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1 Introduction

In these lectures we will study perturbation theory, which along with the variation theory
presented in previous lectures, are the main techniques of approximation in quantum
mechanics. Perturbation theory is often more complicated than variation theory but
also its scope is broader as it applies to any excited state of a system while variation
theory is usually restricted to the ground state.

We will begin by developing perturbation theory for stationary states resulting from
Hamiltonians with potentials that are independent of time and then we will expand
the theory to Hamiltonians with time-dependent potentials to describe processes such
as the interaction of matter with light. Finally, we will apply perturbation theory to
the study of electric properties of molecules and to develop Mgller-Plesset many-body
perturbation theory which is often a reliable computational procedure for obtaining most
of the correlation energy that is missing from Hartree-Fock calculations.

2 Time-independent perturbation theory

2.1 Non-degenerate systems

The approach that we describe in this section is also known as “Rayleigh-Schrodinger
perturbation theory”. We wish to find approximate solutions of the time-independent
Shrodinger equation (TISE) for a system with Hamiltonian H for which it is difficult to
find exact solutions.

Ha, = Eyihn (1)

We assume however that we know the exact solutions wr(lo) of a “simpler” system
with Hamiltionian H©| i.e.
ﬁ(0)¢(0) _ E(O)¢(O) (2)

which is not too different from H. We further assume that the states qp,SO’ are non-
degenerate or in other words gY #+ E,(CO) if n # k.

The small difference between H and H© is seen as merely a “perturbation” on
HO and all quantities of the system described by H (the perturbed system) can be
expanded as a Taylor series starting from the unperturbed quantities (those of H (0)).
The expansion is done in terms of a parameter .

We have:
o = O 0D+ NP (4)

E, = E7(10)+)‘E7(11)+)‘2E7(12)+"' (

ot
~—
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The terms ¢n and B are called the first order corrections to the wavefunction and
energy respectively, the @/)7(12 and E( are the second order corrections and so on. The
task of perturbation theory is to approximate the energies and wavefunctions of the
perturbed system by calculating corrections up to a given order.

Note 2.1 In perturbation theory we are assumaing that all perturbed quantities are func-
tions of the parameter A, i.e. H(\), E,(\) and 1, (r; \) and that when X — 0 we have
H(0)=HO, E,(0) = EY and P (r;0) = SLO)(I‘). You will remember from your maths
course that the Taylor series expansion of say E,(\) around A =0 is
dE 1 d°E,
A

E,=E,(0)+ —=

1 &®F
+ = A2 . A3
dX\ |, —o 21 d\?

5 N - 4+ ... (6)

By comparing this expression with (5) we see that the perturbation theory “corrections” to

the energy level E,, are related to the terms of Taylor series expansion by: Eq(zo) = E,(0),
BV = dBn |\ o, EQ = . dzEn |x=0, EY = %d;f;\)\:o, etc. Similar relations hold for the

expressions (3) and (4) for the Hamiltonian and wavefunction respectively.

Note 2.2 In many textbooks the expansz’on of the Hamiltonian is terminated after the
first order term, i.e. H=HO 4+ XA gs this is sufficient for many physical problems.

Note 2.3 What is the significance of the parameter A?

In some cases \ is a physical quantity: For example, if we have a single electron
placed in a uniform electric ﬁeld along the z-axis the total perturbed Hamiltonian is just
H=HO ¢, (e2) where HO) s the Hamiltonian in the absence of the field. The effect
of the field is described by the term ez = H® and the strength of the field £, plays the
role of the parameter \.

In other cases \ s just a fictitious parameter which we introduce in order to solve
a problem using the formalism of perturbation theory: For example, to describe the two
electrons of a helium atom we may construct the zeroth order Hamiltonian as that of
two non-interacting electrons 1 and 2, HO = —1/2V2 — 1/2V2 — 2/ry — 2/ry which is
trivial to solve as it is the sum of two single-particle Hamiltonians, one for each electron.
The entire Hamiltonian for this system however is H = H© + 1/|ry — ro| which is no
longer separable, so we may use perturbation theory to find an approximate solution for
H\) = HO 4 X\/|ry — 15| = HO + NHD using the fictitious parameter X as a “dial”
which is varied continuously from 0 to its final value 1 and takes us from the model
problem to the real problem.

To calculate the perturbation corrections we substitute the series expansions of equa-
tions (3), (4) and (5) into the TISE (1) for the perturbed system, and rearrange and
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group terms according to powers of A in order to get

{H O — B0}

n

+ /\{H(O ¢(1 + H(1)¢ 0)¢(1 E(1)¢(0)} (7)
b RO+ HOUD 1 AP0~ D — B - B2 y0)
+ ...=0

Notice how in each bracket terms of the same order are grouped (for example H (1)%(11)
is a second order term because the sum of the orders of H® and %(11) is 2). The powers
of A\ are linearly independent functions, so the only way that the above equation can be
satisfied for all (arbitrary) values of A is if the coefficient of each power of A is zero. By
setting each such term to zero we obtain the following sets of equations

HOyD = E”ww (8)
(HO = B)WD = (B = H)y (9)
(HO = ED)y? = (ER = H)u? + (B — H)ur! (10)

To simplify the expressions from now on we will use bra-ket notation, representmg
wavefunction corrections by their state number, so ¢ = (), WV = \n )Y, etc.

2.1.1 The first order correction to the energy

To derive an expression for calculating the first order correction to the energy E(), take
equation (9) in ket notation

(HO = ED) ) = (B = A)}n®) (1)

and multiply from the left by (n(?)| to obtain

(nO|(HO — EDn®) = (nO|(ED — AO)n) (12)

(n 0)|H(0 |n(1> E(0)< (0) |n(1)> — E1)<n(0)|n(0)>—(n(0)|]:[(1)|n(0)> (13)
EY (nOn®) ~ B (nOn®) = L — (O A n) (14)
0 EW — <n(0)‘]f[(1)‘n(0)> (15)

where in order to go from (13) to (14) we have used the fact that the eigenfunctions of
the unperturbed Hamiltonian H(® are normalised and the Hermiticity property of H©
which allows it to operate to its eigenket on its left

(OHORY) = (HOnO)[nV) = (EPn)n®) = EP (n®aM)  (16)
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So, according to our result (15), the first order correction to the energy is
B = (OO} (17)

which is simply the expectation value of the first order Hamiltonian in the state \n(0)> =
wq(zo) of the unperturbed system.

Example 1 Calculate the first order correction to the energy of the nth state of a har-
monic oscillator whose centre of potential has been displaced from 0 to a distance [.
The Hamiltonian of the unperturbed system harmonic oscillator is

. o1
HO — 2~ 4 42 18
2m dx? * 2"t (18)
while the Hamiltonian of the perturbed system is
. od? 1
H = ———+ —k(z—-1)* 1
5 Aoz + Qk(x ) (19)
a1, 1
= kR — ki + Pk 20
omds? 2t T (20)
= 1O g+ 2PHO (21)
where we have defined HY = ki and H® = %k and l plays the role of the perturbation
parameter \. According to equation 17,
EWY = (nOHDnOY = —k(n©®|2]nO®) | (22)

From the theory of the harmonic oscillator (see earlier lectures in this course) we know
that the diagonal matriz elements of the position operator within any state |n\”) of the
harmonic oscillator are zero ((n9]2[n®) = 0) from which we conclude that the first
order correction to the enerqy in this example is zero.

2.1.2 The first order correction to the wavefunction

We will now derive an expression for the calculation of the first order correction to the
wavefunction. Multiply (9) from the left by (k(®)|, where k # n, to obtain

EKOTHO — EOIpMy = (kO ED — g1, 0 (23)
(B = EQ)(ROnW) =~ AV ) (24)

(KO HD |n©)
(0) (0)

(kOnV) (25)

where in going from (23) to (24) we have made use of the orthogonality of the zeroth order

wavefunctions ((£©@|n®) = 0). Also, in (25) we are allowed to divide with E” — E\”
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because we have assumed non-degeneracy of the zeroth-order problem (i.e. BV - E,io) =+
0).

To proceed in our derivation for an expression for [n™) we will employ the iden-
tity operator expressed in the eigenfunctions of the unperturbed system (zeroth order

eigenfunctions):
[nt) =1[n®) Z\k W) (26)

Before substituting (25) into the above equation we must resolve a conflict: k& must be
different from n in (25) but not necessarily so in (26). This restriction implies that
the first order correction to |n) will contain no contribution from |n(?)). To impose this
restriction we require that that (n(”|n) = 1 (this leads to (n(®|n\)) = 0 for j > 1. Prove
it! ) instead of (n|n) = 1. This choice of normalisation for |n) is called intermediate
normalisation and of course it does not affect any physical property calculated with |n)
since observables are independent of the normalisation of wavefunctions. So now we can
substitute (25) into (26) and get

(k© HO [0 W
-k = S 2

(0) (0)

where the matrix element H ,SI) is defined by the above equation.

2.1.3 The second order correction to the energy

To derive an expression for the second order correction to the energy multiply (10) from
the left with (n®] to obtain

O HO — EO Ry = (n@E® — g@p0y 4+ (nO|E® — FO)p0)
0 = Eff) _ <n(0)|1ﬁ[(2)|n(0)> _ <n(0)|g(1)|n(1)> (28)

where we have used the fact that (n(®|n®) = 0 (section 2.1.2). We now solve (28) for
EY
E® = (nO|HD|nOy 4 (nO| g0y = HG) 1 (n©) 7MW p0) (29)

which upon substitution of [n")) by the expression (27) becomes

FO O
0 0

Example 2 Let us apply what we have learned so far to the “toy” model of a system
which has only two (non-degenerate) levels (states) |[1©) and [2)). Let Eio) < Eéo) and
assume that there is only a first order term in the perturbed Hamiltonian and that the
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diagonal matriz elements of the perturbation are zero, i.e. (m(0)|ﬁ(1)|m(0)> = HY, =
For this simple system we can solve exactly for its perturbed energies up to infinite order

(see Atkins):

L 0 0 1 0 0 1)271
By= (B + ) = SI(EY — B + 4l (31)
1 0 0 1 0 0 1)271
By =S (B + E) + S (B — BY)* +4|H) ") (32)
According to equation 30 the total perturbed energies up to second order are
H P
By~ B~ 2 (33)
EY — BY
H(l) 2
By~ B0 4 2] (34

Eéo) B E£O) :

These sets of equations show that the effect of the perturbation is to lower the energy
of the lower level and raise the enerqy of the upper level. The effect increases with the
strength of the perturbation (size of |Hg)|2 term) and decreasing separation between the

unperturbed energies (Eéo) — Efo) term,).
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2.1.4 The closure approximation

We will now derive a very crude approximation to the second order correction to the
energy. This approximation is computationally much simpler than the full second order
expression and although it is not very accurate it can often be used to obtain qualitative
insights. We begin by approximating the denominator of (30) by some king of “average”
energy difference AF ~ E,io) — Eq(zo) which is independent of the summation index k, and
thus can be taken out of the summation. Using AE, (30) becomes:

(2 (2) H(? Hl(cl) 2 Z (1)
k#n k#n

We can now see that the above expression could be simplified significantly if the sum
over k could be made to include n as this would allow us to eliminate it by using the com-
pleteness (or closure) property (1 = >, |[k@)(k©)]) of the zeroth order wavefunctions.

We achieve just that by adding and subtracting the g o J/AE term:
1

EY ~ Hp) - AEZH& Hy,) + g HOHY (36)
1 1
o~ Hﬁ)—ﬁ< NHO AR + EHT(LQH%) (37)

This approximation can only be accurate if n = 0 (the ground state) and all excited
states are much higher in energy from the ground state than their maximum energy
separation. This assumption is usually not valid. Nevertheless, from a mathematical
viewpoint, it is always possible to find a value for AFE that makes the closure approx-
imation exact. To find this value we just need to equate (37) to the righthand side of
(30) and solve for AFE to obtain

H%)HT(ZQ — <n(0)|ﬁ(1) a (D] @)

AE = (38)

This expression is of course of limited practical interest as the computational complexity
it involves is actually higher than the exact second order formula (30).

2.2 Perturbation theory for degenerate states

The perturbation theory we have developed so far applies to non-degenerate states. For
systems with degenerate states we need to modify our approach. Let us assume that
our zeroth order Hamiltonian has d states with energy Eno). We will represent these
zeroth order states as

0O = |(n,)®), i=1,...,d (39)

n,t
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=nery QX{/

Figure 1: Effect of a perturbation on energy levels. In this example the perturbation
removes all the degeneracies of the unperturbed levels.

where now we use two indices to represent each state: the first index n runs over the
different energy eigenvalues while the second index ¢ runs over the d degenerate states
for a particular energy eigenvalue. Since we have d degenerate states of energy E7(10)7 any
linear combination of these states is also a valid state of energy Er(lo). However, as the
perturbation parameter A is varied continuously from 0 to some finite value, it is likely
that the degeneracy of the states will be lifted (either completely or partially). The ques-
tion that arises then is whether the states @Z)fzol) of equation (39) are the “correct” ones,
i.e. whether they can be continuously transformed to the (in general) non-degenerate
perturbed states. It turns out that this is usually not the case and one has to first find
the “correct” zeroth order states

d
o) =D 1) Pey j=1,....d (40)
=1

where the coefficients ¢;; that mix the 1&7(102 are specific to the perturbation H®" and are
determined by its symmetry.
Here we will find a way to determine the “correct” zeroth order states ¢ff3- and the

first order correction to the energy. To do this we start from equation 9 with ¢7(32 in
place of 1&7(102
(O — B = (B~ AV, (41)

n, .0

Notice that we include in the notation for the first order energy ESZ) the index 7 since the



Lecture 2 10

perturbation may split the degenerate energy level EY. Figure 1 shows an example for a
hypothetical system with six states and a three-fold degenerate unperturbed level. Note
that the perturbation splits the degenerate energy level. In some cases the perturbation
may have no effect on the degeneracy or may only partly remove the degeneracy.

The next step involves multiplication from the left by {(n, j)©|

(n, HOIHO — EO|(n,))V) = ((n,5) OB — AV (42)
0 = ((n,)OEY) — AW (43)
0 = > ((nH)VNEY - HO|(n, k) D)er;  (44)

k

where we have made use of the Hermiticity of H© to set the left side to zero and we
have substituted the expansion (40) for ¢£gi. Some further manipulation of (44) gives:

> [, N OLED (0, )y = B (0, 5) N0, k) O)ews = 0 (45)
k
Sy - BN Si)en = 0 (46)
k

We thus arrive to equation 46 which describes a system of d simultaneous linear equations
for the d unknowns ¢;, (k=1,...,d) for the “correct” zeroth order state gzﬁfloz Actually,
this is a homogeneous system of linear equations as all constant coefficients (i.e. the
righthand side here) are zero. The trivial solution is obviously ¢x; = 0 but we reject it
because it has no physical meaning. As you know from your maths course, in order to
obtain a non-trivial solution for such a system we must demand that the determinant
of the matrix of the coefficients is zero:

|Hy) — B8] =0 (47)
We now observe that as F,; occurs in every row, this determinant is actually a dth
degree polynomial in E, ; and the solution of the above equation for its d roots will give

us all the Efllz (1 =1,...d) first order corrections to the energies of the d degenerate
levels with energy EY. We can then substitute each E'") value into (46) to find the

corresponding non-trivial solution of ¢x; (K = 1,...d) céefﬁcients, or in other words
the function ¢£l02 Finally, you should be able to verify that Efllz = <¢£102\ﬁ “”@Sg},
i.e. that the expression (17) we have derived which gives the first order energy as the
expectation value of the first order Hamiltonian in the zeroth order wavefunctions still

holds, provided the “correct” degenerate zeroth order wavefunctions are used.

Example 3 A typical example of degenerate perturbation theory is provided by the study
of the n = 2 states of a hydrogen atom inside an electric field. In a hydrogen atom all
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four n = 2 states (one 2s orbital and three 2p orbitals) have the same energy. The lifting
of this degeneracy when the atom is placed in an electric filed is called the Stark effect
and here we will study it using first order perturbation theory for degenerate systems.

Assuming that the electric field € is aplied along the z-direction, the form of the
perturbation is )
ANHY = e€. » (48)

where the strength of the field £, plays the role of the parameter \. Even though we
have four states, based on parity and symmetry considerations we can show that only
elements between the 2s and 2p, orbitals will have non-zero off-diagonal HY matriz
elements and as a result the 4x4 system of equations (46) is reduced to the following
2x 2 system (note that here all states are already orthogonal so the overlap matriz is
equal to the unit matriz):

(2s|z|2s)  (2s]z]2p.) ca\ - a
& ( Gy i ) () =20 (2 (49)
which after evaluating the matrix elements becomes

0 —365Z6L0 C1 _ (D C1
( —365Z6L0 0 ) ( Co ) =E Co : (50)

The solution of the abovem system results in the following first order energies and “cor-
rect” zeroth order wavefunctions

EW = +3e€. a0 (51)
60 = (25— |2)) . 6% = —=(125) + |2p)) (52)

V2 V2

Therefore, the effect of the perturbation (to first order) on the energy levels can be
summarised in the diagram of Figure 2.

Finally, we should mention that the energy levels of the hydrogen atom are also
affected in the presence of a uniform magnetic field B. This is called the Zeeman effect,
and the form of the perturbation in that case is HO = 5o (L 4+ 2S) - B where L is the
orbital angular momentum of the electron and S is its spin angular momentum.
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. EW=3e&a,
///
7
//
///
7
//
//
I=1, m=-1,0, 1 -
|=O, m=0 T —-----o----co= EM=0
1 \\\
\\
\\\
4 degenerate SN
n=2 states SN
N
™ EW=-3e&a,

Figure 2: Pattern of Stark spliting of hydrogen atom in n = 2 state. The fourfold
degeneracy is partly lifted by the perturbation. The m = +1 states remain degenerate
and are not shifted in the Stark effect.

3 Time-dependent perturbation theory

3.1 Revision: The time-dependent Schrodinger equation with
a time-independent Hamiltonian

We want to find the (time-dependent) solutions of the time-dependent Schrodinger equa-
tion (TDSE)
v 0)
ot

where we assume that H© does not depend on time. Even though in this section we
are not involved with perturbation theory, we will still follow the notation H O g0 of
representing the exactly soluble problem as the zeroth order problem as this will prove
useful in the derivation of time-dependent perturbation theory that follows in the next
section. According to the mathematics you have learned, the solution to the above
equation can be written as a product

ih = HOg© (53)

VO (r,t) = O (r)TO 1) (54)
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where the © (r), which depends only on position coordinates r, is the solution of the
energy eigenvalue equation (TISE)

HOpO (r) = BV (r) (55)

and the expression for 7'(t) is derived by substituting the right hand side of the above
to the time-dependent equation 53. Finally we obtain

VO, 1) = 60 (x)e P (56)
Now let us consider the following linear combination of wlo)

VO (e, 1) = 3 ap® (r)e 5 (57)
k

where the a; are constants. This is also a solution of the TDSE (prove it!) because the
TDSE consists of linear operators. This more general “superposition of states” solution
of course contains (56) (by setting ar = 0,) but unlike (56) it is not, in general, an
eigenfunction of HO. Assuming that the Qﬁ?(lo) have been chosen to be orthonormal,
which is always possible, we find that the expectation value of the Hamiltonian is

<\I;(O)‘ﬁ(0)‘\1;(0)> — Z !ak\QE,gO) (58)
k

We see thus that in the case of equation 56 the system is in a state with definite energy
EY”) while in the general case (57) the system can be in any of the states with an average
energy given by (58) where the probability P, = |ax|? of being in the state k is equal to
the square modulus of the coefficient aj. Both (56) and (57 ) are time-dependent because
of the “phase factors” e~ B bt the probabilities P, and also the expectation values
for operators that do not contain time (such as the HO above) are time-independent.

3.2 Time-independent Hamiltonian with a time-dependent per-
turbation

We will now develop a perturbation theory for the case where the zeroth order Hamil-
tonian is time-independent but the perturbation terms are time-dependent. Thus our
perturbed Hamiltonian has the following form

H#) = HO + XHDO) + NX2HP(¢) + ... (59)

To simplify our discussion, in what follows we will only consider up to first order per-
turbations in the Hamiltonian

Ht)=HO + xHD(1) . (60)



Lecture 3 14

We will use perturbation theory to approximate the solution ¥(r, t) to the time-dependent
Schrodinger equation of the perturbed system.

ov .
ih=—s- = H(t)¥ (61)

At any instant ¢, we can expand the U(r, ), in the complete set of eigenfunctions w,io) (r)
of the zeroth order Hamiltonian H®

U(r,t) =Y bty (v) (62)

but of course the expansion coefficients by (t) vary with time as ¥(r,t) does. In fact let
EO :
us define by (t) = ak(t)e_ZEko /I in the above equation to get

=3 ap()g (@) (63)

Even though this expression looks more messy than (62), we prefer it because it will
simplify the derivation that follows and also it directly demonstrates that when the ay(t)
lose their time dependence, i.e. when A — 0 and ay(t) — ag, (63) reduces to (57).

We substitute the expansion (63) into the time-dependent Schrodinger equation 53

and after taking into account the fact that the 1\ = In®) are eigenfunctions of H(©
we obtain

Z@" DA (1)]nO)e EDn _ hz dan i t/h (64)

The next step is to multiply with (k| from the left and use the orthogonality of the
zeroth order functions to get

. , day(t) _.
5 (OAKO O (1)) 01 — i 1D i1 (65)

Solving this for day(t)/dt results in the following differential equation

day(t) 1) (E(O) EO)/n _ (1 ¢
H u’Jkn
at  ih Z ih Z pn ( (66)

where we have defined wy, = (E\” — E)/h and H (1) = (KO [HO(£)[n®). We now
integrate the above differential equation from 0 to ¢ to obtain

ak(t) — &k Zh Z/ H(l zwknt/dt/ (67)
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The purpose now of the perturbation theory we will develop is to determine the
time-dependent coefficients ax(t). We begin by writing a perturbation expansion for the
coefficient a(t) in terms of the parameter A

ak(t) = o () + Ay (1) + Nal (6) + ... (68)

where you should keep in mind that while A\ and ¢ are not related in any way, we take
t = 0 as the “beginning of time” for which we know exactly the composition of the
system so that

ar(0) = ai’(0) (69)

which means that a,(j)((]) =0 for [ > 0. Furthermore we will assume that

ag’(0) = 0, (70)

g

which means that at ¢ = 0 the system is exclusively in a particular state |§(?)) and all
other states |¢(®) with g # j are unoccupied. Now substitute expansion (68) into (67)
and collect equal powers of A to obtain the following expressions

al”(t)—a”0) = 0 (71)
1 ¢ o !
é%%ﬁmzzﬁzlwww%www (72)
al) (t) —al?(0) = iz ta<1>(t')H“)(t')ewknt’dt' (73)

k k - ih 0 n kn
(74)

We can observe that these equations are recursive: each of them provides an expressmn

for a;m) (t) in terms of a;mfl)( ). Let us now obtain an explicit expression for af )(t) by

first substituting (71) into (72), and then making use of (70):

(0) H(l wint’ ! — / H wigt gy 75
o mz/ (t')e - (')e (75)

The probability that the system is in state |f(?)) is obtained in a similar manner to
equation 58 and is given by the squared modulus of the a;(t) coefficient

Py(t) = lag(t)[* (76)

but of course a significant difference from (58) is that Py = Py(t) now changes with
time. Using the perturbation expansion (68) for a;(t) we have

Pr(t) = [aP(t) + Xal () + NP () + .. ] (77)

Note that in most of the examples that we will study in these lectures we will confine
ourselves to the first order approximation which means that we will also approximate
the above expression for P(t) by neglecting from it the second and higher order terms.
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Note 3.1 The previous derivation of time-dependent perturbation theory is rather rig-
orous and is also very much in line with the approach we used to derive time-independent
perturbation theory. However, if we are only interested in obtaining only up to first order
corrections, we can follow a less strict but more physically motivated approach (see also
Atkins).

We begin with (67) and set A equal to 1 to obtain

ak(t) — &k h Z/ ngl Zwknt’dt/ (78)

This equation is exact but it is not useful in practice because the unknown coefficient a(t)
is given in terms of all other unknown coefficients a,(t) including itself! To proceed we
make the following approximations:

1. Assume that at t = 0 the system is entirely in an initial state j, so a;(0) =1 and

a,(0) =0 if n # j.

2. Assume that the time t for which the perturbation is applied is so small that the
change in the values of the coefficients is negligible, or in other words that a;(t) ~ 1

and a,(t) =0 if n # j.

Using these assumptions we can reduce the sum on the righthand side of equation 78 to
a single term (the one with n = j for which a;(t) ~1). We will also rename the lefthand
side index from k to f to denote some “final” state with f # j to obtain

m/ Hy (¢)er0" d (79)

This approzimate expression for the coefficients as(t) is correct to first order as we can
see by comparing it with equation 75.

Example 4 Show that with a time-dependent Hamiltonian ﬁ(t) the energy is not con-
served.

We obviously need to use the time-dependent Schrodinger equation

Lov ov i A

where the system is described by a time-dependent state V. We now look for an ex-
pression for the derivative of the energy (H) = (V|H(t)|V) (expectation value of the
Hamiltonian) with respect to time. We have

O(H)
ot

) gy 4 oo 20 (51)

=AW + (v
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Now using equation 80 to eliminate the < 6‘1’ terms we obtain

o(H) OH (t)
5 = (U 0) # 0 (82)

which shows (in contrast with the case of a time-independent Hamiltonian!) that the
time derivative of the energy is no longer zero and therefore the energy is no longer a
constant of the motion. So, in the time-dependent perturbation theory we develop here it
is pointless to look for corrections to the energy levels. Nevertheless, we will continue to
denote the energy levels of the unperturbed system as zeroth order, Eflo), for consistency
with our previously derived formulas of time-independent perturbation theory.

3.3 Two level time-dependent system - Rabi oscillations

Let us look at the snnphﬁed example of a c%uantum system with only two stationary
states (levels), wl and w( with energies E and E( respectively. Since we only have
two levels, equation 66 becomes

daq(t A ,
1000 _ A To, ) HY (1) + aalt) HY (e (53)
dt g
for d“dl—tt) and a similar equation holds for da;t(t We will now impose two conditions:

e We assume that the diagonal elements of the time-dependent perturbation are
zero, i.e. Hﬁ)(t) = Héé) (t)=0.

e We will only consider a particular type of perturbation where the off-diagonal
element is equal to a constant H; = 5 (t) = hV for t in the interval [0, 7] and equal to
zero for all other times. Of course we must also have Hé} (t) = hV* since HO(t)
must be a Hermitian operator.

Under these conditions we obtain the following system of two differential equations for
the two coefficients a;(t) and as(t)

day (1 1 —iw 1 —iw
00— O e and o HE (e (54)

We can now solve this system of differential equations by substitution, using the initial
condition that at ¢ = 0 the system is definitely in state 1, or in other words a;(0) = 1
and a(0) = 0. The solution obtained under these conditions is

' - v |
) = [cost + Z2 singu| o ay(t) = W snar ot (s5)

where

1 1
Q:?@H%Wﬂ2. (86)
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Note 3.2 In this section we are not really applying perturbation theory: The two level
system allows us to obtain the exact solutions for the coefficients ay(t) and ay(t) (up to
infinite order in the language of perturbation theory).

The probability of the system being in the state wgo) is

41V|? !
B(t) = = ———— 22(W2 +4|VHV2 87
1(0) = a0 = ( s ) i S+ AIVE) 7

and of course since we only have two states here we will also have P;(t) = 1 — Py(t).
Let us examine these probabilities in some detail. First consider the case where the
two states are degenerate (wy; = 0). We then have

Pi(t) =cos? |Vt , Py(t) =sin®|V|t (88)

which means that the system oscillates freely between the two states [1() and |2(®)
and the only role of the perturbation is to determine the frequency |V| of the oscillation.
The other extreme is the case where the levels are widely separated in comparison with
the strength of the perturbation in the sense that w3; >> |V|2. In this case we obtain

2|V

wWa1

Py(t) ~ ( )2 sin? %wmt (89)

which shows that the probability of the system occupying state ]2(0)) can not get any
larger than (2|V|/wqy)? which is a number much smaller than 1. Thus the system remains
almost exclusively in state [1(?)). We should also observe here that the frequency of
oscillation is independent of the strength of the perturbation and is determined only by
the separation of the states wo;.



Lecture 4 19

3.4 Perturbation varying “slowly” with time

Here we will study the example of a very slow time-dependent perturbation in order to
see how time-dependent theory reduces to the time-independent theory in the limit of
very slow change. We define the perturbation as follows

- 0, t<0
HO() = { HO(1—e ), t>0 . (90)

where HD is a time-independent operator, which however may not be a constant as
for example it may depend on z, and so on. The entire perturbation ﬂ(l)(t) is time-
dependent as H® is multiplied by the term (1 — e=*) which varies from 0 to 1 as ¢
increases from 0 to infinity. Substituting the perturbation into equation (75) we obtain

t
Wy L g Skt gt g L (1)

|:€injt _ 1 e—(k?—inj)t _ 1

- + -
1Wy; k —twy;

| o

If we assume that we will only examine times very long after the perturbation has
reached its final value, or in other words kt >> 1, we obtain

1) Lot -1 - —1
t) = —H 92
a0 = gt { iy | E—dwy (92)

and finally that the rate in which the perturbation is switched is slow in the sense that
k? << wj%j, we are left with
HY
(1) fJ Wit
ay’(t) = ——= ¢ (93)
! hwfj

The square of this, which is the probability of being in state | (%)) to first order is

1
g

_ j
2,2
h w¥;

Py(t) = o} (1) (94)

We observe that the resulting expression for Py(t) is no longer time-dependent. In
fact, it is equal to the square modulus |{f©|(V}|? of the expansion coefficient in |f(®)
of the first order state [j()) as given in equation 25 of time-independent perturbation
theory. Thus in the framework of time-independent theory (94) is interpreted as being
the fraction of the state |f(®) in the expansion of [j) while in the time-dependent
theory it represents the probability of the system being in state |f (0)> at a given time.
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3.5 Perturbation oscillating with time
3.5.1 Transition to a single level

We will examine here a harmonic time-dependent potential, oscillating in time with
angular frequency w = 27wv. The form of such a perturbation is

HWY(t) = 2V coswt = V(™! + e7) (95)

where V' does not depend on time (but of course it could be a function of coordinates,
e.g. V' =V(x)). This in a sense is the most general type of time-dependent perturbation
as any other time-dependent perturbation can be expanded as a sum (Fourier series) of
harmonic terms like those of (95). Inserting this expression for the perturbation H M (t)
into equation 75 we obtain

1 1 ez‘(wf]-—i-w)t -1 ei(wfj—w)t -1

t
agcl) (t) — _hvf]/ (eiwt’ + efiwt’>€iwfjt’dt/ _
v 0

— Vi, 96
i | (w4 w) * i(wyj — w) (96)

where V;; = (fO|V];@). If we assume that w;; —w =~ 0, or in other words that
E}O) ~ Ej(p) + hw, only the second term in the above expression survives. We then have

) i 1 — eilwpj—wit

o 0) = FVi— (97)

wrj — w)
from which we obtain

4|V |2 1
Vil sin? = (wy; — w)t . (98)

Py(t) = |af (1)]* = Wy —wp 2
J

This equation shows that due to the time-dependent perturbation, the system can make
transitions from the state |§(?) to the state | f(?)) by absorbing a quantum of energy hw.
Now in the case where wy; = w exactly, the above expression reduces to

V2
lim Py(t) = Vis1® f;|
wowg h

t2 (99)

which shows that the probability increases quadratically with time. We see that this
expression allows the probability to increase without bounds and even exceed the (max-
imum) value of 1. This is of course not correct, so this expression should be considered
valid only when Py (t) << 1, according to the assumption behind first order perturbation
theory through which it was obtained.

Our discussion so far for the harmonic perturbation has been based on the assump-
tion that Ej(fo) > Ej(»o) so that the external oscillating field causes stimulated absorption
of energy in the form of quanta of energy hw. However, the original equation 96 for
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agcl)(t) also allows us to have E}O) < Ej(»o). In this case we can have E}O) ~ Ej(»o) — hw and
then the first term in equation 96 dominates from which we can derive an expression
analogous to (98):

.91

A|Vy)?
Py(t) = o} () = % sin” = (wy; +w)t (100)
J

This now describes stimulated emission of quanta of frequency w/2m that is caused by
the time-dependent perturbation and causes transitions from the higher energy state
EJ(-O) to the lower energy state Ej(co). One can regard the time-dependent perturbation
here as an inexhaustible source or sink of energy.

3.5.2 Transition to a continuum of levels

In many situations instead of a single final state |f®) of energy E}O) there is usually

a group of closely-spaced final states with energy close to E}O). In that case we should
calculate the probability of being in any of those final states which is equal to the sum
of the probabilities for each state, so we have

Pity= Y lal@®)f . (101)

n, B\ =B

As the final states form a continuum, it is customary to count the number of states
dN(FE) with energy in the interval (E, £+ dFE) in terms of the density of states p(E) at
energy F as

dN(E) = p(E)dE (102)

Using this formalism, we can change the sum of equation 101 into an integral

BV +AE 0
PO = [ BN OPE (103)
B -AE

where the summation index n has been substituted by the continuous variable E. Ac-
cording to our assumption F ~ E}(co) so the above expression after substitution of (98)

becomes

BV +AE 12sin2 Y (E/h— EO/R — W)t
P(t):/ ! 4|ij| sin” 5(E/ j / w) p(E)dE (104)

B AR n’ (E/h — EJ(-O)/h — w)?

where the integral is evaluated in a narrow region of energies around E](co). The integrand

above contains a term that, as t grows larger it becomes sharply peaked at £ = Ej(»o) +hw
and sharply decaying to zero away from this value (see Figure 3). This then allows us
to approximate it by treating |Vy;| as a constant and also the density of states as a
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) as a function of z and t. Notice that as ¢ increases the

function turns into a sharp peak centred at x = 0.

2(xt/2
22

Figure 3: A plot of &
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constant in terms of its value p(EJ(cO)) at E}O). These constants can then be taken out of
the integral. What remains inside the integral is the trigonometric function. We now
extend the range of integration from [E}O) —AFE, E}O) +AFE] to (—00,00) as this allows us
to evaluate it but it barely affects its value due to the peaked shape of the trigonometric
function. Evaluation of the integral then results in the following expression

2T 0
P(t) = S HVy*o(Ef") - (105)
Its derivative with respect to time is the transition rate which is the rate at which the

initially empty levels become populated.

dP  2r
W(t) = — = —|Vp;|?p(EY 106
() = 2 = Vi Po(EY) (106)
This succinct expression, which is independent of time, is sometimes called Fermi’s
golden rule.

3.6 Emission and absorption of radiation by atoms

We will now use the theory for a perturbation oscillating with time to study the interac-
tion of an atom with an electromagnetic wave. The electomagnetic wave is approximated
by an electric field ! oscillating in time 2

E(t) =2&.n, coswt (107)

where n, is a unit vector along the direction of the wave, which for convenience here we
have chosen it to lie along the direction of the z axis. The factor of 2 is again included
for computational convenience as in the previous section. The interaction of the atom
with the radiation field is given by the electric dipole interaction

HY(4) = —fu- E(t) = —2p.E, coswt . (108)

The fi is the dipole moment operator for the atom

Z
fr=—e) (109)
k=1

'We will neglect the magnetic interaction of the radiation with atoms as it is usually small compared
to the interaction with the electric field
2 Actually the electric field oscillates both in space and in time and has the following form

E(t) =2&.m, cos(k - r — wt)

where the wavelength of the radiation is A = 2x/|k| and its angular frequency is w = c|k|. However,
here we work under the assumption that A is very large compared to the size of the atom and thus we
neglect the spatial variation of the field. This approach is called the electric dipole approximation.



Lecture 4 24

where the sum over k£ runs over all the electrons, and the position vector of the kth
electron is ri. The nucleus of the atom is assumed to be fixed at the origin of coordinates
(r=0).

We can immediately see that the work of section 3.5 for a perturbation oscillating
with time according to a harmonic time-dependent potential applies here if we set V =
1,€. in equation 95 and all the expressions derived from it. In particular, equation 98
for the probability of absorption or radiation for transition from state |j°) to the higher
energy state | f(©) takes the form

A, i2E2 1
— M Sil’lQ —(a)fj — C(J)t . (110)

Pf](t) - h2(wfj . w)g 2

You will notice in the above expression that we have written &, as &,(w) in order to
remind ourselves that it does depend on the angular frequency w of the radiation. In fact
the above expression is valid only for monochromatic radiation. Most radiation sources
produce a continuum of frequencies, so in order to take this fact into account we need
to integrate the above expression over all angular frequencies

OO 4|Mz, |2522(w) : 1
Alpgi|*E2 (wyy) /°° sin[3(w —wp)t] (112)
h2 —00 (w - wfj)Q
2mt| g |22 (wy))
_ fjh2 fi (113)

where we have evaluated the above integral using the same technique we used for the
derivation of Fermi’s golden rule in the previous section. The rate of absorption of
radiation is equal to the time derivative of the above expression and as we are interested
in atoms in the gas phase, we average the above expression over all directions in space.
It turns out that this is equivalent to replacing |u. ;| by the mean value of z, y and z
components, é\ for5]?, which leads to
2092
Wy s(t) = 2 |pug5] 52z (wrs) (114)
3h

A standard result from the classical theory of electromagnetism is that the energy den-
sity praa(wy;) (i.e. energy contained per unit volume of space for radiation of angular
frequency wy;) of the electromagnetic field is

Praa(wyj) = 220E2 (wy;) (115)

which upon substitution into (114) gives

2|
Wi j(t) = ?;;pmd(wfj) (116)
0
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We can also write this equation as

Wf«—j = Djf prad(wfj) (117)
where the coeflicient 2| ’2
T fg
e Lt A 118
if 622 ()

is the Einstein coefficient of stimulated absorption. As we know from the theory of
section 3.5, it is also possible to write a similar equation for stimulated emission in
which case the Einstein coefficient of stimulated emission By; will be equal to the Bj;
as a result of the Hermiticity of the dipole moment operator. If the system of atoms
and radiation is in thermal equilibrium, at a temperature 7', the number of atoms Ny in
state |f(©)) and the the number of atoms N; in state |7(©) should not change with time,
which means that there should be no net transfer of energy between the atoms and the
radiation field:

N;Wyej = NiWij (119)

Given that By; = Bj; this equation leads to the result N; = Ny which shows that the
populations of the two states are equal. This can not be correct: we know from the
generally applicable principles of statistical thermodynamics that the populations of the
two states should obey the Boltzmann distribution

Ny E

S o Epi/kT 120
- (120
To overcome this discrepancy, Einstein postulated that there must also be a process
of spontaneous emission in which the upper state | (%)) decays to the lower state |j(®)
independently of the presence of the radiation of frequency wy;. According to this the
rate of emission should be written as

Wi—j = Apj + Brjpraa(wy;) (121)

where Ay; is the Einstein coefficient of spontaneous emission which does not need to be
multiplied by prea(wy;) as spontaneous emission is independent of the presence of the
radiation wy;. The expression for this coefficient is (see Atkins for a derivation):

hw?.
f
A= =73

1203 B fi (122)
As we saw, spontaneous emission was postulated by Einstein as it is not predicted by
combining a quantum mechanical description of the atoms with a classical description
of the electric field. It is predicted though by the theory of quantum electrodynamics
where the field is also quantized. The types of interaction of radiation with atoms that
we have studied here are summarized in Figure 4.



Lecture 4 26

(STIMULATED) STIMULATED SPONTANEOUS

ABSORPTION EMISSION EMISSION
Before: hwfj m

0 0 0
E(O)f E(O)f E(O)]c
hws
After: AN
AN

Figure 4: Schematic representation of stimulated absorption, stimulated emission and
spontaneous emission.
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We should note that the Einstein coefficients, while derived for thermal equilibrium,
are completely general and hold also for non-equilibrium conditions. The operation of
the laser (Light Amplification by Stimulated Emission of Radiation) is based on this
principle. The idea behind this is to have some means of creating a non-equilibrium
population of states (population inversion) where Ny > N;. Then, from (117) and (121),
and under the assumption of negligible spontaneous emission (Ay; < Byjprad(wy;j)) we
will have

NyWy_;  rate of emission Ny

= ~—>1 123
N;Wye_;  rate of absorption  N; (123)

which shows that the applied frequency wy; will be amplified in intensity by the inter-
action process, resulting in more radiation emerging than entering the system. This
process will reduce the population of the upper state until equilibrium is re-established,
so the operation of a laser also depends on having a different process which maintains
the population inversion of the states. As Ay; grows with the third power (see equa-
tion 122) of the angular frequency wy; we can expect that spontaneous emission will
dominate at high frequencies leading to significant uncontrolled loss of energy and thus
making population inversion difficult to maintain. A practical consequence of this is
that X-ray lasers are difficult to make.
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4 Applications of perturbation theory

In this section we will see how perturbation theory can be used to derive formulas for
the calculation of properties of molecules.

4.1 Perturbation caused by uniform electric field

To study a molecule inside a uniform electric field € we need to add the following term
to the Hamiltonian )
AW = - € (124)

which describes the interaction of the molecule with the electric field using the dipole
moment operator i which is defined as

[ = Z Gr; . (125)

To simplify the notation in what follows we will always assume that the electric field is
applied along the z-axis in which case the dot product of (124) becomes

AW = — 1.6, = —E.) g% . (126)

You will notice that we are already using the notation of perturbation theory as we are
representing the above term as a first order Hamiltonian. The role of the perturbation
parameter A is played here by the z-component of the electric field &..

4.2 Dipole moment in uniform electric field

So far we have been using perturbation theory to find corrections to the energy and
wavefunctions. Here we will use perturbation theory to find corrections to the dipole
moment as a function of the electric field £,, which plays the role of the perturbation
parameter A. We begin by applying the Hellmann-Feynman theorem to the energy with
&, as the parameter. Since H = H© + HW(E,), or in other words only H®) depends
on the parameter £,, we obtain

dE dH dHW d(—p.E.)

— — — _— = — p 127
de. <d<‘,’z> < de. > < de. > ws) (127)
Let us now write the energy as a Taylor series expansion (perturbation expansion) with
respect to the £, parameter at the point £, = 0:

dE d*F BFE
E=EO© E, &2 E 4 ... 128
+(dgz)&:0 + i€z ), Z+ aci ), " (128)
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where <ng ) is the first derivative of the energy with respect to &£, evaluated at
=/ €.=0

E. =0, etc. Of course, the zeroth order term E© is the value of the energy at &£, = 0.
If we now differentiate the above Taylor expansion with respect to £,, and substitute
for the left hand side what we found in (127), we obtain an expression for the dipole
moment in non-zero electric field

dE *E 1 (dE )
= — S i 12
(=) (dsz)gz 0 (ds )g L& 2(d6§)gzogz+ (129)

We usually write the above expression as

1
<:uz> = Moz T+ o, + iﬁzzzgf + - (130)
where by comparison with (129) we define following quantities as derivatives of the

energy with respect to the electric field at zero electric field (£, = 0).
The permanent dipole moment

dE
== == = (04,0 131
1o (dé’)gz:o (0% f2[0%) (131)

which is the first order energy correction to the ground state wavefunction.
The polarizability
B (132)
Az = — | 7o9
d&? J ¢
and the first hyperpolarizability

BE
S . 1
Bez ( dgg)gzo (133)

4.3 Calculation of the static polarizability

We can readily derive a formula for the calculation of the polarizability from the expres-
sion for the second order correction to the energy, equation 30. Here we apply it to the
calculation of the polarizability of the ground state

00 n© (4,100
o = \n |7:10)
a., = 2B = -2 %ﬁo £ ETSO’ . (134)

The above is an explicit expression for the polarizability of a molecule in terms of
integrals over its wavefunctions. We can write it in the following more compact form

Mz, On,uz n0
=2 135
; NE (135)
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where we have defined the dipole moment matrix elements ji, ,, = (m©@|,|n@) and

the denominator AFE,g = Eﬁo) — E((]O). This compact form can be used to express the
mean polarizabilty which is the property that is actually observed when a molecule is
rotating freely in the gas phase or in solution and one measures the average of all its
orientations to the applied field:

2 xz,0nHx,n nHyn z,0nHzn
azg(axx+ayy+azz) = _Zu oz, 0+,uy,0 Hy, 0+,U,0 Hzno (136)

3n#0 AFE,
Fon * Hno
= = 137
Z Y (137)
‘M0n|
= = (138)
37#0 AFE,

At this point we can also use the closure approximation (37) to eliminate the sum over
states and derive a computationally much simpler but also more approximate expression
for the polarizability.

2 2 2({?) — (W)?)
o= ?)A—Enzﬂ)ﬂon'ﬂno T 3AE (;lion‘lino _Hoo‘ﬂoo> T 3AE (139)

4.4 Polarizability and electronic molecular spectroscopy

As we saw in the previous section the polarizability depends on the square of transition
dipole moments ji,o between states [n(®) and |0)). If we now re-write expression 138

as 2 2
an
§ AEE (140)

Me n#0

where we have used the oscillator strengths f,o defined as

4mm,
fro = ( 32N ) Vnoltol” (141)

The oscillator strengths can be determined from the intensities of the electronic transi-
tions of a molecule and the energies AE, from the frequencies where these transitions
occur. From expression 140 we can observe that a molecule will have a large polariz-
ability the higher the intensity and the lower the frequency of its electronic transitions.
We can now further approximate (140) by replacing AFE, by its average AFE to obtain

h2e?

n#0
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This allows us to make use of the following standard result which is known as the

Kuhn-Thomas sum rule
> fao=N. (143)

where N, is the total number of electrons in the molecule. Notice that the sum rule
involves a summation over all states, including n = 0, but this is compatible with (142)
as foo = 0 by definition. We therefore obtain

hi%e2N,

O AR (144)

which again shows that the polarisability increases with increasing number of electrons
and decreasing mean excitation energy. We therefore expect molecules composed of
heavy atoms to be highly polarizable.

Example 5 Prove the Kuhn-Thomas sum rule (143).
Let us first prove the following relation in one dimension

h2
DB = B = 5 (145)
Start with the following commutation relation,
X 1
b HO) = 2p, 146
o, 20 = (146)

that you can prove quite trivially if you take into account that the Hamiltonian is a sum
of a kinetic energy operator and a potential energy operator. We next sandwich this
commutator between (n¥| and |a?) to obtain

. . 1
(nOZHO|a®) — (nO| T30 = Z_<n(0)|]5x|a(0)> (147)

m

1
(EL) — ED)(n©|2]a?) = 2 (0O p,|a®) (148)

m

B 5, [

(nOz®y = P IPala”) (149)

m(EL — EY)

where we have made use of the Hermaiticity of HO),
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Now substitute this relation into the left hand side of (145) as follows

> (B = ED)(n®]2]a)?

n

1

= LSED - BO) (@O ®)n®]#4a®) + (0O n®)n®]4a))
= S (a5 13]a) — (a1 ) (a5, ]a))
Oy~ o)

O alla) = T~ inja) =

where in the last line we have made use of the well known commutator between momen-
tum and position, [p.,&] = —ih.

Having proved (145) it is straighforward to show that by rearranging it, multiplying
with appropriate coefficients, generalising it to three dimensions and to N, electrons
results in the Kuhn-Thomas sum rule (143).

4.5 Dispersion forces

Here we will see how we can use perturbation theory to study the dispersion force (also
called London or Van der Waals force) which is the weakest form of interaction between
uncharged molecules. Dispersion forces are too weak to be considered as chemical bonds
but they are nevertheless of great chemical relevance as for example these are the at-
tractive forces which keep the carbon sheets of materials like graphite in place, cause
attraction between DNA base pairs on adjacent planes, make possible the existence of
liquid phases for noble gases, etc.

Dispersion forces are caused by the interaction between electric dipoles on different
species. These dipoles are not permanent but are brought about by instantaneous
fluctuations in the charge distribution of the species. Here we will use perturbation
theory to calculate the interaction energy due to dispersion between two species A and
B which are not charged and do not have permanent dipole moments. Our zeroth order
Hamiltonian is the sum of the Hamiltonians for A and B

HO = HY + iy, HYInY) = EQInY)) Hy'Ing)) = EX)Iny) (150)

A

which of course means that its zeroth order energies are the sum of the energies for the
isolated A and B species and its eigenfunctions are the products of the eigenfunctions
of the A and B species

S 0 0 0 0 0 0 0 0
HOWPnDy = (BQ + EDnn$)y, 0Py = [n) D) . (151)
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This Hamiltonian completely ignores all interactions between A and B. We will now add
to it the following first order Hamiltonian

A = S iin + ffiny — 2 (152
which (can be proved using classical electrostatics) describes the interaction between a
dipole moment on A and a dipole moment on B, the two dipoles being a distance of R
apart. Note that we have implicitly assumed here the Born-Oppenheimer approxima-
tion which means that we are only working with the electronic wavefunctions and the
distance R is not a variable in our wavefunctions but it is just a parameter on which
our calculations depend. Here we will study only the ground state.

As we have assumed that A and B have no permanent dipole moments it is easy
to show that the first order correction to the energy (Of)Og)\ﬁ ) ]O?O?} is zero (show
this!). We therefore turn our attention to the second order energy as defined by equation
30:

0)~(0) 5 0 0 0)H(0

(0) (0)
na,np#(04,08) EOAOB EnAnB
0)~(0)| 73 0)
_ oy WSO o HO00R) g
na,np7#(04,0B) AEnAOA + AEnBOB

where we have defined AE?

n OA
substitute the expression for H® which consists of 3 terms and therefore results in 9
terms. However out of the nine terms only the 3 diagonal terms are non-zero (see Atkins
for a justification) and each of the non-zero terms has the following form:

= Eq(&) — Eéi) which is a positive quantity. We now

0)) ~ 0 0)| ~ 0 0)) ~ 0 0)| ~ 0
(O sl ) (03 7l 0F) (O | fisal ') (i s 05) (155)
1 0) ~ 0 0)) 0 0) ~ 0 0) ~ 0
= 5OV alnl) - (0 1Al 0305 | fagliy) - (g lfusl0)) - (156)

Upon substitution of this expression into (154) we obtain the following expression

2
E(2) _ _g ( 1 ) Z (I’I’A,OATLA My nAOA)(l’l’B Opnp l’l’B,nBOB) (157)
3 (0) (0)
3 47T€OR nA,TLB;é(OA,OB) AETZAOA + AETLBOB

from which we can deduce that the interaction is attractive (E®) < 0) and that the
interaction energy is proportional to 1/RS.

We can do some further manipulations to obtain a more approximate yet physically
meaningful expression for E®?. To proceed we apply the closure approximation by



Lecture 5 34

replacing A9 L AO with the an average value AE 4+ AFEp and apply equation 37:

na04 np0p

l

2 1\’ 1
2
E( ) = _§ (m) (m) Z (IJ’A,OATLA : MA,TLAOA)(MB,OBHB : “B,nBOB)

na,np#(04,0B)
1 1 9 9
(247r2egR6) (AEA ¥ AEB) (i) ()

where (p?) = (Of)\ﬂ A\Oﬁ% and there is no (u4)? term since we assumed that the
permanent dipole moments of A and B are zero. Having reached this stage, we can
re-express the dispersion energy by using relation (139) between the mean square dipole
moment and the polarizability (in the absence of a permanent dipole moment, (u?) ~
%&AAEA ) to obtain

3 AFEJAE QA0
E® ~ _ AZTB ATE 158
(3%253) (AEA +AEs) RS (158)

12

Finally we approximate the mean excitation energy with the ionization energy of each
species AFE, ~ I, to arrive at the London formula for the dispersion energy between

two non-polar species
3 Ixlp '\ asap
E? ~ _ ) 159
(327r25(2)) (IA—i-IB) RS (159)

This very approximate expression can provide chemical insight from “back of the en-
velope calculations” of the dispersion energy between atoms based on readily available
quantitites such as the polarizabilities and the ionization energies. Based on this formula
we expect large, highly polarisable atoms to have strong dispersion interactions.
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4.6 Revision: Antisymmetry, Slater determinants and the Hartree-
Fock method

The Pauli exclusion principle follows from the postulate of (non-relativistic) quantum
mechanics that a many-electron wavefunction must be antisymmetric with respect to
interchange of the coordinates of any two electrons 3

@(Xl,...,XZ‘,...,Xj,...,XNe) = —q)(Xl,...,Xj,...,XZ‘,...,XNe) (160)

where x; = {r;,0;} collectively denotes the space (r;) and spin (o;) coordinates of
electron j.

We often choose to approximate the many-electron wavefunction as a product of
single-electron wavefunctions (spinorbitals). Such a simple product of spin orbitals (also
known as a Hartree product) is not antisymmetric. To overcome this limitation we define
the wavefunction as a Slater determinant, which is antisymmetric as the interchange of
any of its rows, which correspond to its electron coordinates, will change its sign.

In Hartree-Fock theory, we assume that the many-electron wavefunction has the form
of a Slater determinant and we seek to find the best possible such wavefunction (for the
ground state). To achieve this goal we use the variational principle which states that
the total energy for the optimum determinant which we seek is going to be lower than
the energy calculated from any other determinant

BT = () < (VA1) (161)
where we have assumed that the Hartee-Fock solution \I/éo) and all trial Slater determi-
nants ¥ are normalized. EZF" is the Hartree-Fock energy for the ground state which we

are seeking. The full Hamiltonian for the electrons in a material (e.g. a molecule or a
portion of solid) has the following form

Ne Ne Nn 1 Ne 62
V2 + = - 162
Z ;;47r50|r1 — 1y ”Z#j Aeg|r; — 1y (162)

where we have assumed that the material consists of N, electrons and Ny nuclei. The
first term is the sum of the kinetic energy of each electron and the second term is the
sum of the electrostatic attraction of each electron from the Ny nuclei, each of which is
fixed (Born Oppenheimer approximation) at position r;. The final term is the repulsive
electrostatic (Coulomb) interaction between the electrons and consists of a sum over all
distinct pairs of electrons.

3More generally, the postulate states that a wavefunction must be antisymmetric with respect to
interchange of any pair of identical fermions (=particles with half-integer spin quantum number such
as electrons and protons) and symmetric with respect to interchange of any pair of identical bosons
(=particles with integer spin quantum number, such as photons and a-particles)
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The variational principle (161) results into single-electron Schrédinger equations of
the form

fz‘Xi(X) = giXi(x) (163)

for the spinorbitals y; that make up \I/E)O). However, the difficulty is that the Fock
operator ﬁ above is constructed from the (unknown!) solutions y;. In practice the way
we solve these equations is by guessing a form for the y;, using it to build an approximate
f; from which we solve the eigenvalue problem (163) to obtain a fresh (better) set of x;s.
We then repeat this procedure until the y;s we obtain do not change any more - this
condition is often referred to as Self-Consistency. In the literature Hartree-Fock (HF)
calculations are also called Self-Consistent-Field (SCF) calculations.

4.7 Mgller-Plesset many-body perturbation theory

In this section we will see how time-independent perturbation theory can be used as an
improvement on the Hartree-Fock approximation. Let us rewrite the Hamiltonian (162)
in the following form:

~ e h2 N Z[€2 1 e 62
H= oy o2t - S — 164
Z 2me ! Z47T€0|I'[—I'Z“ + 2 AZ}47T€0|I'Z‘—I'J'| ( )
i=1 I=1 1,J 177
N, N,
e R 1 e 62
=SN"h o+ = L — 165
, * 2AZ47T€0’I‘¢—I‘]" (165)
=1 1,5 1#]

which demonstrates the fact that the first two terms are “separable” into sums of one-
electron Hamiltonians h; while this is obviously not possible for the last term as each
1/|r;—r;| can not be “broken” into a sum of a term for electron ¢ and a term for electron
j. The problem of the sum of one-electron Hamiltonians vazel h; is computationally triv-
ial as its solutions are antisymmetrised products (Slater determinants) of one-electron
wavefunctions (=molecular spinorbitals). In contrast, because of the non-separability
of the third term, such a simple solution is not possible for H. Tts solution is extremely
complicated and computationally tractable only for very small systems (e.g. the hy-
drogen molecule). Thus this is a case where perturbation theory can be very useful for
approximating the solution to H.

As a first attempt to apply perturbation theory we may treat the Zf\i’l ﬂz part of
(165) as the zeroth order Hamiltonian and the remaining part as the perturbation. This
is not a very good choice though as the perturbation is of similar magnitude to the zeroth
order Hamiltonian. Instead, we will define the zeroth order Hamiltonian as follows

Ne Ne
2O =% <h + @{““) -3 (166)
=1

i=1
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as a sum of Fock operators fz for each electron i. The Hartree-Fock potential for electron
7 is defined as

Ne
o =% <ja(i) - /@a(z)) (167)
a=1
where N, is the total number of occupied spinorbitals and ja(z) is the C’oylomb operator

made of spinorbital x, acting on electron i, and the Erchange operator KCa(i) is defined
in a similar manner. With this choice of H®, the H® is given by

Ne

X A 1
HY — g - go — - Vi 168
Qijzi;] 47r€0\rz—r]\ Z (168)

where now we can see, at least in a qualitative manner, that H® defined in this way
is much smaller than H© and it is therefore plausible to treat it as a perturbation.
Many-body perturbation theory using this choice of HO is called Mgller-Plesset (MP)
perturbation theory.

Here we will develop MP theory for the ground state. First of all we observe that
any Slater determinant made of N, spinorbitals, each of which is a solution of the

Hartree-Fock eigenvalue equation 163, is an eigenfunction of HO according to (prove
this!)

[A{(O)CDE]O) = H(O)’Xa(l)Xb(Q) T Xz(Ne)‘ = (8(1 +ept ..+ €Z>’Xa(1)Xb(2) cet XZ(NG)’
(169)
where here we have used the ground state determinant <I>éo) = |xa(1)xb(2) ... x2 (V)|
which consists of the N, lowest energy spinorbitals and as we can see from this equation,
the zeroth order energy for this state is the sum of the energies of these spinorbitals

EV =c,+er+...+¢, (170)
The first order energy is given by equation 17:
1 0)| 7 0
By = (2" [HO 0" (171)

We can now observe that the sum E(go) + E(gl) is equal to the Hartree-Fock energy BT
for the ground state

By + By = (u)|HO + V) = (07| 7)) = BT . (172)

This means that we need to go beyond the first order energy correction to obtain an
improvement to the Hartree-Fock energy, and more specifically to recover (at least some
part of) the correlation energy. Here we will confine ourselves to second order MP theory
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which is often referred to as “MP2”. According to (30) the second order correction to
the energy is

CI)(O) f{(l) CI)(O) q)(o) f{(l) q)(o)
E(()2):2<0| 12,7 ) (P, D7) (173)

0 0
J#0 E(())_Ey

We need to evaluate the matrix elements <<I>éo) R |@9)). Using the orthogonality prop-
erty of different Slater determinants, we see that for J # 0

0 - 0 0 0 0 0 0 0
@M HO10D) = (0| EY 100y = BP0 19) = 0 (174)
which leads to

0= (@ |HV[0])) & 0= (o |H-AV|6}) « (0 |H|®]) = (of|H"|2})

(175)
which shows that the matrix elements of the H and H® operators are equal. Using this
result, and the knowledge that <<I>(()O) \H |®§)> is nonzero only when CIJSO) differs from CID(()O)
by two excitations (spinorbitals) we arrive at the following result

B — ZZ (zyl|rs)(rs||zy) (176)

€zt Ey —Er —Es

xr,y TS

where the z, y indices run over all occupied spinorbitals (from 1 to INV,) while the indices
r,s run over all virtual (unoccupied) spinorbitals (from N, + 1 upwards). The two-
electron integrals are defined as follows

(wylrs) = // X (%1) X (X2) X (X1) X5 (X2) dx1dxy— // X (X1) X (X2 Xs(Xl)Xr(X2)dX1dX2
T — 12 Ty — 12|
(177)

in terms of spinorbitals y;(r). The second order energy correction as given by equation
176 is widely used in ab initio calculations which include electron correlation and is
available in many Quantum Chemistry software packages (e.g. GAUSSIAN, NWCHEM,
GAMESS etc.). Of course, by definition, before doing an MP2 calculation one needs to
have the Hartree-Fock solutions (spinorbitals) and their energies, so in practice MP2
calculations are performed as a post-processing step after a Hartree-Fock calculation.

Example 6 Fquation 175 shows that the matrix elements of H® between Slater de-
terminants are the same with the matriz elements of the full Hamiltonian H. Given
that <<I>(()O)]H]<I>f,0)) is mon-zero only when <I>f,0) = @59 or in other words when <I)SO)
is constructed by replacing no more and no less than two of any Xz, X, ground state
spinorbitals by any two excited state spinorbitals x.., xs respectively, derive (176) from
(178). Also given is the value of the non-zero matriz element: <<I>éo) |ﬁ|¢>§2(0)> = (zyl|rs).
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According to the above we have
(|25 ) = (@ | H| @) = (wy||rs) (178)

We now re-write (173) confining its summations to only doubly-excited determinants

0)) 15 rs(0 rs(0) 75 0
E® — Z Z o HO (05 (@ | HV|3)”)

179
E(()O) _ E;;(O) ( )

z,y=1 r,s=Ne+1

where the factors of 1/2 are introduced in order to make sure that each distinct pair
of indices is used only once (e.g. if we have the pair x=1 and y=5, we will also have
the same pair when y=1 and z=>5, so we multiply with 1/2 to make sure we count this
distinct pair only once) while the cases where x =y and/or r = s lead to zero matriz
elements so it does not matter that they are included in the sum. We now substitute
(178) into the above expression to obtain

2 (wyl[rs)(rs||lzy)
0

z,y=1 r,s=Ne+1 Yy

Finally, we need to express the denominator in terms of spinorbital energies. According
to (170) we have:

EP —ER® = cob ittt (Gt et et ey

= &t eEy—&—&s .

Using this result for E(()O) — E;Z(O) we get the expression for the MP2 energy in terms of
spinorbitals and their energies

E<2_ Z Z (yllrs) (rsllzy) (181)

g Ey —Er — €
acylrs Ne+1 x+y r $

MP2 calculations with their ability to include at least some of the correlation en-
ergy, are a definite improvement over HF calculations. Figure 5 demonstrates this with
some examples of bond lengths of small molecules calculated with the two methods and
compared with experiment.

We should observe however that MP theory is also qualitatively different from HF
theory. The total (perturbed) Hamiltonian in MP theory (165) is the exact one, in-
volving the true electron-electron interactions (the 1/|r; — r;| terms). In contrast the
HF Hamiltonian (zeroth order, H (0)) corresponds to a system of non-interacting parti-
cles that move in an effective (averaged) potential. Thus, MP theory includes electron
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CH, NH, H,0 FH
HF 2,048 | 1.897 | 1.782 | 1.703
MP2 2.048 | 1.912 | 1.816 | 1.740

Experiment | 2.050 1.913 1.809 1.733

Figure 5: Comparison of HF and MP2 calculations of equilibrium bond lengths (in
atomic units) of some hydrides of first row elements.

correlation and the perturbed wavefunction does take into account the instant interac-
tions between electrons: the modulus of the wavefunction (and hence the probability
distribution) decreases as a function of the positions of any pair of electrons when they
are approaching each other in space. This dynamical correlation is absent from a HF
wavefunction (Slater determinant). In section 4.5 we saw that dispersion interactions
between molecules are due to instantaneous fluctuations of their electronic distributions.
We expect that HF calculations would be incapable of predicting dispersion interactions
while MP calculations should be able to. This is indeed the case. For example, a HF
calculation predicts zero binding between two Ne atoms, while an MP2 calculation pre-
dicts binding with an equilibrium distance of 6.06 a.u. and a binding energy of 2.3 meV.
The “exact” values for these quantities are 5.84 a.u. and 3.6 meV respectively. There
are numerous cases where dispersion interactions play a key role. In computational sim-
ulations involving such cases methods like MP theory need to be used. Figure 6 shows
some examples of materials with dispersion interactions.
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a b C

Figure 6: Examples of dispersion interactions in molecular structure. (a) Fragments of
polyethylene, held together by dispersion forces; (b) The two strands in DNA are held
together by hydrogen bonds but they are also stabilized by dispersion forces between the
bases (planes) of each strand; (¢) The structure of graphite consists of sheets of carbon
held together by dispersion forces.



