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Abstract—We propose a polarization-subarray based frequency
diverse array (FDA) radar with the subarray-based FDA as the
transmit (Tx) array and the polarization-sensitive subarray-based
FDA (PSFDA) as the receive (Rx) array. The subarray-based FDA
has the capability to achieve a single maximum beampattern at the
target location, while the PSFDA can provide an extra degree of
freedom to further suppress the interference and, thus, to improve
the radar’s signal-to-interference-plus-noise ratio (SINR). The
time-dependent frequency offsets are designed for the proposed
radar to realize the time-invariant beampattern at the desired
target location over the whole pulse duration. To further improve
the target detection performance, the time-invariant joint Tx—Rx
beampattern design is considered based on the output SINR
maximization. To effectively solve the nonconvex output SINR
maximization problem, a suboptimal alternating optimization
algorithm is proposed to iteratively optimize the FDA Tx beam-
forming, the PSFDA spatial pointings, and the PSFDA Rx beam-
forming. Numerical experiments illustrate that the time-invariant
and single-maximum joint Tx—Rx beampattern at the target loca-
tion is achieved. Moreover, compared to the basic FDA and loga-
rithmic frequency offset FDA as well as conventional phased array
radars, the proposed polarization-subarray based FDA radar
achieves a significant SINR improvement, particularly when the
desired target and the interferences are spatially indistinguishable.

Index Terms—Polarization-subarray based FDA radar, joint
transmit-receive beampattern design, time-invariant beampattern,
output SINR maximization.

I. INTRODUCTION

RADITIONALLY, phased-array (PA) has been widely ac-
I cepted as an efficient way to detect targets in various
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communication and radar systems, because it has the capa-
bility to electronically steer a high gain beam to the desired
direction. However, PA is not sensitive to the range, and can
only provide the time-modulated beam at a specific angle for
all ranges. Recently, much attentions have been focused on the
range-dependent beampattern design in many applications, such
as the range-dependent interference and ambiguity suppression,
and the range-dependent target tracking [ 1]. To achieve this goal,
a flexible array, referred to as frequency diverse array (FDA),
was proposed in [2], [3]. Different from PA and multiple-input
multiple-output (MIMO) array [4] which have the same car-
rier frequency for every antenna element, the FDA achieves the
range-angle-time dependent beampattern by introducing the fre-
quency offset across all array elements. Generally, the frequency
offset of each array element is much smaller than the carrier
frequency. Moreover, the FDA is different from the frequency
scanning array, whose carrier frequency is time-modulated [5],
and it is also different from the conventional frequency hopping
strategy [6].

The FDA beampattern periodicity, in terms of angle, range
and time, was proved in [7], [8], and many potential applica-
tions of FDA were reported in [9]-[13]. Specifically, the work
in [9] demonstrated that the FDA can be utilized to detect the
relatively low velocity moving objectives, and the FDA mul-
tipath characteristics over a ground plane were explored in
[10], which also indicates that the FDA can perform multiple
missions simultaneously by exploiting the degrees-of-freedom
of time, frequency and space region. To show the advantage
of FDA in target detection, a range-angle dependent beam-
pattern synthesis method was proposed in [11] to focus the
FDA transmit (Tx) energy on the desired target direction and
to effectively suppress the range-dependent interference. It was
note that the FDA can also be combined with the MIMO radar
for deceptive jamming and clutter suppression [12], [13]. For
example, in [13], the adaptive range-angle-Doppler process-
ing approach was proposed to address the range ambiguity
issue.

However, the range-angle coupled beampattern characteris-
tics of FDA are generally undesired in applications, and many
published works have studied the decoupled range-angle FDA
beampattern design in order to uniquely determine the target
location. Up to date, two techniques are mainly considered to
decouple the range-angle FDA beampattern [14]-[18]. The first
approach is based on nonlinear frequency offset design [14],
[15]. For example, in [14], the nonlinear logarithmic frequency
offset (LFO) was proposed to achieve the unique target localiza-
tion, while in [15], a novel random frequency diverse array was
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designed by randomly assigning the carrier frequency for each
array element in order to derive an uncoupled and stochastic
range-angle beampattern. The other approach exploits the spe-
cific structure of FDA. Specifically, in [16], [17], the subarray-
based FDA with different frequency offsets was proposed to
realize the single-maximum beampattern at the target location,
and the corresponding target detection performance were ana-
lyzed via the minimum mean square error (MMSE) and Cramér-
Rao lower bound (CRLB) metrics. By combining the both ap-
proaches, a novel subarray-based MIMO-FDA radar with LFO
was proposed in [ 18] for multiple-target localization in different
range bins.

It is clear that the aforementioned FDA literature [12]-[14],
[16]-[18] can tackle the range and angle dependent interfer-
ence effectively. Nevertheless, the FDA actually produces the
time-modulated range-angle dependent beampattern. Although
the signal-to-interference-plus-noise ratio (SINR) loss due to
the range-angle periodicity can be mitigated [14], [16]-[18], the
SINR loss caused by the periodicity in time is still not addressed
in most of the FDA related works. For example, in [7], the time-
dependent FDA beampattern characteristics are simulated, but
it does not tackle the time-variant issues. To tackle this issue, the
work in [19] firstly designed a time-dependent frequency offset
to achieve the time-independent FDA transmit beampattern. A
more general time-modulated frequency offset scheme was pro-
posed in [20] to realize the time-invariant FDA spatial focusing
beampattern. Besides, the influence of frequency offset errors
on the FDA time-invariant beampattern design was also studied
in [20].

In fact, all the above mentioned arrays are actually scalar
arrays, which can only extract the signal amplitude and phase
information for further processing. However, it is known that the
signal polarization information is also a nature property of elec-
tromagnetic (EM) waves [21]. Existing works [22]-[25] have
indicated that the target localization performance can be im-
proved by utilizing the polarization difference among signals.
In general, polarization is an important property not only for
radio frequency (RF) signals but also for RF antennas. Specif-
ically, for most RF antennas, the polarization is defined by the
corresponding antenna pointings. For example, an antenna with
horizontal/vertical pointing receives horizontally/vertically po-
larized signals best [22], [23]. Therefore, it is important to match
the polarization of RF antennas to that of the incoming signal for
the best reception. Most of the existing works [22]-[25] studied
a special vector array, called polarization sensitive array (PSA),
which is capable of exploiting the signal polarization informa-
tion. Different from the conventional PA and the basic FDA,
PSA is composed of a number of antennas with different spa-
tial pointings, which represent the array polarization sensitivity
and can effectively receive signals with different polarizations
in a vector way [25]. There exist very few literature considering
the combination of PSA and FDA, which we refer to as the
PSFDA. An exception is the work [26], in which the sparse re-
construction based angle-range-polarization beamforming was
designed for the PSFDA to provide good range-polarization
resolution.

Against the above background, in this paper, we propose a
polarization-subarray based FDA radar for detecting the target
in the existence of multiple interferences. Specifically, we adopt
the subarray-based FDA and the subarray-based PSFDA as the
Tx array and the receive (Rx) array, respectively. The joint Tx-
Rx beampattern is then designed for the proposed polarization-
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subarray based FDA radar. Traditionally, the joint Tx-Rx beam-
pattern design for radar systems only considers the optimization
of the Tx and Rx beamforming based on the direction of arrivals
(DOAs) information of the target signal and the interferences
[27]-[29]. However, when the target signal and the interferences
are spatially indistinguishable, this type of beampattern design
will not work. This is because the achievable output SINR by this
joint Tx-Rx beampattern design is very low owing to the similar
steering vectors of the target signal and the interferences. In this
context, the polarization difference among the target signal and
the interferences can be utilized to enhance the output SINR.
Therefore, in our work, the polarization of the subarray-based
PSFDA, namely, the Rx PSFDA spatial pointings, is also opti-
mized to sufficiently match with that of the target signal, while
maintaining orthogonal to the polarization of the interferences
as much as possible. Specifically, based on the time-dependent
frequency offsets design, we iteratively optimize the FDA Tx
beamforming, the PSFDA spatial pointings and the PSFDA Rx
beamforming to realize the single-maximum and time-invariant
joint Tx-Rx beampattern at target location. Our main contribu-
tions are summarized as follows:

e To the authors’ best knowledge, this paper is the first to
propose the polarization-subarray based FDA radar. In this
radar system, the subarray-based Tx FDA is capable of
achieving the single-maximum and range-angle decoupled
beampattern at the target. By further introducing the polar-
ization sensitivity to the subarray-based Rx FDA, the inter-
ferences can be effectively suppressed even when they are
spatially very close to the desired target signal impinging
on the Rx array. Consequently, the proposed polarization-
subarray based FDA radar significantly improves the target
detection performance.

e Since a time-varying beampattern is generally undesired in
target detection, we design the time-dependent frequency
offset for the polarization-subarray based FDA radar by
extending the design of [20] for the basic FDA radar, which
is capable of realizing the time-invariant spatially focusing
beampattern at the desired target location during the whole
pulse duration.

e To further improve the target detection performance, the
optimal joint Tx-Rx beampattern of the polarization-
subarray based FDA radar is investigated based on the
output SINR maximization. Since this maximization prob-
lem is nonconvex and generally intractable, we propose an
efficient alternating optimization algorithm to iteratively
optimize the FDA Tx beamforming, the PSFDA spatial
pointings and the PSFDA Rx beamforming. It is worth
emphasizing again that because the PSFDA spatial point-
ings are optimized, the polarization-subarray based FDA
can effectively utilize the polarization difference among
the signals to enhance the target detection performance,
particularly when the desired target signal and the interfer-
ing signals are spatially indistinguishable.

Although the work in [26] also considers the PSFDA, it is
evidently different from our work in three aspects. Firstly, in
[26], only the MVDR Tx beamforming is designed based on the
sparse constraints, while the Rx beamforming optimization is
not considered for sidelobes suppression. Secondly, the polar-
ization of the PSFDA in [26] is determined by the dual-polarized
array, which is generally not optimal for distinguishing the tar-
get and the interferences in the polarization domain. Thirdly, the
issue of the range-angle coupled beampattern for the basic FDA
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is not addressed in [26], and thus it may cause the ambiguity in
target detection.

Throughout our discussions, normal-faced lower-case let-
ters denote scalars, while bold-faced lower-case and upper-
case letters denote vectors and matrices, respectively. Abso-
lute value and Euclidean norm are denoted by |- | and || - ||,
respectively, while (-)*, (-)T, (-)" and (-)~! represent the con-
jugate, transpose, conjugate transpose and inverse operators,
respectively. Tr(-) and rank(-) denote the trace and rank of ma-
trix, respectively, while j = +/—1. The Hadmard and Kronecker
product operators are denoted by ® and ®, respectively, while
diag(b) € CN*V is the diagonal matrix whose diagonal ele-
ments are the elements of b € CV. I'y is the N x N identity
matrix, and 1y is the /N-dimensional vector whose elements
are all equal to 1, while 0,, «,,, is the n X m zero matrix. A > 0
indicates that A is a positive semidefinite matrix, and E[-] is the
expectation operator, while a [m:m] denotes the m-th element to
the n-th element of the vector a. The phrase ‘with respect to’ is
abbreviated as ‘w.r.t.’.

II. RADAR MODEL AND PROBLEM FORMULATION

A. Proposed Polarization-Subarray Based FDA Radar

We consider a monostatic narrowband FDA radar system. It is
known that the basic FDA has a coupled range-angle beampat-
tern, which makes the independent range and angle estimation
of a far field target impossible. The subarray-based FDA can be
employed to decouple the range-angle dependent beampattern
by properly choosing the frequency offset of each FDA subar-
ray [16]. Besides, partitioning a large-scale antenna array into
identical-size subarrays with mass production can significantly
reduce the hardware cost [16], [17]. Therefore, in our proposed
FDA radar system, the Tx array consists of two equal-size FDA
subarrays, each FDA subarray having N array elements, while
the Rx array consists of two equal-size polarization-sensitive
FDA subarrays, each subarray having N array elements too.!
This proposed FDA radar is called the polarization-subarray
based FDA radar. For simplicity, both the Tx and Rx arrays’
antenna spacings are set to be d.

It is assumed that there exist one desired target and K inter-
ference sources located at (6, Ry) and (0, R), 1 < k < K,
respectively, in the far field, as illustrated in Fig. 1. Since this
is a monostatic radar system, the locations of each source sig-
nal w.r.t. the both Tx and Rx arrays are the same. Additionally,
we also assume that the target and the interference sources are
located in the same/nearby range cell, whose range width is
defined as 1, = 5% with ¢y and B denoting the light speed
and the waveform bandwidth, respectively. In order to detect
the target effectively, the corresponding interference sidelobes
should be sufficiently suppressed. If these interference positions
are unknown, they can be detected prior to the target sensing as
suggested in [28]. The carrier frequency for all the subarrays in
this radar is fj, while the frequency offsets of the first Tx/Rx
subarray and the second Tx/Rx subarray are set to A f; and A f5,

'Our work aims to utilize different frequency offsets of FDA subarrays to
realize the range-angle decoupled beampattern, which is actually not related to
the size of subarrays. Also to achieve the range-angle decoupled beampattern,
it is sufficient to use two FDA subarrays. Our work can readily be extended
to the case of unequal-size subarrays at both the Tx and Rx arrays by slightly
modifying the PSFDA received signal model (17), and all the results of this
paper are still applicable.
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Fig. 1. Illustration of the two-subarray-based FDA radar transmitter, where
there exist one desired target and K interference sources.

respectively, which satisfy
(N =DAA < fo, (N =1DAS| < fo ()

Therefore, the (n + 1)-th antenna carrier frequency f,, of the
subarray-based Tx FDA is expressed as

f{ fo+nAfi, ne{0,1,...,N—1},
" Yo+ (n— N)Afo,ne{N,N+1,...,2N—1}.

The baseband equivalent model of the transmitted signal vector
37, (t) € C?N from the 2N Tx FDA antennas is given by

gTz (t) = W71ST2 (t)v te [07 Tp]v (3)

where sy, (t) is the transmitted pulse waveform with the pulse
duration 7}, and wy, = [w), wh, - ~w(TQIN71>]T € C?N with
lwr,||> =1 is the unit-norm Tx beamforming vector of the
subarray-based FDA.

Let the first antenna of the subarray-based Tx FDA be the
reference antenna. Then the received signal at the spatial loca-
tion (6, R) from the subarray-based Tx FDA can be formulated
as a linear combination of the 2V attenuated and delayed ver-
sions of the Tx signal sy, (t), where (0, R) are the DOA and
the range of this location relative to the reference antenna of the
subarray-based Tx FDA. Furthermore, based on the narrowband
assumption, the baseband equivalence of the received signal at
location (6, R) can be expressed as

@

spe(t;0,R) =~ a” (t;0, R)3r, (t - f)
0
=at (t; Q,R)wTJ;STJ, (t — R) , 4)
Co

where a(t;0, R) € C*V is the steering vector of the Tx
subarray-based FDA, which consists of 2/NV propagation phase
shifts. More specifically,

a(t; 0, R) _ [1 eler(t) ... ppan 1 (t)]T7 5)
with
2mnkodsin @ + 2rnAfi(t—71,),
ne{0,1,...,N —1},

2mnkodsin @ + 2w (n—N)A fo(t—T,),
ne{N,N+1,...,2N —1},

_ R-ndsind

where ky = f—g and 7, o
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Matched-filtering

Fig. 2.  Polarization-sensitive two-subarray based FDA radar receiver.

The polarization-sensitive two-subarray based FDA radar re-
ceiver is shown in Fig. 2, where each PSFDA antenna receives
all the Tx signals from the subarray-based Tx FDA through a fil-
ter bank. Specifically, the filter bank of the (m + 1)-th PSFDA
antenna, 0 < m < 2N — 1, consists of the transfer functions
Fin, 0 <n < 2N —1, which effectively receives the signal
with the radiation frequency f,, from the (n + 1)-th antenna of
the subarray-based Tx FDA and weights it with the weighting
factor wj; " . Consequently, the maximum received SINR at the
Rx PSFDA can be achieved.

The signal impinges on a generic PSFDA from the DOA
(0, ¢), where 6 € [0, 7/2] and ¢ € [0, 27) are the elevation
and azimuth angles, respectively. The corresponding transverse
electric field of the impinging EM signal is expressed as

E(t) =Fy (t)eg + E(/) (t)eé, (7)

where E,; (t) and Fy(t) are the electric field components in the
directions of e, and ey, respectively. Similar to [22], [25], we
assume that a EM signal is completely polarized so that the
time-varying E () can be modeled as a polarization ellipse with
the polarization angle (POA) («, 3), in which « is the polarized
rotation angle and (3 is the polarized ellipse angle. Then the
signal polarization vector e(d) is defined by

e(8) = S(0,0)R(c)g(P), ®

where & = [0 pa BT is the collection of the source signal’s
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while R(«) is the polarized rotation matrix given by
Rio)= | “5r, ] 10
and the polarized ellipse vector is
9(8) = [fﬁi%} ' (11)

The polarization sensitive matrix P, representing the array elec-
tric field gain for the impinging signal, also known as the array
spatial pointings matrix, is defined as

Po
D1
P, =G, .

c R2NX3, (12)

P2N -1

where G, denotes the array polarization gain when the polariza-
tion status of the impinging signal and the array perfectly match,
p, € C1*3 is the spatial pointing vector of the (n + 1)-th an-
tenna of the PSFDA with the antenna’s elevation and azimuth
angles (¢ ., @ ,, ), which is given by

Pn = [Sin ¢e,n COs 9(%,77, sin d)e.n Sinee,n COos ¢(z,n:|a (13)

for 0 <n < 2N — 1. It is naturally observed that the spatial
pointing vector of each antenna satisfies ||p,, || = 1,for0 < n <
2N — 1. Based on (8) and (12), the PSA’s polarization vector
P (8) is defined by

p.(8) = P.e(8) e C*V. (14)

In this work, we mainly consider the uniform linear (UL) FDA
radar having the one-dimensional DOA 6. This is equivalent
to setting the azimuth angle ¢ = 90° in §. However, we also
discuss the extension to the uniform rectangular planar (URP)
FDA radar. Based on the receiver structure of Fig. 2, the steering
vector of the subarray-based Rx PSFDA b(6, R) € C*N” can
be expressed as

— ibo, jbm.u,_, jb‘y'—)“:"—) T
DOA and POA relative to the PSA, and S (0, ¢) is the steering b(6, R) = [e"0 e e nen ] 15
matrix of the impinging polarized signal with DOA (6, ¢), which  ith b,, ,, form € {0,1,---2N — 1} given by
is expressed as ’
2mmkydsin @ — 2rnA fi 71, ,
—sing cosfcos @ - nef{0,1,....,N -1}, (16)
S(0,9) = [ cos ¢ cosesin¢1 , 9) T 2rmkodsind — 2m(n — N)A for,,
0 —sinf ne{N,N+1,... 2N —1}.
2Ry
y(t) = agB(0y, Ro) | pe(80) ® (alt; b0, Ro) © wry) |sre |t — o
K 2R
+ Z ak:B(Qk;Rk) <pe ((sk) & (a’(t; 0]67 Rk) © wTa:)) STz <t - Cok> + €(t) (172)
k=1
- 2Ry
= ay ((Pe(5o) @ A(t; 60, Ro))b(6o, Ro)) O(1en, @wry)srs (t— o
ay(t;Ry,60)
K _ 2R
+ Zak ((Pe((sk:) ® A(t; 65, Ri.)) b(6y, Rk)) O (L, ® wry)sry (t - C)k) +&(1). (17b)
(

k=1
a;y(t;Ry,0;)
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In fact, b, ,, represents the phase shift between the target sig-
nal with frequency f,, and the (m + 1)-th Rx antenna of the
PSFDA. By combining the received signal at location (6, R) in
(4), the PSA polarization vector in (14) and the steering vector
of the subarray-based Rx PSFDA in (15), the baseband received
signal y(t) € C*N* of the PSFDA can be expressed as (17)
given at the bottom of the previous page. It is noted that the
dimension of the received signal is 4N? due to the full-band
reception via the receiver structure of Fig. 2. In (17), ay and
ay, Vk, are the complex amplitudes of the target and the k-th

interference with the variances o2 and a,%, respectively, while

£(t) € C*V’ is the additive Gaussian white noise (AWGN) vec-
tor with the covariance matrix ag I,n2. Generally, ap and ay,
Vk, are mutually independent. Furthermore, in (17), we have
B(6, R) = diag(b(#, R)) € C*N"*4N* ‘and

P.(8) = diag(p. (8)) € C*NV>2N

A(t;0,R) = diag(a(t;0,R)) €

(18)

C2Nx2N (19)
In (17), we also define the joint Tx-Rx steering vector of the
proposed polarization-subarray based FDA radar as
a;(t;R,8) = (P.(8) ® A(t;0, R))b(6, R) € C*V". (20)
As illustrated in Fig. 2, by performing the Rx beamform-

ing with the unit-norm beamforming weighting vector wp, =

T T 5
[w%f cwp --wﬁfaN L,(2N 1) ] € C*N? on y(t), we fur-

ther obtain the Rx beamforming output as () = wh y(t).
Note that the target and the interference sources are in the
same/nearby range cell, and the Tx signal sy, (¢) is narrowband.
Therefore, similarly to the conventional FDA radar only focus-
ing on the static range-angle dependent beampattern design, we
consider an arbitrary ¢t = ¢, for the time-varying joint Tx-Rx
steering vector a;(¢; R,d) and perform the matched-filtering

)

operation on the received signal §(t) with sy, (t -
obtain the following Rx PSFDA output

Ly 905 = ey
fTI, |5T:L“ (t— %) ’2 dt

® (Loy @ wry))

~ agwy, (a;(to; Ry, dp)

K

+3 apw, (@ (to; R, 81)© (Loy ®wr, ) +€, (21)
k=1

where the filtered noise £ is Gaussian distributed with the zero
mean and variance 0’?. Referring to [30], since the quasi-static
steering vector a; (t; Ry, 8} ) is available by properly choosing
the Tx pulse duration T), and the frequency offsets { A f1, Afy},
the matched-filtering operation for the conventional FDA radar
is still applicable to our work and thus the approximation in
(21) is reasonable. According to (21), the output SINR of this
proposed polarization-subarray based FDA radar at ¢ = ¢, can
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therefore be expressed as

2
2
o0

wi, (aJ (to; Ro, 80)® (Lan ®sz)>

SINR = 5
2
+U£

(22)

K
Zk:ﬂ/%

w%z(a-l(tm Ry, 6;)© (1an ®sz)>

In the sequel, based on the optimal Tx and Rx beamforming
vectors, wy.,, and wy,,, obtained by maximizing the output
SINR (22), the joint Tx-Rx beampattern of our polarization-
subarray based FDA radar at ¢ = ¢ is designed as

2

B(ty; R, 8) = ’wﬁ(am;as)@(lzzv@w*n)) - (23)

Remark 1: Our generalized PSFDA receiver of Fig. 2 contains
both the band-limited coherent PSFDA [31] and the full-band
pseudo-coherent PSFDA [31] as two special cases. Specifically,
by defining wj;;" =0,Vn#mandn,m=0,1,...,2N — 1,
this generalized PSFDA reduces to the band-limited coherent
PSFDA, while by defining wRT =wil = = wh; (2N=1)
Ym =0,1,...,2N — 1, the full-band pseudo coherent PSFDA
in [31]is obtalned Furthermore, the subarray-based FDA radar
of [16] can be considered as a special case of our polarization-
subarray based FDA radar. In [16], for all Tx signals with dif-
ferent radiation frequencies from the subarray-based Tx FDA,
the corresponding Rx responses of the Rx PA are identical.
Mathematically, the system model in [16] corresponds to re-
formulating B(6, R) and p.(d) in (17) as B(0, R)=B(0) =
diag(by, (0) ® 1an) with

b (0) =

and p.(d) = clon, where ¢ is a constant. Then based on the
full-band pseudo-coherent receiver structure, the signal model
of (17) is equivalently reduced to the 2/N-dimensional signal
model for the subarray-based FDA radar of [16].

[1 el2mkodsin® ej?wko(QN,.fl)dsinﬁ]T

;o (24

B. Time-Invariant Joint Tx-Rx Beampattern Design

Since the time-dependent joint Tx-Rx beampattern (23) may
cause the problem of short target illumination and consequently
degrade the target detection performance, we design the time-
modulated frequency offset to realize the time-invariant joint
Tx-Rx beampattern at the target. To be specific, we extend
the time-modulated frequency offset of [20] for realizing time-
invariant Tx beampattern of the basic FDA radar to realize the
time-invariant spatial focusing beampattern for our polarization-
subarray based FDA radar. To this end, we firstly formulate
the time-variant phase shift ¢,, ,, (¢; 6, R) between the (n + 1)-
th antenna of the Tx FDA and the (m + 1)-th antenna of the
Rx PSFDA as given in (25) at the bottom of this page, where
®m (0) = 2wkymd sin 0. Note that @, ,, (£; 6, R) corresponds to
the (2Nm + n + 1)-th element of the joint Tx-Rx steering vec-
tor ay(t; R, d) given in (20). According to the criterion given
in [20], the quadratic phase term ¢(m,n) in (25), which is

Pm.n t;@,R =
PO 50) + 20n =) (850 (o

6771 (9) + 271 (Afl (t B 2R—(’rr1,-cro’n,)dsin€)
- 2lnindend ) 4 jydsing), ne (NN +1,...,

ne{0,1,...,N -1},
2N — 1}

+ kod sin 6) ,
(25)
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defined as
n(m+n)dsin6A fy
T E—
atmm) = 3 sy 26
n e ?N,N—i—l,i..ﬂN— 1},
for m € {0,1,...,2N — 1}, can be ignored when and only

when |27g(m,n)| < T, ¥n,m. Under this condition, we can
simplity the phase shift in (25) as

@mm, (t; 0, R) ~

B (0) + 27 (Afi (=22 ) +hodsin6)
ne{0,1,...,N — 1},

B (0) + 2w(n—N) (A (t—22) +kodsin )
ne{N,N+1,... 2N —1}.

27)

Observe from (27) that to achieve the time-invariant beampat-
tern at the target location (g, Ry ), the following time modulated
frequency offsets A f (¢) and A f5(¢) can be adopted

Afi(t)= % I =0,+1,.
Afg(t) s kggd;bnﬁn 12 _ O :|:]. te [O; Tp} (28)

t
co

The specific values of l; and I, are determined by sub-
stituting Afy (T,) and Afy(T,) into ¢(2N —1, N —1) and
g(2N — 1,2N — 1), respectively, and considering the con-
straints

2n(N ~ 1)(3N ~ 2)dAF(T)| _ ,
= 47

“ (29)
2n(N ~ (AN -~ 2dAL(T) | _ ,
&) -4

where sinf = 1 is implied. According to [30], to realize the
quasi-static joint Tx-Rx steering vector a (¢; R, §), the values
of T},,1; and I, should also satisfy (N — 1)Af1(7,,)T, < 1and
(N — 1)Afy(T,)T, < 1. Finally, by substltutlng (28) into (27)
at the arbitrary t = ty, the joint Tx-Rx beampattern (23) at the
target location (6, Ry) becomes

2
B(to; Ry, d¢) = ‘w}}; (a;(to; Ro,60) © (Loy @ wh,))

2

= B(do). (30)

= ‘w}}i ((Pe(80)bysu(6))) 2w,

Clearly, the target beampattern B(to; Ro, d¢) in (30) is indepen-
dent of time. Besides, considering the range-angle decoupled
characteristics of the subarray-based FDA [16], [17], we con-
clude that at any time, there exists only a single-maximum and
constant joint Tx-Rx beampattern at the target.
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Target/Interferences

2N-1 subarray-based
¥ TxFDA |

.subarray based

®  TXFDA2
(mO n )'c' 'l' c‘
~ o ® o Qubarray—bascd Tx
N FDA 2N

Fig. 3. Illustration of the subarray-based URP FDA transmitter.

C. Output SINR Maximization

Based on the time-invariant beampattern (30) at the target
location, the output SINR (22) can be re-expressed as

2

o |wht, ((Pe(80)bsu () @wy,)
SINR = 2
25:10']% w%a(a,;(to;Rk,ék,)@(hzv,. ®'wa)) +U§
3D

In order to determine the single-maximum and time-invariant
joint Tx-Rx beampattern B(dy) at the target in the presence of
interferences, we solve the output SINR maximization problem

2

o2 |wit, ((P.(80)bs. (60))wwr, )
erflwal)U){T‘Jv ? ’
P Yoo} wg_,.<aJ(t(J%Rk-,5k) (12\ QW7 )) +o? (32)
st wgell =1, wr. | =1,

lpn|l=1,0<n<2N —1.

Unfortunately, the problem (32) is nonconvex and generally in-
tractable due to the nonlinearly coupled optimization variables.
To overcome this difficulty, an alternating suboptimal algorithm
is proposed to optimize the FDA Tx beamforming wr,, the
PSFDA Rx beamforming wp, and the PSFDA spatial pointing
matrix P, iteratively in Section III.

D. Extension to Polarization-Subarray URP FDA Radar

We now discuss how to extend the proposed joint Tx-Rx
steering vector and the beampattern design for the polarization-
subarray based UL FDA radar to the URP FDA radar, which
can facilitate the three-dimensional beamforming in both eleva-
tion and azimuth domains, and thus improve target localization
accuracy and efficiently mitigate the interferences. As shown in
Fig. 3, the subarray-based Tx URP FDA consists of 2N paral-
lel subarray-based UL Tx FDAs, which are uniformly placed
in the vertical X -axis direction with the inter-array spacing d.
Similarly, the Rx URP PSFDA is also composed of 2/V parallel
UL PSFDAs, uniformly placed in the vertical X -axis direction.
Then we can reformulate the Tx beamforming wr, p € C N?

and steering vector ap (t; 6, ¢, R) € C*V * atthe spatial location

(0, ¢, R) of the subarray-based Tx URP FDA as
wrop = [wy) oy cwp ] G3)
ap (t; 0, , R) _ [ej’v—”o.o(t) N L (t) ... elvr.r (t)]T, (34)
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where L = 2N — 1.1In (34), ¢y, . (1) is the phase shift between
the (m,n)-th Tx antenna element in the vertical-horizontal
(X —Y) plane and the spatial location (6, ¢, R), given by

2rkody, n + 2emAf1(t— T 0 )s
nef{01,...,N—1},

2rkody, 5 +2m(m — N)Afo(t — T )
ne{N,N+1,...,L},

Pm.n (t) = (35)

form € {0,1,...,2N — 1}, where d,;, , = d(msinf cos ¢ +
nsinfsin ¢) and 7, ,, = Rff%

Similarly to the derivation of the 4N? dimensional received
signal (17) for the Rx UL PSFDA, by considering the full-band
reception as that in Fig. 2 and the polarization sensitivity of
the Rx URP PSFDA, we can also model the 16 N*-dimensional

steering vector b(f, ¢, R) of the Rx URP PSFDA as

T
b(0, 6, R)=[bg b5 by, bLy bl L], (36)
with
By, = [P il T e VT (37)
27rk0dm1 SN —27TTLAf1 Tmi,ny >
g ) mef01, N -1}, 38)

mi,ni

2nkody, ny —27(n—N)AfoTm, 0,
ne{N,N+1,... L}

for m € {0,1,...,L} and my,n; € {0,1,..., L}. Here, the
(my,n1)-th Rx antenna element is located in the vertical-
horizontal plane. Then we can formulate the 16 N-dimensional
baseband received signal at the Rx URP PSFDA as given in (39)
at the bottom of this page, where

P, ,(8) = diag(pe (6)) € CHV4N, (40)
Pepi(8) = P.pe(8) € CH° 1)
Pmpl:(%[p$0”'paL'”pzﬂ'”pEJ}TEIRMWX{

42)

Ap(t;0,6,R) = diag(ap(t;0,6, R)) € C*N 4N, (43)

where P, ,; is the spatial pointing matrix of the Rx URP
PSFDA, and similarly defined as in (12) and (13). From (39), the
joint Tx-Rx steering vector of the polarization-subarray based
URP FDA radar is given by

G/}]’p (t7 R7 6) = (-Apeﬁﬁpl((s)@AP (t7 9, ¢7 R)) b(07 ¢a R) (44)
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Furthermore, we can define the unit-norm Rx beamforming
wrep € CYV" of the Rx URP PSFDA as

T
o 0,0 T mi,n T L,L T
WpRy, P = [(me,P) (sz,P ) (me,P) } )

(45)
mi,ny m1,n1,0,0 mi,ni,m,n my,ny,L,L 4N?
Rz,P = [me,P CWhy ©Why ]G(C :

(46)

Similarly, after the matched-filtering operation and by fixing
t =1y in ayp(t; R,9), the output SINR of the polarization-
subarray based URP FDA radar is expressed as

SINR
2
o |wh, p(@.p(te; Ro,60)© (1an> @wry p))
- 2
?:1‘7/3 w%x,P(aJ.P(tm Ry, 5k)®(141v2 ®wTa:,P))‘ +a§

(47)

Once the optimal Tx and Rx beamforming vectors, w3, p and
wr, p, are d.erived, the corresponding joint Tx-Rx beampattern
att = 1y is given by

2
Bp(to; R, 5):‘1“?3};?(0.]9 (to; Ry, 60)® (Lyn2 ®w}m‘p)>

(48)

For the polarization-subarray based URP FDA radar, we
clearly find that the joint Tx-Rx steering vector in (44), the
output SINR in (47) and the joint Tx-Rx beampattern in (48)
have the similar structures to those of (20), (22) and (23) for the
polarization-subarray based UL FDA radar, respectively. There-
fore, we readily infer that both the time-invariant joint Tx-Rx
beampattern design given in Section II-B and the alternating
optimization proposed in Section III for the output SINR max-
imization problem (32) are applicable to this URP FDA radar.
This extension is straightforward.

III. PROPOSED ALTERNATING OPTIMIZATION ALGORITHM

As mentioned previously, it is challenging to obtain the jointly
optimal FDA Tx beamforming w7, , PSFDA Rx beamforming
w,,, and PSFDA spatial pointing matrix P for the optimization
problem (32). In this section, we detail our proposed suboptimal
alternating algorithm, which iteratively optimizes wr,, Wpry
and P.. Moreover, the adaptive realization of the joint Tx-Rx
beampattern design based on the proposed alternating algorithm
is also briefly introduced.

yp(t) = ag <(ﬁ)e,pl(60) ® Ap (t;90,¢0,Ro))b(90,¢0,R0)> O(Linz: @ wry,p)sTa <t - )

2R,
Co

ay p(t;Ro,00)

K

k=1

+ Z ay, ((ﬁ)e.pl(ék) ® Ap (t; 0k, b, Ric) ) b0, ¢, Rk)) O(Lynz @ wrg p) sty (t - 2Rk) +&(t), (39

Co

ay p(t;Ry,0;)
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A. Optimization of FDA Tx Beamforming wr,

When the PSFDA Rx beamforming wpr, and the spatial
pointing matrix P, are fixed, after a tedious but straightfor-
ward derivation, the optimization problem (32) w.r.t. the FDA
Tx beamforming wr, can be reformulated as

opwy } }H'wT
max 0*™T2J0JO €T

e sz (‘75121\ +Zk 1Uk.fk(t0)fk (to)) Wty

, (49)

where the auxiliary variables }'0 € C?V and }k (to) € C* for
1 < k < K are defined respectively as

fo= A Wha, (50)

with
AL = (AR AL, AR, e coven &)

AY, = (Po(80)bsa (60)) | Tan € C2V*2N 1 < < 2N,

(52)

and
Frlto) = A (t)wp,, 1 <k <K, (53)

with
AE];] (to) = [AE];,]l (to) -+ AE?]QN(tO)] = (CQNMNZ’ (34

A[JE,],- (to) = diag (a,}(to; Ry, 6k)|[2N(i71)+1:2Ni]) € C*VeN,

1 <7 <2N. (55)

The optimization (49) is a standard generalized Rayleigh quo-
tient problem [32] w.r.t. the FDA Tx beamforming vector wr,,.
As aresult, the optimal FDA Tx beamforming is the generalized
eigenvector corresponding to the largest generalized eigenvalue
of the matrix pencil (Fy, F'y (t)), where

2Nx2N
C ;

Fo=Fofy € (56)

K
Fi(ty) = o2Lon+3 02 Fulto) Fi (to) € C2V2V . (57)

k=1

Since F'i(ty) is nonsingular, the optimal w7, to the problem
(49) is also the normalized eigenvector associated with the max-

imum eigenvalue of F;l (to)Fy

wh, =9(F; (to)Fo), (58)

where 9(A) is the unit-norm eigenvector corresponding to the
maximum eigenvalue A .x(A) of a square matrix A. Consid-

ering that Fy is rank-1, F'; ' (ty) F is also rank-1 and only has
one nonzero eigenvalue. Thus we have

[F7 (t)Fo] [F (t0) Fo] = [FT (t0)FoFo ] [F1 (t0) Fo]
= [Fo Fy' (to) Fo] [F1 (1) Fo),
(59)
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based on which, the nonzero eigenvalue and the corresponding
normalized eigenvector of Ffl (to)Fy are

_ _ ~H _ ~
Awax (Fy ' (t0)Fo) = Fo Fy' (t0) fo, (60)
o~
_ _ t
O(Fy (tg)Fo) = M (61)
HF1 (to)foH
Thus the optimal w7, to the problem (49) is
o~
@y, = L Uofo_ (62)
HFI (to)fo H

B. Optimization of PSFDA Rx Beamforming wpr,

When wyp, and P, are given, the SINR maximization
problem (32) can also be reduced to a generalized Rayleigh quo-
tient problem w.r.t. the PSFDA Rx beamforming wp,.. Specif-
ically, we can define the auxiliary variables g € C*° and
gi(ty) € C*N’ for1 < k< K, respectively, as

90 = (P.(80)byu(60)) ® wr, (63)
gi(to) = as(to; Ri,81) © (lay @ wr,).  (64)

By further defining the following matrices
Ao = gogl € CANTxAN? 65)

K
Ai(ty) = <o§I4N2 +> " otgr(te)g) (t0)> e CHNAN(66)
k=1

we have the reformulated problem (32) w.r.t. wp,, as

2200H A
gyw A[)’wR
() Rz z

67
WR wR Al(to)wm ( )

Similarly to the problem (49), the optimal w?},, is a normalized
eigenvector corresponding to the largest eigenvalue of the matrix
pencil (Ag, Ay (ty)). Since A (to) is nonsingular and the rank
of Ay is one, the optimal PSFDA Rx beamforming w7}, is also
the normalized eigenvector associated with the single nonzero

eigenvalue of A ' (ty)A,. By noting
AL (o)A | [AT" (t0)g0] = [A7 (to)gogll| [AL (t0)g0]

= {gﬁlﬂfl(to)go [Afl(to)go] )

(63)

we readily have Amx([x;l(to)Ao) :ggﬂfl(tg)gg and

AT (tﬂ)go
ﬁ(AI (tO)AO) HA (to)go |
lem (67) is derived as

. At
Wh, = M. (69)

1AL (to)go |

. Thus the optimal @7, to the prob-

C. Optimization of PSFDA Spatial Pointings P,

Given the FDA Tx beamforming wy, and the PSFDA Rx
beamforming wp,, we can transform the problem (32) into
the following optimization problem w.r.t. the PSFDA spatial
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pointings P,

06|P UO‘?
P TE+2 it of [T uk (to)*
s.t. Hpe [3n+1:3n+3] H :”an =1,0<n< 2N — 1,

m ax

(70)

where the spatial pointing vector p, € R'*? is given in (13),

and we have

P. = [pop1 "'pQN—l]T e RN, (71)

ug = (diag(bfu (90))1@%1%) ®e(dy) €C,  (12)
with

W, = [wlh wil - wf ] e e, (73)

’w[é]l. = Wra|pnicionisy) € CPN,0< i <2N — 1, (74)
as well as

uy(to) = (Ian ®e(8;)) By, <I2N @AM (t9; 0y, Rk)) wp, €CON

(75)

with
by = b(0y, Ri) © (lay @ wr,) € CN° (76)
bm BZ‘[QN[—H:QN(H—U] €C™, 0<i<2N =1, (77)
By = |diag(B]) - - diag(b"" )| e c2N . 7)

However, the problem (70) is nonconvex because of the non-
linear optimization objective. To effectively solve the problem
(70), we first convert it to a standard semidefinite programming
(SDP) problem with a rank-1 constraint by defining the follow-
ing Hermitian matrix

P.=p;p; € ROVON, (79)
of which the rank-1 property, i.e., rank(P,) = 1, is implied.
Then the problem (70) is reformulated as

U(Q)Tr(PeDo)
max . Z ,
P, ag + Zi‘:l o} Tr(P.Dy)

st. Tr(P.I,) =1,0<n<2N -1,
P, -0, rank(P,) = 1, (80)

where
CON*6N

Dy = ugufl € CON*N | Dyo=uy(to)ull (tg) €
. ~H~ ,
for 1<k<K, and I,=1,1,¢c CON*N
with I, = [03><3n I; 03><3(2N7n71)} € C3x6N, By further
introducing the auxiliary variable

81

with

. (82)
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and performing the Charnes-Cooper transformation [33] on the
problem (80), we equivalently transform the problem (80) to

max Tr (PeDO) ,
P..n

K
Z Tr PDk +na?=0§,
k=1

( >_n,0<n<2N—1

P, -0, rank(Pe) =1. (83)

Unfortunately, the problem (83) is still nonconvex due to
the coupled variables and the rank-1 constraint on P, and a
direct optimization is generally difficult to conduct. Therefore,
we propose applying the semidefinite relaxation (SDR) method
to solve the problem (83) effectively. Specifically, by neglecting
the rank-1 constraint, the optimization problem (83) becomes
a standard SDP problem. If the obtained P, by solving the
relaxed (83) satisfies the rank-1 constraint, the optimal p, can be
computed by performing the eigenvalue decomposition and thus
the corresponding optimal PSFDA spatial pointing matrix P}
is derived through the matrix reshaping operation. Otherwise,
for the obtained P, that does not satisfy the rank-1 constraint,
a randomization method is utilized to generate a large number
of candidates p, whose covariance matrices are all equal to
P, /1, and we always pick the proximate one that satisfies all the
constraints of (70). However, due to the fact that the search space
is generally finite and random, it is possible that a rank-1 solution
satisfying all the constraints of the optimization problem (70)
does not exist.

To tackle this potential non rank-1 solution difficulty, the
penalty function method proposed in [32] is applied. In fact, the
penalty function method is based on the following inequality
for the semi-positive definite matrix P,

Tr(Pe) - >\max (Prz) 2 07 (84)
where the equality holds for the rank-1 P,.. Therefore, by
substltutlng the left-hand function of the inequality (84),
i.e., Tr(P.) — Amax (P ), into the optimization objective of
the problem (83), we can obtain the rank-1 satisfied P, to the
problem (83) by iteratively solving the resultant minimization
problem. This iterative process has been proved to converge to a

locally optimal and rank-1 satisfied solution P, in [32]. Specif-
ically, at the ¢-th iteration, given 133_1) obtained at the previous
iteration, we solve the following optimization problem to obtain

the rank-1 asymptotic solution ng)

~ Auas (PU7)

1))),

min Tr ((Igy — Do) P.)

P,
—Tr (’U

s.t. ZO’ Tr (P.Dy) +770$ =02,

D () (P - P

max max

P, =0, Tr(P.I,)=n0<n<2N -1, (89
where vff;;,} ) is the normalized eigenvector corresponding to

the maximum eigenvalue of the matrix 1_357”. Clearly, the
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Algorithm 1: Penalty Function Method for Obtaining ﬁ:
Initialize: Give wr, and wp,; Set iteration index I;,,,, = 0;
1: Solve the problem (83) minus its rank-1 constraint to
obtain initial P/
2: repeat

for the optimization (85);

3: I’[nn = Ii’n,n +1;

4:  Solve the problem (85) for given 1_32[' 1) {0 obtain
newP ”)'

5: until ’Tr( e )) — Amax (PEI”’ " )’ < 1, where ¢ is

a sufﬁ01ent1y small positive scalar;
6: Perform eigenvalue decomposition and matrix reshape

) to obtain 13:
Output:Optimal PSFDA spatial pointing matrix P: for
given wr, and wr,.

: B Linn
operation on sz '

problem (85) is an SDP problem with the linear objective func-
tion and convex constraints, which can be efficiently solved by
the interior point method. Note that in the iterative optimiza-
tion procedure for solving the problem (85), the initial Pém
is derived by solving the optimization problem (83) without

considering its rank-1 constraint. Specifically, as demonstrated
in [32], the value of the function Tr(PEf)) — Amax (P(t)) is

(&
monotonically decreasing as the iteration index ¢ of the penalty
function method increases, and converges to zero. In other
words, by solving the iterative optimization problem (85), we
can obtain a sequence of semi-positive definite matrices Pff),
t=1,2,..., Iax, whose rank approaches 1, where I, de-

notes the maximum iteration number. The correspondmg locally

optimal PSFDA spatial pointing matrix P for the given wr,

(Tmax)

and wg, is calculated from Pe . Algorithm 1 summarizes

~ %
the proposed iterative procedure for obtaining P, .

D. Alternating Optimization Algorithm

By combining the solutions (62) and (69) as well as the opti-
mization (83) minus its rank-1 constraint and the problem (85),
the proposed alternating optimization algorithm alternatively
optimizes {'wT;L., Wg,, P, }, as summarized in Algorithm 2.

1) Convergence analysis: Consider arbitrary feasible

w%;“”, (T“”) and P/t obtained at the I,,,,;-th iteration of
Algorithm 2. i) Given wg" ““7and Pgl"“’), the original SINR
maximization problem (32) becomes a concave one, and the
uniquely optimal w(T”“’H) is obtained in (62). Therefore,
after the step 2, we have SINR(w(TI.;“’),wg;’,“’),PgI““‘)) <

SINR (w2 Y o) PU)) iy Similarly, based on

w(TI;‘”H> and Pél““’) the uniquely 0pt1mal wg”“'ﬂ) for
the concave problem (32) is obtained in (69), which implies
that SINR (w2 ™ wiio) Py < SINR(wiom *,
ng;’L*H),Pgl‘“”)) after the step 3. iii) Given 'wg"“’“) and
w(TIK,‘L’,'”H% the penalty function method, i.e., the step 4 of

Algorithm 2, is guaranteed to converge to a locally optimal
rank-1 P ") [32], which also satisfies SINR (w} e ™",

w(RInufJ"l>7p( nuf)) <SINR( ( 011f+1)’w(lnuf+l) P(Inuf“rl))'

x Rax y e

Algorithm 2: Proposed Alternating Optimization Algo-
rithm.
Initialize: Give initial w'") and P\"); Set initial SINR to
SINR(®) = 0: Set iteration index I,,; = 0;
1: repeat
2:  For given wg"“’) and Pgl"“’), calculate optimal FDA

Tx beamforming w({;“' 1 from (62);
3:  For given w(TI vt and Pgl“ ut) , calculate optimal

PSFDA Rx beamforming wgz”'ﬂ) from (69);

4:  For given w(TI‘“"H) and 'w(RI"“'H) call Algorithm 1
to obtain locally optimal PSFDA spatial pointing
matrix P!/ ‘“"H)

5:  Calculate ach1evable SINRo«t 1) "which is the
objective function of problem (32), using w(T out H),
wg;uf-Fl) and P(quf+1)’

6: Iout = Iout + 1;

7: until ]SINR( out) SINR(L’“"”] < ¢, whereeis a
sufficiently small positive scalar;
Output: Suboptimal FDA Tx beamformlng wy, =wilont),

PSFDA Rx beamformmg Wh, = wg“ **) and PSFDA

(Tout).

spatial pointing matrix Pe = P,
maximum achievable SINR.

; Corresponding

Combining i) to iii) leads to SINR(w(T;“ ‘) wg;“" ) , PEI“ t )) <

SINR(w( ‘”"H),w%;“’ﬂ),PéI“’H)). Thus the objective
value of the SINR maximization (32) is monotonically in-
creasing within each iteration of Algorithm 2. In addition, the
set of the feasible solutions of the problem (32) is finite and
closed, and the SINR is generally upper bounded by neglecting
the noise term. Therefore, we conclude that the proposed
alternating optimization algorithm is guaranteed to converge to
a stationary SINR for the proposed polarization-subarray based
FDA radar.

2) Complexity analysis: Since the steps 2 and 3 of Algorithm 2
involve the calculation of the semi-closed form optimal w7, and
W}, , the associated computational complexity is negligible.
Thus, the computational complexity of the proposed alternat-
ing optimization mainly comes from the step 4 of optimizing
P, via the penalty function method. In the penalty function
method, the SDP problem (85) needs to be solved iteratively.
Clearly, the dimension of the positive semidefinite matrix in the
problem (85) is 6N x 6N and the number of constraints is 2/V.
According to [35], the computational complexity for solving
the SDP problem (85) with the interior point method is on the
orderof O (N 43 ]og (%) ) , for the given solution accuracy e. Fur-
ther define the maximum convergence numbers of iterations for
Algorithm 1 and Algorithm 2 as I;7%* and 1,7, respectively.
The complexity of the proposed alternating optimization is on
the order of J23*I™*O(N*5log (1)). In the simulation re-
sults of Section IV, we observe that the actual complexity is
much lower than this worst-case bound.

E. Adaptive Joint Tx-Rx Beampattern Design

As described previously, with the knowledge of the interfer-
ence sources’ locations (Ok, Rk), polarizations (ak, 51;) and

power 0’;% for 1 < k < K, the joint Tx-Rx beampattern can be
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designed for the polarization-subarray based FDA radar based
on the proposed alternating optimization algorithm. We first
briefly discuss the adaptive realization of our proposed joint
Tx-Rx beampattern design, namely, how to adaptively acquire
(0, Ri), (ou,Br) and o} for 1 < k < K. Then we discuss
how to utilize the acquired interference information for target
localization. Actually, the adaptive radar beampattern design
for target search has been introduced in [27]-[29], in which the
Tx waveform covariance matrices are designed based on the
interference information from previous observations.

Similarly to [27], [28], we can send the selected training
waveforms, sp, (1) for i = 1,..., Niaining. to explore the en-
vironment when the target is absent. The estimates of (6, R;,),

(o, Br) and o can then be adaptively acquired from the re-
ceived training signals by jointly utilizing the rank-reduced po-
larization ESPRIT and MUSIC algorithms [34] as well as the
least squares estimation [27].

Then similarly to [28], we consider an iterative process
between Algorithm 2 for adaptively deriving the optimal
{wr,, wg,, P.} based on these estimates and the spatial-
polarized spectrum peak search for target localization. To be
specific, the spatial-polarized spectrum search for target local-
ization is defined as

w%r (Ra 6) (RYY — ‘/R\Il\“')sz (R’ 6)
w%a:(R? é)ﬁwaRx (R, 5)

)

(RO, 60) = arg (rn?ag

(86)

where wg, (R, d) is derived from Algorithm 2 and Ryy de-
notes the sample covariance matrix of the received signal at
PSFDA, while the interferences plus noise covariance matrix

1/%1 ~ is based on the pre-estimated interferences information.
The detailed iterative process for this spatial-polarized spectrum
search for target localization can be found in [28].

F. Application to Multitarget Scenario

Our proposed polarization-subarray based FDA radar can
also be applied to the multitarget scenario in the existence of
multiple interferences. However, the output SINR maximiza-
tion based joint Tx-Rx beampattern design presented in this
work is unsuitable for multitarget localization. Referring to
[12], [13], [17], [28], we can utilize the polarization-subarray
based FDA MIMO radar to increase the design freedom of
the Tx beampattern. Since the interference plus noise can be
viewed as a spatially colored noise, it is intuitive to miti-
gate the interference via the widely adopted colored-noise pre-
whitening process [17]. Specifically, based on the eigenvalue

decomposition of R;y = Uy ArnyU;y, a preprocessing ma-

-~ [N
trix Ty = A 3U i\ is obtained and it is then applied to the
received signal in (17) to similarly obtain the interference-
whitened received signal at the PSFDA. Similar to the single
target case, the interferences’ information can be estimated by
collecting the training data in the absence of targets.

The main challenging for multitarget localization is the ef-
fective Tx beampattern design. In the existing literature, one
popular solution is to design the Tx beamforming matrix for re-
alizing the desired Tx beampattern while suppressing the side-
lobe interferences as much as possible. Generally, the desired
Tx beampattern is preset for the known target. However, when
the knowledge of the target location is unavailable, this desired
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Tx beampattern is difficult to obtain. In this context, we can ex-
tend the iterative joint Tx-Rx beampattern design for multitarget
localization proposed in [28] to our polarization-subarray based
FDA MIMO radar. This topic is however beyond the scope of
our current work.

IV. SIMULATION STUDY AND RESULT DISCUSSIONS

Unless otherwise stated, the two-subarray based UL Tx FDA
consists of 2N = 20 antennas, which are deployed within half
a wavelength distance from each other, i.e., d = . The car-
rier frequency is set as fy = 15 GHz. The same antenna array
setting is also applied to the UL Rx PSFDA, and the PSFDA’s po-
larization gain is given by G, = 1. This polarization-subarray
based UL FDA radar is denoted by FDA-PSFDA for short.
The Tx plus duration is set to 7, = 0.2 ms and the output
SINR maximization is considered at t = t; = (0.2 ms. The inter-
ested far field target location is (6, Ry) = (45°,100km) and
the desired target signal’s polarization is (ao, ﬁo) = (6007 OO).
There also exists one interference source located at (6, R;),
and the polarization of the interfering signal is («, 1) =
(a1,0°). The actual azimuth angles of the target and inter-
ference sources are assumed to be ¢y = ¢ = 90°. The desired

signal signal to noise ratio (SNR) is defined as 10log; Z—‘E The
S

target signal power and the interference power are 03 = 5 dB
and o7 = 15 dB, respectively, while the unit noise power is
o? = 1. The spatial range, angle and polarization distance be-
tween the desired target signal and the interfering signal, denoted

as A,, A, and A, are defined respectively by
A, =|Ry — 100km|, (87)
A, = |01 — 45°), (88)
A, = arccos (cos 23y cos 231 cos (2(a0 — al))
+ sin 26, sin 2ﬁ1> = 2[60° — ay . (89)

The CVX toolbox is utilized to solve the standard convex SDP
problem (85). The basic FDA radar, the conventional PA radar
and the LFO-FDA radar are adopted as three comparisons in
order to demonstrate the superior performance of the proposed
FDA-PSFDA radar. All the three benchmark radars have 20 Tx
antennas and 20 Rx antennas.

As shown in Section II-D, our work for the polarization-
subarray based UL FDA radar can be extended to the
polarization-subarray based URP FDA radar, denoted as URP
FDA-PSFDA. Thus we also consider the URP FDA-PSFDA
radar, whose Tx URP FDA consists of two UL subarray-based
Tx FDAs with a total of 4N = 40 antenna elements. This same
deployment is also applied to the Rx URP PSFDA.

A. Proposed Joint Time-Invariant Tx-Rx Beampattern

To investigate the proposed joint Tx-Rx beampattern design
for the FDA-PSFDA radar, we use the normalized joint Tx-Rx
beampattern as the performance metric, which is defined by

2
‘w}aH (a'](to; R,6)0 121\/ ®wTT ’

B(tU,R,é): 2 (90)

‘w}} (a;(to; Ro,60)® (loy @w?., )
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Fig.4. The time-dependent frequency offsets designed for the proposed FDA-
PSFDA radar.
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Fig. 5. The convergence of the proposed alternating optimization algorithm.

where the locally optimal w7, w}y, and P, are ob-
tained by Algorithm 2. In this investigation, the interference
source is located at (50°,99.5km) and its polarization is
(400, 00).

For the sake of achieving the time-invariant joint Tx-Rx
beampattern at the target, the time-dependent frequency off-
sets Af; and A fy of the proposed FDA-PSFDA radar are first
designed according to (28), and they are shown in Fig. 4. As ex-
pected, the values of A f;(¢) and A f5(t) are remarkably small,
in comparison to the carrier frequency fy = 15 GHz. Based
on the obtained Af(t) and Afy(t), Fig. 5 depicts the con-
vergence performance of the proposed alternating optimization
algorithm, Algorithm 2, in terms of the achievable SINR (31)
versus the number of iterations. It can be seen that Algorithm 2
converges within 5 iterations for the two given different initial
points {wg)i, POy,

In Fig. 6, we investigate the normalized joint Tx-Rx beampat-
tern (90) of the proposed FDA-PSFDA radar in the range-time
(R, t) dimensions at two different spatial angles. Specifically,
in Fig. 6(a), we fix the spatial angle to that of the target, namely,
6 = 6y = 45°. Tt can be seen from Fig. 6(a) that the maximum
beampattern is achieved at the target range R = Ry = 100 km
and it is also time invariant. This confirms the effectiveness of
our proposed beampattern design, that is, the beampattern is
maximized at the target location and it is time invariant over
the whole pulse duration. By contrast, when the spatial an-
gle is fixed to that of the interference, i.e., # = #; = 50°, in
Fig. 6(b), it is clear that the beam gain at the interference location

0 0.05 0.1 0.15 0.2
t (ms)
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300
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150 /
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0
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(50°,99.5km) is remarkably reduced over the whole duration.
Moreover, in this case, the maximum value of the normalized
beampattern is about 0.85 and the corresponding location is
time-varying.

Fig. 7 depicts the normalized joint Tx-Rx beampattern (90) of
the proposed FDA-PSFDA radar in the angle-time (6, ¢) dimen-
sions at two different spatial distances. For the case of the fixed
R = Ry = 100 km shown in Fig. 7(a), the maximum beam-
pattern only occurs at the target angle 0 = 6, = 45° and it is
time-invariant over the whole pulse duration. By contrast, for
the case of R = Ry = 99.5 km shown in Fig. 7(b), the loca-
tion of the maximum beampattern is not kept at the target angle
0 = 6y = 45° and it drifts with time.

Furthermore, Fig. 8(a) depicts the normalized joint Tx-Rx
beampattern (90) in the range-angle (R, ) dimensions at the
time ¢ty = 0.2 ms, for the basic FDA radar, in comparison with
the normalized joint Tx-Rx beampattern of the FDA-PSFDA
radar shown in Fig. 8(b). For the basic FDA radar, the carrier fre-
quency is fy = 15 GHz and the frequency offsetis A f = 4 kHz.
Naturally, Fig. 8(b) confirms that the proposed FDA-PSFDA
radar achieves the single-maximum joint Tx-Rx beampattern at
the target location, while the joint Tx-Rx beampattern of the
basic FDA radar depicted in Fig. 8(a) has multiple maximum
locations due to the range periodicity of AR = AC—Uf = 75km. To
demonstrate that the single-maximum joint Tx-Rx beampattern
of the URP FDA-PSFDA can also be achieved by the proposed
alternating optimization, Fig. 8(c) plots the three-dimensional
joint Tx-Rx beampattern B(t,; R, §) for the URP FDA-PSFDA
radar.

Note that the LFO-FDA radar proposed in [20] also achieves
the range-angle decoupled beampattern at the target location.
Therefore, in Fig. 9, we also compare the joint Tx-Rx beam-
pattern of the LFO-FDA radar with those of the basic FDA
and FDA-PSFDA radars in the range-angle domain (R, 45°) at
two different times ¢y = 0.1 ms and ¢ty = 0.2 ms. The results
of Fig. 9 confirm that the joint Tx-Rx beampatterns of both
the LFO-FDA radar and the basic FDA radar are time-varying,
while our FDA-PSFDA radar achieves the time-invariant focus-
ing beampattern at the target direction (45°,100km). Hence,
we infer that unlike the basic FDA and LFO-FDA radars, the
proposed FDA-PSFDA radar is capable of realizing the accurate
target localization consistently.

B. Output SINR Comparison

To demonstrate the advantages of the proposed FDA-PSFDA
radar, Fig. 10 compares the output SINR performance of the
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Fig. 10.  The SINR performance of five radars as the functions of SNR at the
fixed time tg = 0.2 ms.

five radars as the functions of SNR. Here, we consider the inter-
ference location (50°,99.5km) with the polarization (40°,0°),
which is spatially close to the target, and the polarization dis-
tance (89)is A, = 20°. From Fig. 10, it is seen that the PA radar
attains the lowest SINR, and the basic FDA radar is slightly bet-
ter. Compared to the basic FDA radar with a constant frequency
offset, by introducing the nonlinear frequency offsets among
array elements, the LFO-FDA radar increases the design free-
dom of beampattern and thus realizes a higher SINR. More
importantly, the proposed FDA-PSFDA radar significantly out-
performs the other two FDA radars, because it is capable of



GONG et al.: TIME-INVARIANT JOINT TRANSMIT AND RECEIVE BEAMPATTERN OPTIMIZATION

10 : : :
g \/
A
M 0 n0Wr
Z - \
2 5L Basic FDA
2 b3 — — —LFO-FDA
g |10 (Y I
3 -lof I PA
% |——FDAPSFDA A =20°
s L4045 50 P
0 10 20 30 40 50 60 70 80 90
(a) 91 (degree)

10 ; : T
g st
o
Z
7 ! o
7 | ——FDAPSFDA A =40
=
£ s U |—~—FDAPSFDA A =20°
© L - FDA-PSFDA Ap:o"

-10 :

0 10 20 60 70 80 90

30 40 50
(b) 91 (degree)

Fig. 11. The SINR performance as the functions of the interference DOA 6,
at time t) = 0.2 ms and given the range distance A, = 100 m: (a) four radars
with A, = 20°, and (b) FDA-PSFDA radar with different A ,.

utilizing the polarization distance A, = 20° to separate the spa-
tially close signals. Because for this example the azimuth angles
of the target and interference are both ¢y = ¢; = 90°, the bet-
ter performance of the URP FDA-PSFDA radar over the (UL)
FDA-PSFDA radar is mainly due to it having more antenna ele-
ments at both transmitter and receiver. For other azimuth angle
values, the URP FDA-PSFDA radar can utilize the extra de-
gree of freedom in the azimuth domain to further enhance the
performance.

Next, Fig. 11(a) compares the output SINR performance of
the four radars as the functions of the interference signal DOA
0 at time t; = 0.2 ms, where the range distance A, = 100 m
and the polarization distance A, = 20° are adopted. Note that
the PA, basic FDA and LFO-FDA radars cannot exploit the
signal’s polarization information. Observe from Fig. 11(a) that
when the angle distance (88) A, < 5°, the output SINR perfor-
mance deteriorates due to the fact that the target and interference
are spatially close. In particular, at A, = 0°, i.e., the target and
interference are spatially indistinguishable, the SINR of the PA
radar is below —12 dB, since the PA radar only has the angle-
dependent beampattern, while the SINRs of the basic FDA radar
and the LFO-FDA radar are approximately —8 dB and —4 dB,
respectively. This is because the LFO-FDA radar has more flexi-
ble frequency offsets than the basic FDA radar, and it can utilize
the small range distance A, = 100 m to realize a higher SINR.
The output SINR of our FDA-PSFDA radar is about 4 dB higher
than the LFO-FDA radar, because it is capable of utilizing the
polarization distance A, = 20° to enhance the performance. In
addition, we also observe that when the target and the inter-
ference are spatially well separated, i.e., A, > 10°, the perfor-
mance of all the four radars are approximately independent of
0,. In this case, the FDA-PSFDA radar attains about 3 dB of
the SINR gain over the second best LFO-FDA radar. The above
observations confirm the advantage of the FDA-PSFDA radar in
suppressing interference via the array polarization optimization,
especially when the target and interference are spatially close.

Furthermore, Fig. 11(b) compares the achievable output SINR
performance of the FDA-PSFDA radar given three different
polarization differences A,. Observe that with the small range
distance A, = 100 m and at the angle distance A, = 0°, i.e.,
the target and interference are spatially indistinguishable, the
output SINR performance of the FDA-PSFDA radar are —7 dB,
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Fig. 12.  The SINR performance of the three radars as the functions of the
interference signal DOA 6 at time ¢y = 0.2 ms, given different range distances
A, and the polarization distance A, = 20°.

0 dB and 5 dB, respectively, given the polarization differences
A, = 0°,20° and 40°. This again indicates that for the spatially
indistinguishable target and interference, the proposed FDA-
PSFDA radar can effectively utilize the polarization distance to
enhance the output SINR.

To further demonstrate the range-dependent interference sup-
pression capability of the FDA-PSFDA radar, we adopt the
PA and basic FDA radars as comparisons in Fig. 12. Specif-
ically, Fig. 12 depicts the output SINR performance of these
three radars as the functions of the interference DOA 6; at
to = 0.2 ms, for different spatial range differences A, and given
the polarization difference A, = 20°. Note that the output SINR
of the PA radar is not influenced by the range difference A,
owing to its angle-dependent beampattern. Therefore, only the
single SINR curve of the PA radar for A, = 50 m is shown
in Fig. 12. Observe that at A, = 0°, increasing A, improves
the output SINRs of the basic FDA radar and the FDA-PSFDA
radar. The results of Fig. 12 also confirm the superior SINR per-
formance of the FDA-PSFDA radar over the basic FDA radar.

C. Target Range and Angle Estimation

We now study the target localization performance of the FDA-
PSFDA radar. As in [27], [28], we assume that the interference
source location (50°,99.5 km) and its polarization (40°,0°) are
pre-estimated with high SNR. The target and interference pow-
ers are again fixed to 0 = 5dB and 07 = 15dB. As presented in
Section III-E, to realize the accurate target localization, we can
employ the iterative process between Algorithm 2 for deriving
the locally optimal {wr,, wg,, P, } and the spatial-polarized
spectral peak search based on (86). Since the basic FDA radar
has the coupling range-angle beam response, we adopt the PA
and LFO-FDA radars as two comparisons. All the estimates are
obtained based on 1024 samples and 200 Monte Carlo runs.

In Fig. 13, the root mean square errors (RMSESs) of the angle
and range estimates as the functions of SNR are shown. From
Fig. 13(a), it is clear that the angle estimation accuracy of the
proposed FDA-PSFDA radar is close to that of the PA radar and
it is marginally better than that of the LFO-FDA radar. How-
ever, since the range of the target cannot be estimated by the PA
radar, Fig. 13(b) only shows the RMSEs of the range estimation
for the LFO-FDA and FDA-PSFDA radars. From Fig. 13(b) we
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clearly see that the FDA-PSFDA radar outperforms the LFO-
FDA radar in the range estimation. In summary, by introducing
the extra design freedom in polarization domain for distinguish-
ing the spatially closed signals, the proposed FDA-PSFDA radar
achieves better target localization performance than the LFO-
FDA radar.

V. CONCLUSIONS

In this paper, we have proposed a novel polarization-subarray
based FDA radar with the subarray-based UL FDA as transmit
array and the polarization-sensitive subarray-based UL FDA as
the receive array. This novel structure exploits the subarray-
based FDA to achieve a single-maximum beampattern at the
desired target location, while utilizing the polarization sensi-
tivity of the PSFDA to improve the output SINR. To realize
the accurate target localization, the time-invariant joint Tx-
Rx beampattern at the target location has been considered
via the time-dependent frequency offsets design, and the op-
timal joint Tx-Rx beampattern of the proposed polarization-
subarray based FDA radar has been derived based on the output
SINR maximization. To effectively solve this nonconvex SINR
maximization problem, a suboptimal alternating optimization
algorithm has been derived to optimize the FDA Tx beam-
forming, the PSFDA Rx beamforming and the PSFDA spatial
pointing matrix iteratively. Numerical simulation results have
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demonstrated that the time-invariant and single maximum joint
Tx-Rx beampattern at the target location over the whole pulse
duration is achieved by the proposed polarization-subarray
based FDA radar based on the alternating optimization al-
gorithm. Our results have confirmed that the achievable out-
put SINR performance of the polarization-subarray-based FDA
radar is significantly higher than those of the PA radar and the ex-
isting FDA radars, especially when the target and interference
are spatially indistinguishable. We have also shown that our
approach can readily be extended to the polarization-subarray
based URP FDA radar.
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