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ABSTRACT

In this paper we introduce a new Wiener system modeling
approach for memory high power amplifiers in communica-
tion systems using observational input/output data. By as-
suming that the nonlinearity in the Wiener model is mainly
dependent on the input signal amplitude, the complex valued
nonlinear static function is represented by two real valued B-
spline curves, one for the amplitude distortion and another for
the phase shift, respectively. The Gauss-Newton algorithm is
applied for the parameter estimation, which incorporates the
De Boor algorithm, including both the B-spline curve and the
first order derivatives recursion. An illustrative example is
utilized to demonstrate the efficacy of the proposed approach.

Index Terms— Wiener model, B-spline, Gauss-Newton
algorithm, De Boor recursion

1. INTRODUCTION

The operation of high power amplifiers (HPA) in modern
wireless communication systems introduces serious nonlin-
earities, potentially leading to the deterioration in system per-
formance. The modeling of high power amplifiers (HPA) is
crucial in any linearisation techniques of broadband commu-
nication systems employing power-efficient nonlinear HPA
transmitter [1, 2]. In order to tackle the problem, various
HPA models and the associated predistorter design have been
researched including the look up table (LUT) [3, 4, 5], the
polynomials [1, 6, 7] and the Wiener model [8]. The Wiener
model comprises a linear dynamical model followed by a
nonlinear static functional transformation. The Wiener model
is a reasonable model for any linear systems with a non-
linear measurement device and some industrial/biological
systems [9, 10, 11], and the HPA in broadband communi-
cation transmitters [8], that is of particular interest in this
work.

Various approaches have been developed in order to cap-
ture the a priori unknown nonlinearity in the Wiener sys-
tem [12, 13, 14]. The B-spline curve has been widely used
in computer graphics and computer aided geometric design

(CAGD) [15]. The B-spline curves consist of many polyno-
mial pieces, offering versatility. The early work on the con-
struction of B-spline curve is mathematically involved and
numerically unstable [16]. The De Boor algorithm uses re-
currence relations and is numerically stable [16]. In this work
we initially consider HPA as complex valued Wiener system.
Without losing generality it is assumed that the nonlinearity
in the Wiener model is mainly dependent on the input signal
amplitude. Consequently the complex valued nonlinear static
function is represented by two real valued B-spline curves,
one for the amplitude distortion and another for the phase
shift, respectively. It is shown that by minimizing the mean
square error (MSE) between the model output and the system
output, the Gauss-Newton algorithm is readily applicable for
the parameter estimation in the proposed model. The Gauss-
Newton algorithm is applied, which incorporates with the De
Boor algorithm, including both the B-spline curve and the
first order derivatives recursion. The proposed model based
on B-spline functions is advantageous as this offers modeling
versatility as well as enables stable and efficient evaluations
of functional and derivative values, as required in nonlinear
optimization algorithm.

2. THE WIENER MODEL FOR MEMORY HPA

The general complex valued Wiener system consists of a cas-
cade of two subsystems, a linear filter of order 𝑛 representing
the memory effect on the input signal as the first subsystem,
followed by a nonlinear memoryless function Ψ(∙) : 𝒞 → 𝒞
as the second subsystem. The system can be represented by

𝑤(𝑡) = 𝐻(𝑧)𝑦(𝑡)

= 𝑦(𝑡) + ℎ1𝑦(𝑡− 1)...+ ℎ𝑛𝑦(𝑡− 𝑛) (1)

𝑑(𝑡) = Ψ (𝑤(𝑡)) + 𝜉(𝑡) (2)

with 𝑧 transfer function 𝐻(𝑧) defined by

𝐻(𝑧) =

𝑛∑
𝑖=0

ℎ𝑖𝑧
−𝑖, ℎ0 = 1 (3)
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where 𝑑(𝑡) = 𝑑𝑅(𝑡) + 𝑗 ⋅ 𝑑𝐼(𝑡) ∈ 𝒞 is the system out-
put and 𝑦(𝑡) = 𝑦𝑅(𝑡) + 𝑗 ⋅ 𝑦𝐼(𝑡) ∈ 𝒞 is the system input.
𝑗 =

√−1. 𝜉(𝑡) = 𝜉𝑅(𝑡) + 𝑗𝜉𝐼(𝑡) ∈ 𝒞 is assumed to be
a white complex valued noise sequence independent of 𝑦(𝑡).
Both 𝜉𝑅(𝑡) and 𝜉𝐼(𝑡) are zero mean and have a variance of
𝜎2. 𝑤(𝑡) = 𝑤𝑅(𝑡) + 𝑗 ⋅ 𝑤𝐼(𝑡) ∈ 𝒞 is the output of lin-
ear filter subsystem and the input to the nonlinear subsystem.
ℎ𝑖 = ℎ𝑖,𝑅 + 𝑗 ⋅ ℎ𝑖,𝐼 , (𝑖 = 1, ⋅ ⋅ ⋅ , 𝑛) are complex valued co-
efficients of the linear filter. 𝑛 is assumed known. Denote
h = [ℎ1, ..., ℎ𝑛]

𝑇 ∈ 𝒞𝑛.
For the baseband HPA model, Ψ(𝑤(𝑡)) can be specified

by a nonlinearity of the traveling wave tube (TWT) [8]. The
input to the TWT nonlinearity can be expressed as

𝑤(𝑡) = ∣𝑤(𝑡)∣ exp(𝑗 ∕ 𝑤(𝑡)) = 𝑟(𝑡) exp(𝑗 ⋅ 𝜙(𝑡)) (4)

where 𝑟(𝑡) =
√

𝑤2
𝑅(𝑡) + 𝑤2

𝐼 (𝑡) and 𝜙(𝑡) = arctan( 𝑤𝐼(𝑡)
𝑤𝑅(𝑡) ),

denoting the amplitude and phase of 𝑤(𝑡) respectively. The
output of TWT, Ψ(𝑤(𝑡)), is distorted in both the amplitude
and the phase, with the distortion dependent mainly on the in-
put signal amplitude, i.e. 𝑟(𝑡). So Ψ(𝑤(𝑡)) can be expressed
by [8]

Ψ(𝑤(𝑡)) = ∣Ψ(𝑤(𝑡)) ∣ exp(𝑗 ⋅ ∕ Ψ(𝑤(𝑡)))

= 𝑟Ψ(𝑡) exp(𝑗 ⋅ [𝜙Ψ(𝑡) + 𝜙(𝑡)]) (5)

where 𝑟Ψ(𝑡) and 𝜙Ψ(𝑡) denote the amplitude and phase shift
by Ψ(𝑤(𝑡)) respectively, and these are given by

𝑟Ψ(𝑡) =

{
𝛼1𝑟(𝑡)

1+𝛼2𝑟2(𝑡)
, 0 ≤ 𝑟(𝑡) ≤ 𝑟𝑆𝑎𝑡

Ψ𝑚𝑎𝑥, 𝑟(𝑡) > 𝑟𝑆𝑎𝑡

(6)

𝜙Ψ(𝑡) =
𝛽1𝑟

2(𝑡)

1 + 𝛽2𝑟2(𝑡)
. (7)

where 𝛼1, 𝛼2, 𝛽1, 𝛽2 are unknown parameters. 𝑟𝑆𝑎𝑡 =
√

1
𝛼2

and Ψ𝑚𝑎𝑥 = 𝛼1

2
√
𝛼1

. Our aim is the system identification
for the above HPA model, i.e. given an observational in-
put/output data set 𝐷𝑁 = {𝑦(𝑡), 𝑑(𝑡)}𝐾𝑡=1, to identify the
underlying nonlinear function Ψ(∙) and to estimate the pa-
rameters ℎ𝑖’s of the linear filter simultaneously. Note that the
signal 𝑤(𝑡) between the two subsystems are unavailable. In
this work we propose to model Ψ(∙) by using B-spline curves.
Specifically, 𝑟Ψ(𝑡) and 𝜙Ψ(𝑡) are modeled by two univariate
B-spline curves respectively as described in the following.

3. THE SYSTEM IDENTIFICATION ALGORITHM

3.1. Modelling of Ψ(∙) using B-spline function approxi-
mation

Univariate B-spline basis functions are parameterized by the
order of a piecewise polynomial of order 𝑘, and also by a knot
vector which is a set of values defined on the real line that
break it up into a number of intervals. Supposing that there

are 𝑑 basis functions, the knot vector is specified by (𝑀 + 𝑘)
knot values, {𝑅1, 𝑅2, ⋅ ⋅ ⋅ , 𝑅𝑀+𝑘}. At each end there are 𝑘
knots satisfying the condition of being external to the input
region, and as a result the number of internal knots is (𝑀−𝑘).
Specifically

𝑅1 < 𝑅2 < 𝑅𝑘 = 𝑅𝑚𝑖𝑛 < 𝑅𝑘+1 < 𝑅𝑘+2 <

⋅ ⋅ ⋅ < 𝑅𝑀 < 𝑅𝑚𝑎𝑥 = 𝑅𝑀+1 < ⋅ ⋅ ⋅ < 𝑅𝑀+𝑘.(8)

Given these predetermined knots, a set of 𝑀 B-spline basis
functions can be formed by using the De Boor recursion [16],
given by

ℬ(0)
𝑙 (𝑟) =

{
1 if 𝑅𝑙 ≤ 𝑟 < 𝑅𝑙+1

0 otherwise

𝑙 = 1, ⋅ ⋅ ⋅ , (𝑀 + 𝑘)

(9)

ℬ(𝑖)
𝑙 (𝑟) = 𝑟−𝑅𝑙

𝑅𝑖+𝑙−𝑅𝑙
ℬ(𝑖−1)
𝑙 (𝑟) + 𝑅𝑖+𝑙+1−𝑟

𝑅𝑖+𝑙+1−𝑅𝑙+1
ℬ(𝑖−1)
𝑙+1 (𝑟),

for 𝑙 = 1, ⋅ ⋅ ⋅ , (𝑀 + 𝑘 − 𝑖), 𝑖 = 1, ⋅ ⋅ ⋅ , 𝑘
(10)

The derivative of B-spline basis function ℬ(𝑘)
𝑙 (𝑟) can be read-

ily computed as

𝑑

𝑑𝑟
[ℬ(𝑘)

𝑙 (𝑟)]

=
𝑘

𝑅𝑘+𝑙 −𝑅𝑙
ℬ(𝑘−1)
𝑙 (𝑟)− 𝑘

𝑅𝑘+𝑙+1 −𝑅𝑙+1
ℬ(𝑘−1)
𝑙+1 (𝑟)

𝑙 = 1, ⋅ ⋅ ⋅ ,𝑀 (11)

We model Ψ(∙) as two univariate B-spline curves [17], one
for the amplitude and another for the phase shift, in the form
of

𝑟Ψ(𝑡) =

𝑀∑
𝑙=1

ℬ(𝑘)
𝑙 (𝑟(𝑡))𝜔𝑙 (12)

𝜙Ψ(𝑡) =

𝑀∑
𝑙=1

ℬ(𝑘)
𝑙 (𝑟(𝑡))𝜗𝑙 (13)

and their derivatives are in the form of

𝑟′Ψ(𝑡) =

𝑀∑
𝑙=1

𝑑

𝑑𝑟(𝑡)
ℬ(𝑘)
𝑙 (𝑟(𝑡))𝜔𝑙 (14)

𝜙′
Ψ(𝑡) =

𝑀∑
𝑙=1

𝑑

𝑑𝑟(𝑡)
ℬ(𝑘)
𝑙 (𝑟(𝑡))𝜗𝑙 (15)

where 𝜔𝑙’s and 𝜗𝑙’s are weights to be determined. Denote
𝝎 = [𝜔1, ⋅ ⋅ ⋅ , 𝜔𝑀 ]𝑇 ∈ ℜ𝑀 and 𝝑 = [𝜗1, ⋅ ⋅ ⋅ , 𝜗𝑀 ]𝑇 ∈ ℜ𝑀 .
Note that due to the piecewise nature of B-spline functions,
there are only (𝑘 + 1) basis functions with nonzero func-
tional/derivative values at any point 𝑟. Hence the compu-
tational cost of the De Boor algorithm is determined by the
polynomial order 𝑘, rather than the number of knots, and this
is in the order of 𝑂(𝑘2).



3.2. The main algorithm

The complex valued B-spline network output is denoted by
𝑑(𝑡) = 𝑑𝑅(𝑡) + 𝑗 ⋅ 𝑑𝐼(𝑡) in which

𝑑𝑅(𝑡) = 𝑟Ψ(𝑡) cos[𝜙Ψ(𝑡) + 𝜙(𝑡)]

𝑑𝐼(𝑡) = 𝑟Ψ(𝑡) sin[𝜙Ψ(𝑡) + 𝜙(𝑡)]

Let the error between the Wiener system output 𝑑(𝑡) and the
B-spline network output 𝑑(𝑡) be denoted by 𝑒(𝑡) = 𝑑(𝑡) −
𝑑(𝑡) = 𝑒𝑅(𝑡)+ 𝑗 ⋅ 𝑒𝐼(𝑡) ∈ 𝒞. Our task is to estimate h, 𝝎 and
𝝑. This could be achieved by minimizing

𝐽 =

𝐾∑
𝑡=1

[𝑒𝑅(𝑡)]
2 +

𝐾∑
𝑡=1

[𝑒𝐼(𝑡)]
2 (16)

Denote 𝝐 = [𝜖1, 𝜖2, ⋅ ⋅ ⋅ , 𝜖2𝐾 ]𝑇 = [𝑒𝑅(1), ⋅ ⋅ ⋅ , 𝑒𝑅(𝐾)
, 𝑒𝐼(1), ⋅ ⋅ ⋅ , 𝑒𝐼(𝐾)]𝑇 ∈ ℜ2𝐾 , 𝜽 = [𝜃1 , 𝜃2, ⋅ ⋅ ⋅ , 𝜃2(𝑑+𝑛)]

𝑇 =
[𝜔1, 𝜔2, ⋅ ⋅ ⋅ , 𝜔𝑀 , 𝜗1, 𝜗2,⋅ ⋅ ⋅ , 𝜗𝑀 , ℎ1,𝑅, ⋅ ⋅ ⋅ , ℎ𝑛,𝑅, ℎ1,𝐼 ,
⋅ ⋅ ⋅ , ℎ𝑛,𝐼 ]

𝑇 ∈ ℜ2(𝑀+𝑛). Note that from (1){
𝑤𝑅(𝑡) = 𝑦𝑅(𝑡) +

∑𝑛
𝑖=1(ℎ𝑖,𝑅𝑦𝑅(𝑡− 𝑖)− ℎ𝑖,𝐼𝑦𝐼(𝑡− 𝑖))

𝑤𝐼(𝑡) = 𝑦𝐼(𝑡) +
∑𝑛

𝑖=1(ℎ𝑖,𝐼𝑦𝑅(𝑡− 𝑖) + ℎ𝑖,𝑅𝑦𝐼(𝑡− 𝑖))
(17)

and for 𝑖 = 1, ⋅ ⋅ ⋅ , 𝑛, we have⎧⎨
⎩

∂𝑤𝑅(𝑡)
∂ℎ𝑖,𝑅

= 𝑦𝑅(𝑡− 𝑖)
∂𝑤𝑅(𝑡)
∂ℎ𝑖,𝐼

= −𝑦𝐼(𝑡− 𝑖)
∂𝑤𝐼(𝑡)
∂ℎ𝑖,𝑅

= 𝑦𝐼(𝑡− 𝑖)
∂𝑤𝐼(𝑡)
∂ℎ𝑖,𝐼

= 𝑦𝑅(𝑡− 𝑖)

(18)

Thus it can be shown that{
∂𝑟(𝑡)
∂ℎ𝑖,𝑅

= 1
𝑟(𝑡) [𝑤𝑅(𝑡)𝑦𝑅(𝑡− 𝑖) + 𝑤𝐼(𝑡)𝑦𝐼(𝑡− 𝑖)]

∂𝑟(𝑡)
∂ℎ𝑖,𝐼

= 1
𝑟(𝑡) [𝑤𝐼(𝑡)𝑦𝑅(𝑡− 𝑖)− 𝑤𝑅(𝑡)𝑦𝐼(𝑡− 𝑖)]

(19)
and{

∂𝜙(𝑡)
∂ℎ𝑖,𝑅

= 1
𝑟2(𝑡) [𝑤𝑅(𝑡)𝑦𝐼(𝑡− 𝑖)− 𝑤𝐼(𝑡)𝑦𝑅(𝑡− 𝑖)]

∂𝜙(𝑡)
∂ℎ𝑖,𝐼

= 1
𝑟2(𝑡) [𝑤𝑅(𝑡)𝑦𝑅(𝑡− 𝑖) + 𝑤𝐼(𝑡)𝑦𝐼(𝑡− 𝑖)]

(20)
We denote an iteration step variable by a superscript (𝜏),

and apply the Gauss Newton algorithm as follows.

The Gauss Newton algorithm combined with the De Boor
algorithm

With an initial 𝜽(0), the iteration formula is given by

𝜽(𝜏) = 𝜽(𝜏−1) − 𝛼{[J(𝜏)]𝑇J(𝜏)}−1[J(𝜏)]𝑇 𝝐(𝜽(𝜏−1))

(21)

where 𝛼 > 0 is a small positive step size. J denotes the
Jacobian of 𝝐(𝜽) and is given by J = { ∂𝜖𝑝

∂𝜃𝑞
}, where for 𝑝 =

1, ⋅ ⋅ ⋅ ,𝐾, and 𝑡 = 𝑝.

∂𝜖𝑝
∂𝜃𝑞

=

⎧⎨
⎩

∂𝑒𝑅(𝑡)
∂𝜔𝑙

= −ℬ(𝑘)
𝑙 (𝑟(𝑡)) cos[𝜙Ψ(𝑡) + 𝜙(𝑡)],

for 𝑞 = 1, ⋅ ⋅ ⋅ ,𝑀, (𝑙 = 𝑞)
∂𝑒𝑅(𝑡)
∂𝜗𝑙

= 𝑟Ψ(𝑡) sin[𝜙Ψ(𝑡) + 𝜙(𝑡)]ℬ(𝑘)
𝑙 (𝑟(𝑡)),

for 𝑞 = 𝑀 + 1, ⋅ ⋅ ⋅ , 2𝑀, (𝑙 = 𝑞 −𝑀)
∂𝑒𝑅(𝑡)
∂ℎ𝑖,𝑅

= −{𝑟′Ψ(𝑡) cos[𝜙Ψ(𝑡) + 𝜙(𝑡)]

−𝑟Ψ(𝑡) sin[𝜙Ψ(𝑡) + 𝜙(𝑡)]𝜙′
Ψ(𝑡)} ∂𝑟(𝑡)

∂ℎ𝑖,𝑅

+𝑟Ψ(𝑡) sin[𝜙Ψ(𝑡) + 𝜙(𝑡)] ∂𝜙(𝑡)
∂ℎ𝑖,𝑅

,

for 𝑞 = 2𝑀 + 1, ⋅ ⋅ ⋅ , 2𝑀 + 𝑛,
(𝑖 = 𝑞 − 2𝑀)

∂𝑒𝑅(𝑡)
∂ℎ𝑖,𝐼

= −{𝑟′Ψ(𝑡) cos[𝜙Ψ(𝑡) + 𝜙(𝑡)]

−𝑟Ψ(𝑡) sin[𝜙Ψ(𝑡) + 𝜙(𝑡)]𝜙′
Ψ(𝑡)} ∂𝑟(𝑡)

∂ℎ𝑖,𝐼

+𝑟Ψ(𝑡) sin[𝜙Ψ(𝑡) + 𝜙(𝑡)] ∂𝜙(𝑡)
∂ℎ𝑖,𝐼

,

for 𝑞 = 2𝑀 + 𝑛+ 1, ⋅ ⋅ ⋅ , 2(𝑀 + 𝑛),
(𝑖 = 𝑞 − 2𝑀 − 𝑛)

(22)

and for 𝑝 = 𝐾 + 1, ⋅ ⋅ ⋅ , 2𝐾, and 𝑡 = (𝑝−𝐾)

∂𝜖𝑝
∂𝜃𝑞

=

⎧⎨
⎩

∂𝑒𝐼 (𝑡)
∂𝜔𝑙

= −ℬ(𝑘)
𝑙 (𝑟(𝑡)) sin[𝜙Ψ(𝑡) + 𝜙(𝑡)],

for 𝑞 = 1, ⋅ ⋅ ⋅ ,𝑀, (𝑙 = 𝑞)
∂𝑒𝐼 (𝑡)
∂𝜗𝑙

= −𝑟Ψ(𝑡) cos[𝜙Ψ(𝑡) + 𝜙(𝑡)]ℬ(𝑘)
𝑙 (𝑟(𝑡)),

for 𝑞 = 𝑀 + 1, ⋅ ⋅ ⋅ , 2𝑀, (𝑙 = 𝑞 −𝑀)
∂𝑒𝐼 (𝑡)
∂ℎ𝑖,𝑅

= −{𝑟′Ψ(𝑡) sin[𝜙Ψ(𝑡) + 𝜙(𝑡)]

+𝑟Ψ(𝑡) cos[𝜙Ψ(𝑡) + 𝜙(𝑡)]𝜙′
Ψ(𝑡)} ∂𝑟(𝑡)

∂ℎ𝑖,𝑅

−𝑟Ψ(𝑡) cos[𝜙Ψ(𝑡) + 𝜙(𝑡)] ∂𝜙(𝑡)
∂ℎ𝑖,𝑅

,

for 𝑞 = 2𝑀 + 1, ⋅ ⋅ ⋅ , 2𝑀 + 𝑛,
(𝑖 = 𝑞 − 2𝑀)

∂𝑒𝐼 (𝑡)
∂ℎ𝑖,𝐼

= −{𝑟′Ψ(𝑡) sin[𝜙Ψ(𝑡) + 𝜙(𝑡)]

+𝑟Ψ(𝑡) cos[𝜙Ψ(𝑡) + 𝜙(𝑡)]𝜙′
Ψ(𝑡)} ∂𝑟(𝑡)

∂ℎ𝑖,𝐼

−𝑟Ψ(𝑡) cos[𝜙Ψ(𝑡) + 𝜙(𝑡)] ∂𝜙(𝑡)
∂ℎ𝑖,𝐼

for 𝑞 = 2𝑀 + 𝑛+ 1, ⋅ ⋅ ⋅ , 2(𝑀 + 𝑛)
(𝑖 = 𝑞 − 2𝑀 − 𝑛)

(23)

Note that we propose that the De Boor algorithm (9)-(11) are
utilized for evaluating (12)-(15), which are then applied in
evaluating the entries for (22)-(23). In addition (19)-(20) are
also used to calculating the entries for (22)-(23). The iterative
equation (21) can be terminated when 𝜽(𝜏) converges, or by
predetermining a sufficiently large number of iterations.

As the objective function of (16) is highly nonlinear, the
solution of Gauss Newton algorithm is dependent on the ini-
tial condition. It is important that 𝜽(0) is properly initialized
so that it is as closer as possible to optimal solution, and it is
also desirable the parameter initialization is simple to imple-
ment.

3.3. A simple parameter initialization using least squares
algorithm

Initially a set of (𝑀 + 𝑘) knot vector is predetermined that
breaks the domain of 𝑟(𝑡) up, with 𝑘 knots satisfying the con-



dition of being external to the regions for 𝑟(𝑡) at each end. In
this work, the parameter 𝜽(0) is initialized as follows.

1. Initialize ℎ
(0)
𝑖 = 0, i.e. ℎ

(0)
𝑖,𝑅 = 0, ℎ

(0)
𝑖,𝐼 = 0, for 𝑖 =

1, ..., 𝑛.

2. Generate a sequence 𝑟(0)(𝑡) =
√

𝑦2𝑅(𝑡) + 𝑦2𝐼 (𝑡), for
𝑡 = 1, ...,𝐾.

3. Generate a sequence 𝑟
(0)
𝑑 (𝑡) =

√
𝑑2𝑅(𝑡) + 𝑑2𝐼(𝑡), for

𝑡 = 1, ...,𝐾. Denote r𝑑 = [𝑟
(0)
𝑑 (1), ..., 𝑟

(0)
𝑑 (𝐾)]𝑇 .

4. Generate a sequence 𝜙
(0)
Ψ (𝑡) = arctan( 𝑑𝐼(𝑡)

𝑑𝑅(𝑡) ) −
arctan( 𝑦𝐼(𝑡)

𝑦𝑅(𝑡) ), and then limit the values within [𝜋2 ,
𝜋
2 ]

as appropriate (by adding a multiple of ±2𝜋 if out
of range), for 𝑡 = 1, ...,𝐾. Denote 𝝓Ψ = [𝜙

(0)
Ψ (1)

, ..., 𝜙
(0)
Ψ (𝐾)]𝑇 .

5. Form a regression matrix B = {ℬ(𝑘)
𝑙 (𝑟(0)(𝑡))} ∈

ℜ𝐾×𝑀

6. Compute the least square estimate 𝝎(0) = (B𝑇B)−1

B𝑇 r𝑑, and 𝝑(0) = (B𝑇B)−1B𝑇𝝓Ψ.

7. Finally set 𝜽(0) = [0, ..., 0︸ ︷︷ ︸
2𝑛

, [𝝎(0)]𝑇 , [𝝑(0)]𝑇 ]𝑇 .

4. A MODELING EXAMPLE

2000 training data samples and 500 validations data samples
𝑑(𝑡) were generated by using (1) and (2) (via (6) & (7)), where
𝐻(𝑧) = 1+ 0.7692𝑧−1 +0.1538𝑧−2 +0.0769𝑧−3, in which
the TWT nonlinearity is used to generate the training data set
and specified by 𝛼1 = 3, 𝛼2 = 1.2, 𝛽1 = 𝜋/12, 𝛽2 = 0.25.
𝑦(𝑡) was uniformly distributed complex random variable with
𝑦𝑅(𝑡) ∈ [−1.5, 1.5] and 𝑦𝐼(𝑡) ∈ [−1.5, 1.5]. The variances
of the additive noise to the system output are set 𝜎2 = 0.022.
The polynomial degree of the B-spline basis function was set
as three (i.e. 𝑘 = 4, piecewise cubic). The following prede-
termined knot sequences. The knot sequence

[−0.00002,−0.00001,−1𝑒 − 6, 0.01, 0.2,

0.6, 0.8, 1.5, 1.9, 3, 5]

is initially set for 𝑟(𝑡) in order to generate basis functions.
The modelling results shown in Table 1 and Figure 1 (a) and
(b). It is shown that the proposed approach has excellent ap-
proximation results.

5. CONCLUSIONS

A new Wiener system modeling approach has been intro-
duced in order to model the memory high power amplifiers in
communication systems. We model the complex valued non-
linear static function using two real valued B-spline curves,
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Fig. 1. The TWT nonlinearity modeling results; (a) Ampli-
tude distortion with respect to the amplitude of the input; and
(b) Phase shift with respect to the amplitude of the input.



Table 1. Results of linear subsystem parameter estimation.
True Initial Final

parameters estimates estimates
ℎ1 0.7692 0 0.7691

−𝑗6× 10−7

ℎ2 0.1538 0 0.1537
+𝑗8× 10−6

ℎ3 0.0769 0 0.0769
−𝑗2× 10−5

one for the amplitude distortion and another for the phase
shift, respectively. The parameter is estimated using the
Gauss-Newton algorithm. The De Boor algorithm, including
both the B-spline curve and the first order derivatives recur-
sion, is utilized in the algorithm. Future work will be focused
on predistorter design based on the proposed model.
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