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Importance Sampling Simulation for Evaluating the Lower-Bound BER
of the Bayesian DFE

Sheng Chen

Abstract—An importance sampling (IS) simulation technique, Il. SPACE TRANSLATION AND LINEAR SEPARABILITY
originally derived by lltis for Bayesian equalizers, is extended to . . . .
evaluate the lower-bound bit error rate of the Bayesian decision ~ FOr the notational simplicity, we will assume the real-valued
feedback equalizer (under the assumption of correct decisions channel modeled to be
being fed back. Using a geometric translation approach, it is

Nng—1
shown that the two subsets of opposite-class channel states are _ .
always linearly separable. A design procedure is presented, which y(k) = Z ais(k — 1) + (k) 1)
chooses appropriate bias vectors for the simulation density to =0

ensure asymptotic efficiency of the IS simulation. wheren,, is the channel lengtfa, the channel taps, the Gaussian

Index Terms—Asymptotic decision boundary, Bayesian de- white noise:(k) has zero mean and varianeg and the symbol
cision feedback equalizer, importance sampling, Monte Carlo sequencds(k)} takes values from the sét-1}. A DFE uses
simulation. the observation vector(k) = [y(k) - - - y(k —m+1)]T and the

past detected symbol vectdy(k) = [s(k —d — 1)--- 5(k —
|. INTRODUCTION d — n)]¥ to produce an estimat&k — d) of s(k — d). The

integersd, m, andn are the decision delay and the feedforward

A MO!\I,G the equalizers with symbol-deci;iop structgre anghd feedback orders, respectively. Without the loss of generality,
decision feedback, the maximuarposterioriprobability , _ . _ 4 .. _ . andn = n — 1 are chosen. as this choice

or Bayesian decision feedback equalizer (DFE) [1]-{3]is knowa gfficient to guarantee the linear separability (cf. Lemma 1).
to provide the best performance. Due to its complexity, the per-The channel observation vector can be expressed/ds=
formance of the Bayesian DFE is usually simulated using the s;(k)+Fy sp(k)+e(k), wheres (k) = [s(k) - - - s(k—d)]%,
conventional Monte Carlo approach, which is computationally (1) — [s(k—d—1)-- - s(k—d—n)]7, them x (d+1) matrix
very costly even for modest SNR conditions. lltis [4] developegh; andrm. x n matrix I, are defined by

a randomized bias technique for the importance sampling (IS)

simulation of Bayesian equalizers. Although asymptotic effi- do A1ttt Gna-l
ciency of this IS simulation technique can only be guaranteed o 0 ao :
for certain channels, it provides a valuable method in assessing 1= . .
the performance of the Bayesian equalizer. ' !
. . . . L 0 0 ap

We extend this IS simulation technique to evaluate the lower- -0 0 0
bound bit error rate (BER) of the Bayesian DFE. By viewing
decision feedback as a geometric translation, the Bayesian DFE Ong—1 0
is “cor_‘lverted" t_o the Bayesian equalizer in the translatgd space Fy=\a, _5 an, 0 . (2)
[5], with a desired property that the subsets of opposite-class i ) )
channel states are always linearly separable. A design procedure : - - 0
is developed, which determines the set of hyperplanes that form L &1 T Gne—2 ng-1

the asymptotic Bayesian decision boundary and constructs theder the assumption of correct decision feedbagki) =

convex regions associated with individual states by intersectigg k) and the decision feedback translates the original space
hyperplanes that are reachable from the states concerned. ¥Ais) into a new space(k) as

provides the appropriate bias vectors for the simulation density . .
to ensure asymptotic efficiency of the IS simulation as defined r(k)=y(k) — F2 s(k). 3)

in [6]. Let the Ny = 2¢+! sequences of;(k) bess;, 1 < j < Ny.
The set of the noiseless channel states in the translated space,
RE&{r; = I\ s;;, 1 < j < Ny}, can be partitioned into the
two subsets conditioned cifk — d) as
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) ¢ R andr—) € R, we havew’r(t) =1 > 0and Monte Carlo and IS methods, is given in [4]. To achieve asymp-

wlir) = -1 < 0. totic efficiency,{c;; } must meet certain conditions [6]. The fol-
Lemma 1 states that it is always possible to construct a sindpeving procedure of constructing (r;(k)|r;) shows how these

hyperplane to correctly separate opposite-class states for ¢baditions are met.

DFE, although the optimal decision boundary in general cannotEach of theL. Gabriel neighbor pair$r§+), r§*>} defines a

be realized by one hyperplane. In fact, the asymptotic decisibpperplaneH;(r) = wi r + b, = 0, with the weight vectoww,

boundaryd E of the Bayesian DFE for large SNR consistdof and biash; given by

hyperplanes. Each of these hyperplanes is defined by a pair of

“dominant” opposite-class statés, " € RH),r{™) e R()) 2 (r§+) -1y ))

called Gabriel neighbors and the hyperplane is orthogonal to the wi :m

line connecting the pair of Gabriel neighbors. The proposition 1 t +) t ) +) )

in [4] and the simple algorithm in [7] show how theEeSabriel b T e +17) ®)
neighbor pairgr! ™, r{ ™} can be found. l o6 — x ()2 '

Notice that the hyperplane defined by (8) isanonicalhyper-
plane with (~§+), r§—>) as its two support vectors and having the
Utilizing the geometric translation, the Bayesian DFE can hgtopertyH,(r™) = 1 andH,(r{™)) = —1[9], [10].

I1l. 1S SIMULATION FOR THE BAYESIAN DFE

summarized as [8] A stater; € R is said to besufficiently separabldéy the
hyperplaneH; if H; can separate; correctly with|w}r; +

5(k — d) =sgr( f5(r(k)) with bl > 1. Thus, ifwZri® + b, > 1for i € R, (P

et —e5012 LR is sufficiently separable byi; and a separability indele’) is

_ 2 _ o2 i - e (— '

Ta(x(k)) = Z e 2. ¢ ©)  setto 1; otherwisa!”) = 0. Similarly, if r{ ) € R(-) satisfies

T € meeRCY wlr{™ 4 < —1, itis sufficiently separable b, andhg(;) =

+)

where it has been assumed that channel states are equiprobébl%’)‘.herWisehgf) = 0. Thereachabilityof H; fromr;™" €

Since the Bayesian DFE is reduced to the Bayesian equalizeﬁ% can be tested by computing

the translated space, the IS simulation technique of [4] can be T () + (=)

extended to evaluate its lower-bound BER as follows: i =—0.5 (Wl ri T b’) (rl T ) : ©)

11 If vii = v + ¢; € OF, Hy is reachable fron{") (c;; is

5o 4 ] p(rz(k)|rz) . - . _ .

P = SO In(ri(k) A TS (6) then a bias vector) and the reachability indgx= 1, otherwise
g pr(ri(R)lrs) vi = 0. The process produces the separability and reachability

o i ) table shown at the bottom of the page.

where the indicator functiodg(r(k)) = 1if r(k) causes an 14 construct a convex regioﬁEJ’) associated witfrEJ’) c

error by (5) and/r(r(k)) = 0 otherwisep(ri(k)lri) is the - pey) sojactihose hyperplanes that safficientlyseparate' ™+’
true conditional density giver; € R, andN, = 2¢ is the q ’ hable f rer’) 4 denot i
number of states ilR™H); the sampler;(k) is generated using and are reachable fro and denote

the simulation density* (r;(k)|r;) chosen to be G2 P = 1andy; = 1) (10)
T © e jr — .
(o)) = i 1 s vyl @) ThenR{*" is the intersection of all the half-spac&§™2{r :
pArRI) = jzlp“(27ra§)% ¢ o H;(r) > 0} with j € G In fact, it is not necessary to use

every hyperplane defined i#" to constructR{*’. A subset

In the simulation density (7); is the number of the bias vectorsof these hyperplanes will be enough, provided that every oppo-
cji = —ri+vyiforr; € R py; >0, andzf;l pji = 1.An site-class state iR~ can sufficiently be separated by at least
estimate of the IS gain, which is defined as the ratio of the nurone hyperplane in the subset. Ifsudﬁﬁ) exists for eachrEJ’),

bers of trials required for the same estimate variance using the simulation density constructed with the bias vecters},

(=) . (=) T§+) . (+

¥ s ¥ s

H, WD hi})s W (y11) hﬂ({ (11n,)
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Gabriel pair TABLE |

r{*’ l.2<+) THE SEPARABHJTY AND REACHABILITY TABLE FOR CHANNEL a =

[0.4 0.7 0.4]7. THE DFE STRUCTURE IS DEFINED BY . = 3,
d=2,ANDn = 2. R® = {r{® p{E & (1

=ZII‘2:1(_) hyperplane R G
H 1 00 0|1 1() 1(1) 1D
H, (0 11 1[1() 0 0 0
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Fig. 1. The two typical cases of the asymptotic Bayesian decision boundary % -12 \
for channela = [aq a.]%?. The DFE structure is defined by = 2,d = 1, 5 -14
andn = 1. 2 16 \\
(+) B 5 10 15 2
q | i i i ici i - 0 5 10 15 20 25
J € G, will gch|e_ve( f)symptonc efficiency, %Ln)ce all the.hy Signalto Noise Ratio (dB)
perplanes defined i/, are reachable fron;”* and obvi-
ously at least one ofv;;} is the minimum rate point and the @
error region 14 ' ]
RPa ) 52
EcrRPE ) A 11) G /
9 /
jeai? g g
K
i (-2 g 6
with the half-space®(; "={r : H;(r) < 0}. i
For the two-tap channel = [a a,]*, the existence OGEJ’) S 4
is guaranteed. This is because for the two-tap channel there exist 3 2
only two scenarios as illustrated in Fig. 1. Case (a) is trivial. In 0 ——= : :
case (b), there are three Gabriel neighbor pairs and the asymp- 0 Sigr?al to1l\(l)oise1|§ati02(%8) 25
totic decision boundary is made up of three hyperpla#fs.
andH, are reachable from§+), EcC Hg_) UHg_) and one of ()

{v11, Vo1 } is the minimum rate point. Similarlyis is reach- Fig. 2. (a) The lower-bound BERs and (b) IS gain of the Bayesian DFE for
(+) . . . . channel = [0.4 0.7 0.4]7. The DFE structure is defined by = 3,d = 2,
able fromr,;"’ and the error region is fully contained in they,q, — 2.

half—space?—[g_). Thus, for the two-tap channel, the simulation

density for the Bayesian DFE can always be constructed to sat j < L;. For all the cases, fGterations at each SNR were
isfy the conditions for asymptotic efficiency. This is in contrasttuﬁy av_eraging over all the possible stategirt).

to the case of the Bayesian equalizer for the two-tap channel [4]channel 1 had a length, = 3 and, therefore, the DFE struc-
where asymptotic efficiency is not always guaranteed. Withoyfre was specified byn = 3, d = 2, andn = 2. The asymp-
arigorous proof, we believe that asymptotic efficiency of the IRyic gecision boundary consisted of five hyperplanes. Table |

simulation for the Bayesian DFE can generally be ensured. TRiSes the separability and reachability table for this channel.

is because of the linear separability and a much sparse state W?e (+) -
stater;"’ requires the two hyperplands, and H, to sep-
tribution due to decision feedback. We have tested a variety ! d yperplands, 2 P

channels and no counter example has been found. A rigor é}fate it from all(tr)e opposite-class states dficland H, are
proof of asymptotic efficiency is still under investigation. Tedchable fromgl) ' Th(l'l_s)’ there are tv(vf) bias \éi)cmfl and
cy1 andE C H; '|JHs ‘. The states;'” andry'’ are sep-
arated fromR(~) by the two reachable hyperplanég and
HyandE C Hé’) UHE[). The staterff) is separated from
The IS technique for the Bayesian DFE was simulated usimg—) by the single reachable hyperplaflg. Asymptotic effi-

IV. SIMULATION RESULTS

two channels defined by ciency of the IS simulation is therefore guaranteed for this ex-
Channell : a = [0.40.7 0.4]7 ample. Fig. 2(a) shows the lower-bound BERs obtained using
Channeb ) a ; [0'35 0 8 1 00.8]7 } (12) the IS and conventional simulation methods, respectively. It can

be seen that the conventional Monte Carlo simulation results for
The bias vectors were generated using the procedure descriloed SNR conditions agreed with those of the IS simulation. The
in the previous section. As in [4], the bias vectors were selectestimated IS gains, depicted in Fig. 2(b), indicate that exponen-
with uniform probability in the simulation, i.ep;; = 1/L;, tial IS gains were obtained with increasing SNR.
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TABLE I
THE SEPARABILITY AND REACHABILITY TABLE FOR CHANNEL a = [0.35 0.8 1.0 0.8]”. THE DFE STRUCTURE ISDEFINED BY m = 4,d = 3
AND 1 = 3. R = (e ef ) ol e el e el ()

RO) R
HJl 111111 1]i() o0 T(1) 1(1) © 0 1) 0
H/1 110110 0]0 1(1) 1(1) 1(1) 1(1) 1(0) 1(1) 1(1)
Hyl1 10 1111 1[1() 1(1) 1(1) 1(1) 0 0 1(1) 1(1)
H|l11111100]0 0 1(1) 1(1) 1) 1) 1(1) 1(1)
Hy|1 1001 11 1[1(1) 1(1) 1(1) 1(1) 1(1) 0 1(1) 1(1)
Ho|1 11 11110]0 0 1(1) 1(1) o 1(1) 1(1) 1(1)
H, 0100110 1[1() 1(1) 1(1) 1(1) 1(1) 1(1) 1(1) 1(1)
0 ‘ V. CONCLUSION
K b"‘“‘-\\ €5
-4 B S - We have extended the randomized bias technique for IS simu-
:g ' lation to evaluate the lower-bound BER of the Bayesian DFE. A
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design procedure has been presented for constructing the simu-
lation density that meets the asymptotic efficiency conditions.
For the two-tap channel, asymptotic efficiency is guaranteed
when using the IS simulation technique to estimate the lower-
bound BER of the Bayesian DFE. Although asymptotic effi-
ciency for the general channel has not rigorously been proved,
we are unable to find a counter example suggesting that the
asymptotic efficiency conditions are not met. The more difficult
problem of how to derive an upper-bound BER of the Bayesian
DFE, taking into account error propagation, remains an open
guestion and is still under investigation.
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