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ABSTRACT

The downlink minimum bit error rate (MBER) transmit beam-
forming is directly derived based on the uplink MBER receive
beamforming for time division duplex (TDD) space-division
multiple-access (SDMA) multiple-input multiple-output sys-
tems, where the base station (BS) is equipped with multiple
antennas to support multiple single-antenna mobile terminals
(MTs). It is shown that the relationship between multiuser de-
tection and multiuser transmission can still be applied for the
rank-deficient system where the number of users supported is
more than the number of transmit antennas available at the
BS, if the MBER design is adopted. The proposed MBER
transmit beamforming scheme is capable of achieving good
performance for rank-deficient TDD-SDMA systems with the
support of low-complexity and high power-efficient MTs, and
its robustness to the downlink and uplink noise or channel
mismatch is verified using simulation.

Index Terms— Minimum bit error rate, time division du-
plex, transmit beamforming, space-division multiple-access

1. INTRODUCTION

Motivated by the demand for increasing throughput in wire-
less communication, antenna array assisted spatial processing
techniques [1, 2, 3, 4, 5, 6, 7] have been developed in order
to further improve the achievable spectral efficiency. In the
uplink, the base station (BS) has the capacity to implement
sophisticted receive beamforming (RxB) schemes to separate
multiple user signals transmitted by mobile terminals (MTs).
This provides a practical means of realising multiuser detec-
tion (MUD) for the space-division multiple-access (SDMA).
Traditionally, adaptive RxB is based on the minimum mean
square error (MMSE) design [1, 4, 5, 8], which requires that
the number of users supported is no more than the number
of receive antenna elements. If this condition is not met,
the system becomes rank-deficient. Recently, adaptive min-
imum bit error rate (MBER) RxB design has been proposed
[9, 10, 11, 12], which outperforms the adaptive MMSE RxB,
particularly in hostile rank-deficient systems.

In the downlink with non-cooperative MTs at the receive
end, the mobile users are unable to perform sophisticated co-
operative MUD. If the downlink’s channel state information

is known at the BS, the BS can carry out transmit preprocess-
ing, leading to multiuser transmission (MUT). The assump-
tion that the downlink channel impulse response is known
at the BS is valid for time division duplex (TDD) systems
due to the channel reciprocity. Many research effects have
been made to discover the equivalent relationship between
the MUD and MUT [13, 14, 15, 16, 17, 18]. Notably, Yang
[19] has derived the exact equivalency between the MUD and
MUT for TDD systems under the condition that the number
of antennas at the BS is no less than the number of MTs sup-
ported. According to the results of [19], the MUT can be
obtained directly from MUD. Since the BS has to implement
MUD, it can readily implement MUT with no extra computa-
tional complexity cost. This is very attractive as this strategy
enables the employment of low-complexity and high power-
efficient MTs to achieve good downlink performance.

This work applies the results of [19] to rank-deficient TDD-
SDMA systems where the number of antennas at the BS is
less than the number of MTs supported. Specifically, we im-
plement the MBER TxB scheme directly based on the MBER
RxB scheme. The simulation results obtained clearly show
that Yang’s results [19] can still be applied for rank-deficient
systems, if the MBER design instead of the MMSE design is
adopted, and the proposed MBER TxB design significantly
outperforms the MMSE TxB design. The robustness of the
proposed scheme is also investigated when the downlink and
uplink noise powers or channels mismatch.

2. MULTIUSER BEAMFORMING SYSTEM

The TDD-SDMA system considered is depicted in Fig. 1,
where the BS employs L antennas to support K single-antenna
MTs. When the uplink is considered, the received signal vec-
tor xU = [xU,1 xU,2 · · ·xU,L]T at the BS is given by

xU = Hs + nU =
K∑

k=1

hksk + nU , (1)

where the L×K channel matrix is given by H = [h1 · · ·hK ],
hk = Akgk with Ak and gk denoting the channel coeffi-
cient and the steering vector for the kth user, respectively,
s = [s1 s2 · · · sK ]T contains the K data symbols transmit-
ted by the K MTs to the BS, and nU denotes the uplink
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Fig. 1. Schematic diagram of the TDD-SDMA multiple-input
multiple-output system employing transmit and receive beamform-
ing at the base station (BS). The system employs L antennas at the
BS to support K single-antenna mobile users.

channel additive white Gaussian noise (AWGN) vector with
E[nUnH

U ] = 2σ2
UIL, and IL represents the L × L identity

matrix. Without the loss of generality, we assume the bi-
nary phase shift keying (BPSK) modulation. For modulation
schemes with multiple bits per symbol, the minimum symbol-
error-rate design [12] can be adopted. The MUD at the BS
consists of a bank of receive beamformers

yU,k = uH
k xU , 1 ≤ k ≤ K, (2)

where uk is the RxB weight vector for user k. The decision
variable vector yU = [yU,1 yU,2 · · · yU,K ]T for the K trans-
mitted symbols can be expressed as

yU = UHxU = UHHs + UHnU (3)

with the L×K RxB coefficient matrix expressed by

U = [u1 u2 · · ·uK ]. (4)

The real part of yU is a sufficient statistics for detecting s.
The BS employs the TxB for the downlink transmission

to K MTs, with the L×K transmission preprocessing matrix

D = [d1 d2 · · ·dK ], (5)

where dk is the precoder’s coefficient vector for preprocess-
ing the symbol sk to be transmitted to the kth MT. Note that
we use the same notation s to represent the downlink sym-
bol vector, without distinction from the uplink symbol vector
for the purpose of notational simplification. Due to the reci-
procity of the downlink and uplink channels, the received sig-
nal vector yD = [yD,1 yD,2 · · · yD,K ]T , received by the K
MTs, is expressed as

yD = HT Ds + nD, (6)

where nD is the downlink AWGN vector with E[nDnH
D ] =

2σ2
DIL. Note that the real part of the decision variable yD,k

is used by the kth MT for detecting the symbol sk transmitted
from the BS to the kth MT.

Under the condition L ≥ K, there exists an exact equiva-
lency between the TxB preprocessing matrix D and the RxB
weight matrix U expressed by [19]

D = U∗Λ, (7)

where Λ = diag{λ1, λ2, · · · , λK} is for achieving the trans-
mit power constraint. The exact relationship (7) is valid for
σ2

D = σ2
U . A simple scheme to implement the transmit power

constraint is to set λk = 1/‖uk‖, for 1 ≤ k ≤ K. The re-
lationship (7) is easy to understand. Under the condition of
L ≥ K, UHH of (3) and HT D of (6) have the same full
rank and the same statistic properties, given (7).

3. MBER RECEIVE AND TRANSMIT
BEAMFORMING

For rank-deficient systems, L < K, and UHH and HT D no
longer have the full rank. Indeed, both the MMSE RxB and
MMSE TxB turn out to be deficient in this case. However, the
MBER RxB scheme [9, 10] has been shown to consistently
outperform the MMSE design and is capable of operating in
rank-deficient systems where the number of MTs is more than
the number of receive antennas at the BS. We therefore use
(7) to derive the MBER TxB design directly from the MBER
RxB solution. Although for the case of L < K the equiva-
lency between the MUD and MUT may no longer be exact,
the relationship (7) can still be applied for the MBER design,
as will be shown in the simulation study.

The bit error rate (BER) of detecting sk using the uplink
RxB with the weight vector uk can be shown to be [9, 10]

PRx,k(uk) =
1

Nsb

Nsb∑
q=1

Q

(
sgn(s(q)

k )<[uH
k Hs(q,k)]

‖uk‖σU

)
, (8)

where Q(•) is the usual Gaussian error function, <[•] denotes
the real part, Nsb = 2K−1, s(q,k) for 1 ≤ q ≤ Nsb are the
equiprobable legitimate transmit symbol vectors given s

(q)
k =

+1, and s
(q)
k denotes the kth element of s(q,k). The MBER

solution for uk is then defined as

uMBER,k = arg min
uk

PRx,k(uk). (9)

The optimisation (9) can be solved using a gradient-based
numerical optimisation algorithm [10]. Note that the BER
is invariant to a positive scaling of uk, and one can always
normalised the beamforming weight vector to a unit length
which significantly reduces the computational complexity of
optimisation. This is also useful for directly implementing the
TxB design from the RxB design using the relationship (7), as
the scaling matrix Λ becomes the identity matrix in this case.
Adaptive implementation of the MBER RxB can be achieved
using the stochastic gradient-based algorithm known as the
least bit error rate [9, 10].

With the precoder coefficient matrix D, the BER of de-
tecting sk by the kth MT is for 1 ≤ k ≤ K

PTx,k(D) =
1

Ns

Ns∑
q=1

Q

(
sgn(s(q)

k )<[hT
k Ds(q)]

σD

)
, (10)



where Ns = 2K is the number of all the equiprobable legit-
imate transmit symbol vectors, s(q) for 1 ≤ q ≤ Ns, and
s
(q)
k denotes the kth element of s(q). The MBER TxB solu-

tion DMBER can be obtained by minimising the average BER
over all the K users

PTx(D) =
1
K

K∑

k=1

PTx,k(D) (11)

subject to the certain transmit power constraint. The resulting
constrained nonlinear optimisation problem for example can
be solved using the iterative gradient-based optimisation algo-
rithm known as the sequential quadratic programming (SQP)
[20, 21]. Instread of applying this computationally expensive
SQP algorithm to find the MBER TxB solution, we can di-
rectly derive it according to the relation (7) as

DMBER = U∗
MBER, (12)

with no computational cost at all. The validity of this ap-
proach will be verified in the simulation study.

4. SIMULATION STUDY

The BS employed a four-element linear antenna array with
half-wavelength element spacing to support six BPSK users.
The angles of arrival (departure) for the six users were −2◦,
−15◦, 10◦, −30◦, 25◦ and 36◦, respectively, and the channel
coefficients for the six users were Ak = 0.7071 + j0.7071,
1 ≤ k ≤ 6. For the uplink, Fig. 2 compares the average BER
performance, defined as

PRx(U) =
1
K

K∑

k=1

PRx,k(uk), (13)
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Fig. 2. Average BER performance comparison of the uplink RxB
and downlink TxB schemes with both the MMSE and MBER de-
signs for the TDD-SDMA system which consists of a four-antenna
BS to support six BPSK MTs.
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Fig. 3. Average BER performance of the downlink TxB schemes
with both the MMSE and MBER designs for the TDD-SDMA sys-
tem which consists of a four-antenna BS to support six BPSK MTs,
when the downlink and uplink noise powers mismatch.

of the MBER and MMSE RxB designs. For this rank-deficient
system, the MBER beamforming receiver significantly out-
performed the MMSE beamforming receiver. We then imple-
mented the downlink transmit beamforming directly based on
the uplink receive beamforming based on the relation (7). The
average BERs, as defined in (11), of both the MBER TxB and
MMSE TxB so designed are also plotted in Fig. 2, in compar-
ison with the average BERs of the MBER and MMSE RxB
designs. It can be seen from Fig. 2 that the relation (7) can
still be applied in the rank-deficient scenario.

The robustness of the proposed TxB design was next in-
vestigated when the downlink and uplink noise powers or
channels mismatched. In the case of noise mismatch, the
downlink noise power was 3 dB more than the uplink noise
power. The average BERs of the MBER and MMSE TxB
designs under this uplink/downlink noise power mismatching
are plotted in Fig. 3, in comparison with the case of equal
uplink and downlink noise powers. It can be seen that the
3 dB noise-power mismatching had little influence on perfor-
mance. In the case of channel mismatch, the uplink channels
were Ak = 0.7071+j0.7071 for 1 ≤ k ≤ 6, but the downlink
channels were Ak = 0.6 + j0.8 for 1 ≤ k ≤ 6. The aver-
age BER performance of the MBER and MMSE TxB designs
under this uplink/downlink channel mismatching are plotted
in Fig. 4, in comparison with the case of perfect channel state
information. From Fig. 4, it can be seen that the MBER TxB
design was not overly sensitive to the imperfect channel state
information.

5. CONCLUSIONS

The downlink MBER transmit beamforming solution has been
derived directly based on the uplink MBER receive beam-
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Fig. 4. Average BER performance of the downlink TxB schemes
with both the MMSE and MBER designs for the TDD-SDMA sys-
tem which consists of a four-antenna BS to support six BPSK MTs,
when the downlink and uplink channels mismatch.

forming for TDD-SDMA multiple-input multiple-output sys-
tems, where the number of MTs supported is more than the
number of transmit antennas available at the BS. The deriva-
tion has been based on the relationship between MUD and
MUT which is for full-rank TDD-SDMA systems where the
number of users supported is no more than the number of
transmit antennas at the BS. It has been shown that this re-
lation can still apply for rank-deficient systems, if the MBER
design is adopted. The proposed MBER transmit beamform-
ing scheme is capable of achieving good downlink perfor-
mance with the support of low-complexity and high power-
efficient MTs, and its robustness to the downlink and uplink
noise or channel mismatch has been verified by simulation.
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