and B(R, | · |) as the domain and range of the
normalized MI Ī (X). Proposition 1 establishes the continuity
of the MI mapping Ī (·) in the F-normed domain based on
Lemmas 1 and 2.
Proposition 1: The mutual information mapping

Ī (·) : CNt×Ns → R
X → Ī (X)

(17)

is continuous from B
(
CNt×Ns , ‖ · ‖F

)
to B(R, | · |).

Proof: See Appendix C.
Note that the normalized MI (12) and the original MI (10)

are equivalent if we consider the full precoder as X = 3RW
and it is normalized to tr

(
XXH)

=
σ 2Ns
ρ

. Therefore, as a
direct consequence of the continuity of Ī (X), and similar
to the proofs of [15, eqs. (12) – (15)] based on Grassmann
manifold, it can be confirmed that the optimal solution of
the constrained optimization problem (14),

(
3̃opt, W̃opt

)
, is

very close to the optimal solution of the original constrained
optimization problem (11),

(
3opt,Wopt

)
. Thus, instead of

solving the problem (11), we can design the hybrid precoders
by solving the problem (14). The trouble is that solving the
constrained optimization problem (14) is also challenging
because of the non-convex constraint 3 ∈ D, and it is
difficult if not impossible to obtain the closed-form joint
optimal design of the digital and analog precoders. However,

the constrained optimization problem (14) can be tackled
more easily in a suboptimal way, compared to the original
problem (11).

B. SUBOPTIMAL DESIGN OF DIGITAL AND
ANALOG PRECODERS
Since it is unrealistic to search for the closed-form opti-
mal solution to the joint digital and analog precoders’
design problem in the non-convex space D × CNRF

t ×Ns ,
we adopt a two-stage alternating descent approach to itera-
tively design suboptimal hybrid precoders. Specifically, when
the digital precoderW is fixed, the constrained optimization
problem (14) is reduced to

3̂opt = arg min
3∈CNt×Nt

‖Xopt −3RW‖2F ,

s.t. 3 ∈ D, (18)

while given the analog precoder3, the constrained optimiza-
tion problem (14) becomes

Ŵopt = arg min
W∈CN

RF
t ×Ns

‖Xopt −3RW‖2F ,

s.t. ‖RW‖2F = Ns. (19)

Both the sub-problems are analytically solvable, and this
enables us to achieve a suboptimal solution of the constrained
optimization problem (14) iteratively.

For the first sub-problem, we can capture the diagonal
structure and constant-norm property of 3 to reformulate it
as an unconstrained real-valued vector optimization problem

v̂opt = arg min
v∈RNt

∥∥Xopt − diag
{
ejv1 , · · · , ejvNt

}
B‖2F

= arg min
v∈RNt

Nt∑
i=1

‖xi − ejvibi‖2, (20)

where v =
[
v1 v2 · · · vNt

]T and B = RW , while xTi is the
ith row of Xopt and bTi is the ith row of B for 1 ≤ i ≤ Nt.
This vector optimization can be decoupled into the Nt scalar
optimization problems:

v̂opti = argmin
vi∈R

∥∥xi − ejvibi
∥∥2, 1 ≤ i ≤ Nt. (21)

Denote xHi bi = riejψi , where ri =
∣∣xHi bi∣∣ and ψi = 6 xHi bi

with ψi ∈ [0, 2π ). By simple algebraic manipulation, it can
be seen that minimizing

∥∥xi − ejvibi
∥∥2 is equivalent to maxi-

mizing <
[
ejvixHi bi

]
. Moreover, we have

<
[
ejvixHi bi

]
= <

[
ejviriejψi

]
= ri cos(vi + ψi) ≤ ri. (22)

In (22), the equality holds in the last inequality if and only if
cos(vi + ψi) = 1, and this condition states that the optimal
ejvi is in the opposite direction of xHi bi on the complex plane.
Hence, we can define the function L for the analog precoder
in each iteration as

L
(
W ;Xopt,R

)
= diag

{
ejv1 , ejv1 , · · · , ejvNt

}
,

with ejvi =
bHi xi
|bHi xi|

, 1 ≤ i ≤ Nt. (23)
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For the second sub-problem, we can first convert it into an
unconstrained least squares (LS) problem with the solution

W̃ =
(
RHR

)−1RH3HXopt, (24)

and normalize the solution to met the total power
requirement:

Ŵopt =

√
Ns

‖RW̃‖F
W̃ . (25)

Similarly, we can define the function W for the digital pre-
coder in each iteration as

W
(
3;Xopt,R

)
=

√
Ns

‖RW̃‖F
W̃ . (26)

The functions L and W are utilized to alternately update
the iterative values of 3 and W . Define the iterative decre-
ment as

δk = ‖Xopt−3
(k−1)RW (k−1)

‖F − ‖Xopt−3
(k)RW (k)

‖F .

(27)

Then δk < ε serves as the stopping criterion for a suitably
preset threshold ε. The proposed alternating decent method
is listed in Algorithm 1, and the convergence properties of
this proposed algorithm are detailed in Proposition 2.

Algorithm 1 Alternating Descent Method
Require: Unconstrained optimal full precoder Xopt, transfer

matrixR, termination threshold ε, and maximum number
of iterations K

1: k = 0
2: δk = 2ε
3: 3(k)

= INt

4: W (k)
=W(3(k)

;Xopt,R)
5: for δk ≥ ε and k < K do
6: k = k + 1
7: t = ‖Xopt −3

(k−1)RW (k−1)
‖F

8: 3(k)
= L(W (k−1)

;Xopt,R)
9: W (k)

=W(3(k−1)
;Xopt,R)

10: δk = t − ‖Xopt −3
(k)RW (k)

‖F
11: end for
12: return 3̂opt = 3

(k), Ŵopt = W (k)

Proposition 2: The sequence
{
pk=‖Xopt−3

(k)RW (k)
‖F
}

is guaranteed to converge to a real number p? ∈ R that is the
objective value achieved by Algorithm 1, and the condition
δk = pk−1−pk < ε is attained in a finite number of iterations.

Proof: The objective value pk at the kth iteration satis-
fies

0 ≤ pk = ‖Xopt−3
(k)RW (k)

‖F ≤ ‖Xopt−3
(k)RW (k−1)

‖F

≤ ‖Xopt −3
(k−1)RW (k−1)

‖F = pk−1. (28)

Therefore, by the monotone convergence theorem, {pk} is a
converging sequence with the limit

lim
k→∞

pk = p?, (29)

which is obviously the objective value achieved by
Algorithm 1. Moreover, {pk} is a Cauchy sequence since R
has finite dimensions [43], which indicates that for ∀ε > 0,
∃Nε , a positive integer, such that |pm − pn| < ε if m, n > Nε .
Consequently, δk = pk−1 − pk < ε is attained in at most
Nε + 2 iterations.

IV. SIMULATION STUDY
A mmWave wireless system is simulated, where the trans-
mitter deploys a

√
Nt ×

√
Nt UPA with NRF

t RF chains
and the receiver employs a

√
Nr ×

√
Nr UPA to support

Ns independent data streams. The system’s signal to noise
ratio (SNR) is defined as SNR = ρ

σ 2
. All the results are

obtained by averaging over 10,000 realizations of the chan-
nel H , which is simulated according to the model (8). The
performance of our proposed hybrid precoding architecture
based on MRAs (labeled as ‘Proposed scheme with MRAs’)
is compared with those of the three benchmark precod-
ing schemes, the unconstrained optimal full digital precod-
ing solution Xopt (labeled as ‘Optimal [13]’), the FC-PAAs
scheme with orthogonal matching pursuit (OMP) (labeled as
‘FC-PAAs [13]’) and the SC-PAAs schemewith near-optimal
precoding (labeled as ‘SC-PAAs’). The carrier frequency
is 28GHz.

The first two benchmarks are detailed in [13]. We now pro-
vide the SC-PAAs solution adopted in this simulation study.
Without loss of generality, the channel matrix is uniformly
divided into the NRF

t sub-channels, H =
[
H1 H2 · · ·HNRF

t

]
,

and each sub-channel corresponds to one RF chain, which is
connected with a subgroup of antenna elements to transmit
one data stream. For each sub-channel, the unconstrained
optimal precoder is a complex vector f opti ∈ CNg , where
Ng = Nt/NRF

t . Thus, for the SC-PAAs scheme, the near-
optimal analog precoder is given by

F =
√
Ng


f opt1 � |f

opt
1 | 0Ng · · · 0Ng

0Ng f opt2 � |f
opt
2 | · · · 0Ng

...
...

. . .
...

0Ng 0Ng · · · f opt
NRF
t
� |f opt

NRF
t
|

,
(30)

where each element of |f opti | is the magnitude of the cor-
responding element in f opti , and � denotes the Hadamard
division, while the near-optimal digital precoder is given
by

W =
√
Ns∥∥F(FHF

)−1FHXopt
∥∥
F

(
FHF

)−1FHXopt. (31)

For the proposed hybrid precoding scheme with MRAs,
we set z/D = 1.2, R/D = 0.1, θ = 15◦, α = 45◦

and β = 30◦. The amplitude variation is determined as
|Ri,k | = cosq(�i,k ), where �i,k = arccos

(
zRFk /Li,k

)
with

q = 6.5 [24]. The suboptimal analog and digital precoders,
3̂opt and Ŵopt, are obtained by Algorithm 1.
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FIGURE 3. Convergence performance of Algorithm 1 given two different
values of SNR, where Nt = 8× 8, Nr = 4× 4, NRF

t = 8, and Ns = 4.

FIGURE 4. Precoding performance of various precoding designs as the
functions of the system’s SNR, where Nt = 8× 8, Nr = 4× 4, NRF

t = 8 and
Ns = 4.

A. PRECODING PERFORMANCE
First, the convergence performance of Algorithm 1 for
two different values of SNR are demonstrated in Fig. 3,
where the relative error of the MI in the kth iteration is

defined as
∣∣∣ I(3(k),W (k)

)
−p?

p?

∣∣∣, with p? set to I(3(200),W (200)),
which is a sufficiently accurate approximation of the optimal
MI value that the algorithm converges to. Observe that it
takes 5 iterations on average to reduce the relative error to
below 5%. As expected, better convergence performance is
achieved with higher SNR.

The performance of the four precoding designs as the
functions of the system’s SNR are compared in Figs. 4 and 5
for the two sets of the transceiver’s parameters, respectively.
Observe that the performance of the FC-PAAs based design is
very close to that of the optimal full precoding solution Xopt
but it suffers from the serious drawback of imposing very high

FIGURE 5. Precoding performance of various precoding designs as the
functions of the system’s SNR, where Nt = 16× 16, Nr = 8× 8, NRF

t = 16
and Ns = 10.

FIGURE 6. Precoding performance is insensitive to the transfer matrix R
as long as the RF feeds are configured within a reasonable spatial scope.
The transceiver parameters are Nt = 8×8, Nr = 4×4, NRF

t = 8 and Ns = 4.

hardware complexity, as shown in Table 1. Compared with
the FC-PAAs based design, the SC-PAAs based design offers
considerably lower hardware complexity, as can be seen from
Table 1, but suffers from serious performance loss, as shown
in Figs. 4 and 5. Remarkably, our proposed hybrid precoding
design based on MRAs, which has an even lower hardware
complexity than the SC-PAAs based design, outperforms the
SC-PAAs based design considerably, although it suffers from
some performance loss in comparison with the FC-PAAs
based design whose very high hardware requirements may
prevent its practical implementation. Our results therefore
demonstrate that the MRAs based precoding with its remark-
able hardware efficiency is capable of providing a practical
solution to mmWave wireless systems with acceptably good
performance.
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FIGURE 7. System BER performance achieved by various precoding
designs as the functions of the system’s SNR, where Nt = 8× 8,
Nr = 4× 4, NRF

t = 8 and Ns = 4, while the full-digital ZF combiner is
employed at the receiver.

FIGURE 8. System BER performance achieved by various precoding
designs as the functions of the system’s SNR, where Nt = 16× 16,
Nr = 8× 8, NRF

t = 16 and Ns = 10, while the full-digital ZF combiner is
employed at the receiver.

Next, the results of Fig. 6 confirm that the precoding per-
formance of our MRAs based precoding design is insensitive
to the transfer matrixR as long as the RF feeds are configured
within a reasonable spatial scope.

B. SYSTEM PERFORMANCE
To compare the bit error rate (BER) performance achieved by
various precoding designs, we utilize the full digital combiner
at the receiver, with the detected symbol vector given by

ŝ = Py = PHEs+ Pξ , (32)

where P ∈ CNs×Nr is the full combining matrix, and HE =
√
ρHX ∈ CNr×Ns is the equivalent channel matrix in which

X is the full precoding matrix deployed at the transmitter.
In the simulation, we use the full digital zero-forcing (ZF)

combining of the form

PZF =
(
HH

EHE
)−1HH

E . (33)

By adopting the same full digital combiner at the receiver,
we can compare the system’s achievable BER performance
for different precoding designs employed at the transmitter.

The achievable system’s BER performance for the four
precoding designs as the functions of the system’s SNR
are compared in Figs. 7 and 8 given the two sets of
the transceiver’s parameters, respectively. As expected,
in line with the achievable precoding performance shown
in Figs. 4 and 5, it can be observed that our proposed hybrid
precoding design based on MRAs attains much better BER
performance than the SC-PAAs based design, and yet it
imposes a lower hardware complexity than the latter.

V. CONCLUSIONS
A hybrid precoding design based on multi-feed reflectar-
ray antennas has been proposed for large-scale antenna
array aided mmWave wireless systems to reduce the hard-
ware implementation complexity significantly while attain-
ing acceptably good performance. We have formulated the
mathematical model for jointly designing the analog and
digital precoders, and have derived an efficient iterative algo-
rithm to obtain suboptimal solution, which guarantees to con-
verge fast. Our results have demonstrated that the proposed
hybrid precoding scheme based on MRAs outperforms the
widely adopted low-hardware-complexity SC-PAAs based
scheme both in terms of precoding performance and hardware
requirements, and it offers a practical and attractive tradeoff
between achievable precoding performance and hardware
complexity over the FC-PAAs based design of very high
hardware requirements.

APPENDIX
A. PROOF OF LEMMA 1

Proof: We can express tr
(
DHD

)
as

tr
(
DHD

)
= tr

((
APH
+ PAH)(APH

+ PAH))
= tr

(
APHAPH)

+ tr
(
PAHPAH)

+ tr
(
APHPAH)

+ tr
(
PAHAPH). (34)

As proved in [44, Th. 1], both tr
(
APHPAH) and tr(PAHAPH)

are bounded, specifically,

tr
(
APHPAH)

≤ tr
(
AHA

)
tr
(
PHP

)
,

tr
(
PAHAPH)

≤ tr
(
AHA

)
tr
(
PHP

)
. (35)

As for tr
(
APHAPH), by denoting S = APH, we have∣∣∣tr(APHAPH)∣∣∣ = ∣∣∣∣∣

N∑
i=1

N∑
k=1

Si,kSk,i

∣∣∣∣∣
≤

√√√√ N∑
i=1

N∑
k=1

∣∣Si,k ∣∣2 N∑
i=1

N∑
k=1

∣∣Sk,i∣∣2
= tr

(
PAHAPH)

≤ tr
(
AHA

)
tr
(
PHP

)
. (36)
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Similarly, we have∣∣tr(PAHPAH)
| ≤ tr

(
AHA

)
tr
(
PHP

)
. (37)

This completes the proof.

B. PROOF OF LEMMA 2
Proof: Based on the well-known properties of eigenval-

ues and singular values, we have∣∣λi(HDHH)∣∣ ≤ σ1(HDHH)
≤

1
2

(
1+ λ1

(
HDHHHDHHH))

≤
1
2

(
1+ tr

(
HDHHHDHHH))

≤
1
2
+

1
2
tr
(
HHH

)
tr
(
DHHHDH)

≤
1
2
+

1
2

(
tr
(
HHH

))2
tr
(
DHD

)
, ν, (38)

where the last two inequalities hold according to [44, Th. 1].
This completes the proof.

C. PROOF OF PROPOSITION 1
Proof: Given a fixed point P ∈ CNt×Ns in the metric

spaceB
(
CNt×Ns , ‖·‖F

)
andH ∈ CNr×Nt , for anyX ∈ CNt×Ns

such that ‖X − P‖2F = δ > 0, without loss of generally, X
can be expressed as,

X = P +
√
δA, (39)

where A ∈ CNt×Ns is any normalized matrix such that
tr
(
AHA

)
= 1. Then

XXH
= PPH

+
√
δAPH

+
√
δPAH

+ δAAH. (40)

If we denote T = HXXHHH, V = HPPHHH, U =

H
(
APH

+ PAH)HH, and Z = HAAHHH, according to
Weyl’s theorem [45], we have the following two inequalities

λi
(
T
)
≥ λi

(
V
)
+
√
δλNr

(
U
)
+ δλNr

(
Z
)
, (41)

λi
(
T
)
≤ λi

(
V
)
+
√
δλ1

(
U
)
+ δλ1

(
Z
)
. (42)

According to Lemmas 1 and 2, λi
(
U
)
is bounded by νU and

λi
(
Z
)
is bounded by νZ, with

νU =
1
2
+ 2tr

(
PHP

)(
tr
(
HHH

))2
, (43)

νZ =
1
2
+

1
2

(
tr
(
HHH

))2
. (44)

Hence we have

λL(δ) ≤ λi
(
T
)
≤ λU (δ), (45)

where

λL(δ) = λi
(
V
)
−
√
δνU − δνZ, (46)

λU (δ) = λi
(
V
)
+
√
δνU + δνZ. (47)

Notice that λL(δ) is positive for sufficiently small δ. On the
other hand,

tr
(
(A− P)H(A− P)

)
= tr

(
AHA

)
+ tr

(
PHP

)
− tr

(
AHP

)
− tr

(
PHA

)
≥ 0. (48)

Thus, we have

tr
(
XXH)

≤
(
1+
√
δ
)(
tr
(
PPH)

+
√
δtr
(
AAH)). (49)

As δ→ 0, the lower bound of Ī (X) is given by

Ī (X) = log2

(
det

(
INr +

1

tr
(
XXH)HXXHHH

))

= log2

( Nr∏
i=1

∣∣∣∣∣1+ λi
(
HXXHHH)
tr
(
XXH)

∣∣∣∣∣
)

≥ log2

( Nr∏
i=1

∣∣∣∣∣1+ λi
(
HXXHHH)(

1+
√
δ
)(
tr
(
PPH)

+
√
δtr
(
AAH))

∣∣∣∣∣
)

≥ log2

( Nr∏
i=1

∣∣∣∣∣1+ λi
(
HPPHHH)

−
√
δνU − δνZ(

1+
√
δ
)(
tr
(
PPH)

+
√
δ
) ∣∣∣∣∣

)
→ Ī (P), (50)

while the upper bound of Ī (X) is expressed as

Ī (X) = log2

( Nr∏
i=1

∣∣∣∣∣1+ λi
(
HXXHHH)
tr
(
XXH)

∣∣∣∣∣
)

≤ log2

( Nr∏
i=1

∣∣∣∣∣1+ λi
(
HPPHHH)

+
√
δνU + δνZ

tr
(
XXH)

∣∣∣∣∣
)

= log2

( Nr∏
i=1

∣∣∣∣∣1+ λi
(
HPPHHH)

+
√
δνU + δνZ

tr
(
PPH)

+ o(δ)

∣∣∣∣∣
)

→ Ī (P) = log2

( Nr∏
i=1

∣∣∣∣∣1+ λi
(
HPPHHH)
tr
(
PPH)

∣∣∣∣∣
)
, (51)

where

o(δ) =
√
δtr
(
APH
+ PAH)

+ δ→ 0 as δ→ 0, (52)

because tr
(
APH
+ PAH) in o(δ) is bounded:

∣∣∣tr(APH)∣∣∣ = ∣∣∣∣∣
Nr∑
i=1

Nr∑
k=1

Ai,kPH
k,i

∣∣∣∣∣
≤

√√√√ Nr∑
i=1

Nr∑
k=1

∣∣Ai,k ∣∣2 Nr∑
i=1

Nr∑
k=1

∣∣∣PH
k,i

∣∣∣2
=

√
tr
(
AHA

)
tr
(
PHP

)
. (53)

Therefore, Ī (X) is continuous at ∀P ∈ B
(
CNt×Ns , ‖·‖F

)
. This

completes the proof.
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