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Motivation

1
Rocﬁ — Eg“ﬁR+Agaﬁ = Taﬁ , A<O

Anti-de Sitter (AdS) space: the maximally symmetric solution for the vacuum
case; may be important due to AdS/CFT correspondence

Conjecture (Bizon-R. 2011)

AdS,1 (ford > 3) is unstable under arbitrarily small perturbations (against
collapse)

Conjecture (Maliborski-R. 2013)

Negative cosmological constant allows for the existence of stable, globally
regular, asymptotically AdS, time-periodic solutions of Einstein equations,
immune to this instability

Evidence based on the study of a model case: Einstein equations sourced by
massless, spherically symmetric scalar field (the same evidence for other
matter fields at spherical symmetry; in vacuum case: only cohomogeneity-two
biaxial Bianchi IX)
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Urgent question: what happens outside spherical symmetry?

one possible way: to build perturbation expansion

(only to the 3rd order to check for instability with the resonant system (hard),
in principle to arbitrarily high orders to construct time-periodic solutions
(relatively easy and the 3rd order is probably crucial)).

© O.J.C. Dias, G.T. Horowitz and J.E. Santos, Gravitational Turbulent

Instability of Anti-de Sitter Space Class. Quant. Grav. 29, 194002 (2012),
[arXiv:1109.1825]

@ O.J.C. Dias and J.E. Santos, AdS nonlinear instability: moving beyond

spherical symmetry, Class. Quantum Grav. 33 23LT01 (2016)
[arXiv:1602.03890]

but details of these works not given explicitly

© R., Higher order perturbations of Anti-de Sitter space and time-periodic
solutions of vacuum Einstein equations, [arXiv:1701.07804]


http://arxiv.org/abs/1109.1825
http://arxiv.org/abs/1602.03890
http://arxiv.org/abs/1701.07804

General approach to gravitational perturbations

The studies of gravitational perturbations of AdS led to a systematic and
robust scheme for nonlinear gravitational perturbations in vacuum:

@ There are only two polarization states in gravitational waves: at each
order of perturbation expansion there should exist two (for each
gravitational mode) masters scalar variables satisfying an
inhomogeneous linear wave equation with a uniquely defined potential
(cf. [Regge&Wheeler, 57], [Zerilli, 70], [Nollert, 99])

© At each order gauge invariant part of metric perturbations (like
Regge-Wheeler gauge invariant variables) are uniquely given in terms of
master scalar variables and their derivatives (and some source functions
at nonlinear orders) (cf. [Mukohyama, 00], [Brizuela et al., 09])

© These relations can be inverted for scalar master variables to be given in
terms of RW type gauge invariant variables to provide the initial data and
the form of scalar sources for the scalar wave equations for master scalar
variables (cf. [Moncrief, 74], [Garat&Price, 00], [Brizuela et al., 09])



A few general remarks

(2]

o

o

Identities for the sources - crucial for the consistency of higher orders of
perturbation expansion

Gauge issues can become a nuisance - we find fully gauge invariant
approach to higher orders of perturbation expansion (cf. [Garat&Price, 00],
[Brizuela et al., 09]) neither necessary nor useful

We use multipole expansion. At nonlinear orders of perturbation
expansion the £ = 0,1 (monopole and dipole) parts need special
treatment

We limit ourselves to axial symmetry (stepping beyond axial symmetry is
a technical, not a conceptual issue). Then we can limit ourselves to polar
perturbations only (including axial perturbations to the scheme is
straightforward)

We illustrate our approach on concrete examples in given coordinate
systems

Including matter - postponed to the future work
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Perturbations in vacuum - general setup
Consider Ry — k& gy = 0 with K =0,+1,—1 and A = k241,
Let guv = &uv + 8guv (in matrix notation g = g + 6g), ten
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F = (E 'z 'oez ! +2 60z ez ‘*---) =3P 1 55%F

T Y PR (S SRS P N )M(v Sgay+Vydgy — ¥ Sguy) = %, + ST
fvoo= Tivto (a7 g e +a o oer w88y +Vvdgay — Vadeuy) =Ty + T3y,
Ruyy = Ruy+VqdTl, —V, 8T, +0T%, 8Tk, — 8T} 8T¢, = Ruy + SRy .

Now in Einstein equations 6R,y — K%Sguv =0expand 6g,y = Zieihg)\,
itself and get the hierarchy of perturbative Einstein equations:

E, = ant,—st—o,

1 R - _ - S
Aphpy = = (=% ahpy — VuVvh—2R 005 h%F + 9, V% + ¥y V%0 ), h=3%Phyg, hP =g gV hy,
2 navp B

SA% _ [ei] {7(1/2)%6 [(—g"égg" 7 505 1807 7,”)“ (ﬁuéglv +Vv8eay —?;ﬁgw)]

- ar - -
+(1/2)% [(—2*‘6@*‘ +5710g8 1 0gg 7 ) (Vudsra+ Vadeiu —V)ﬁgua)} —5F315Fﬁv+51"ﬁaér%v}
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Spherical symmetry & Regge-Wheeler decomposition
transformation of tensor components under rotations

1 _
rotations -transformation of angular variables preserving () = ( 0 Qin(; 0 ) s (€qp) =sin® ( (1) 01 ))

I I '

Stm = Yiu(0,9), parity (—l)[ (polar(or scalar or even) perturbation)
1 ¢
(Vlm) = (S[m);a , parity (—1)[ (polar(or scalar or even) perturbation)
a
2 _ P : 28 - i
Vim = €Y (Stm),, parity (—1)""" (axial(or vector or odd) perturbation)
a
1
T[m) = (ng);a;b , parity (—1 )[ (polar(or scalar or even) perturbation)
ab
2
T[,,,) . = YabSem» Parity (—l)[ (polar(or scalar or even) perturbation)
al

3 .
(sz) = e(a(y‘d (Som) ;) - parity (~1)"*! (axial(or vector or odd) perturbation)
ab



Polar perturbations at axial symmetry (on concrete example)

Schwarzschild in static coordinates: ds” —

ORI
I
= %W B
h02 h12 h22
0 0 0 h

(i)

the sources S, and

perturbation Einstein equations Em
are decomposed accordingly
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, 1
—A(r)d + md'l 2403, A=1-xr? /1> —2M[r, rPA" -24+2=0
;

n) = ):hmotr)m(cose) = (10 +2055 —aa'gY)

i A
W) =Y n) () Py(cos), ) (1) = (’111“%1*?5 )>
‘

0 _y 40 PRSP A
nl =L (nPeeose),  hly () = (10, +arg) + ol - 7 %0
7

h02 Zh[ 02(t,7)dgPy(cos B), ’15())2 t,r) (Q' +9,§[2)

12 7Zh1 12(6,7)9g Py(cos6), h/lz(l r ( +3r @ )
. i (i) i , i
R iH ) Zh(” (t.1)Py(cos8),  h, (1.r) = (r?f}iﬂmg[’l) —/,(k+1)§[(2)),

hé’_%

29) =Y (1,r) (~0(4+1)Py(cos 8) —2cot0 I Py(cos0)) , A (1,r) = ¢
= ) ; ,

.ﬁ(l())()(f-f),_ﬁ('l)l (t,r), f<') ), f“) (,r) are Regge-Wheeler (gauge invariant) variables
C[(/g (t,r), {}JI) (t,r), é‘[ 5 (1,r) define the j-th order polar gauge vector C(/) =Yy (C%Pé (cos ), C[(/I)P[ (cos8), &5 )89 Py(cos ), O)
and the corresponding gauge transformation xt —s xH 4 &/ { ()1

1<i

Y e h< ﬁZeh sf/(,)gﬂVJrﬁ(sf“)

1<i

CAUTION: Regge-Wheeler gauge C[('& = 0 is not asymptotically AdS (nor asymptotically flat in corresponding flat case)!



General approach to gravitational perturbations (2)
EQ = an,—s,=0
@ The Lorentzian Lichnerowicz operator ALhﬂ)v contains only RW gauge
invariant variablesf}'o)o,fﬁl ,f;/(gl f((’i and their derivatives
@ The sources Sﬂz, depend on gauge choices made at lower orders,
ie. Y j<i

Nevertheless Eﬂ)v are still a mess!

However at each order there should exist only one scalar gravitational

degree of freedom - a master scalar variable (for polar/axial perturbations,

and for a given multipole /), satisfying some (in)homogeneous linear wave

equation, to rule all EL’{,

There are only two polarization in gravitational wave after all!
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Problems to be fixed

@ to identify/find the correct definition of master scalar variables at higher
orders

@ to find the source terms for the (inhomogeneous) wave equations for
these scalar variables from the sources Sﬂ)v

@ to switch between the metric perturbations and scalar variables easily

@ to deal with the special cases / = 0 and ¢ = 1 (these are pure gauges at
linear order)

@ to set the metric perturbations to asymptotically desired form with a
suitable gauge transformation
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General approach to gravitational perturbations (3)

@ At each order there is only one scalar gravitational degree of freedom
(for polar/axial perturbations, and for a given multipole /) satisfying
(in)homogeneous linear wave equation with a potential (to be determined)

(I)m (t,1)

qu)gl,(t./ l’) ( D—l—V;) f S‘g)f (1)

Q@ RwW variablesf;’i,f[,,("])1 ,fi,(i))l 7f(/(i))o are given as linear combinations of dDg)é
and its derivatives (+ source functions at nonlinear orders):

71 =By, +codl), +Do,dY), +Ed, @\ +Fo, oY, + ol (1,r), )

ﬁ‘lu:"'+[3ﬁ:l (t,r), fz;i)lz"""?’él)(fv’")
© Satisfying (perturbative) Einstein equations fixes the potential V; and the
coefficient functions in the equations above uniquely (!)
© The relations (2) can be inverted for CIDg)g. There is a unique (!) way
compatible with the ADM initial problem formulation. This also gives the
source Sg)g in (1) uniquely (!)
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Trivial technicalities

In fact |
(@) (i) (i)
Ej_ = Z(A fzoo Afml)_séf
and
1 i 1 _ i n o 2A+rA
0= L (ABS), ~ A~ BL) A - g, - A g,
(L=1)(+2)
+l’72 g),

sets an identity for the sources
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|dentities for the sources Siﬁ, - crucial for the consistency of
higher orders of perturbation expansion

Taking the background divergence of perturbation Einstein equations
v“Eﬁz/ =0

gives identities for the sources Sﬂ)v (N

1 i 24 +rA +1
2( a,sfgo+Aa,s§‘}1> + () —A0,s{, - TS +( ) )

01 SIOZ =0,

24+rA §0 Z(ZH) (i) _

(i) ) L5 (i)
( 9S00 +49S '|1>*7‘75[+**3/Sélo| ST T S =0

s
¢

1 24+rA' - 1)(e+2
) arSEP)ZJrAarSer - s, 3§ )

D= =

( Stioo —ASY), s =0
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Perturbations of spherically symmetric spaces,
A=1+xr*/[>—2M/r (an easy way to the Zerilli equation)

master wave equation:

()
0= Ppy

. . /
(1,0l 8,,<I> — A, A0l ¢ <A N w) &) — 30
r

potential (the celebrated Zerilli potential in the Schwarzschild case):

/ I A\ n2 2 2
Wfl)—iﬂzfx ) ALA =2 = () 40 (E;—l)
r ~— 2> PPQRA—rA —((L+1))

—6M /r

Vi =

and RW variables in terms of the master scalar variable (and source functions
at nonlinear orders):

L(0+1) 2A—rA' =2 (i) (i)
A9, ®! A ‘
1 = A3, @p + < 2 2A—rA —((l+]1) )a, ret 0 (1)
f(;(?]:"""ﬁ[ (t,r)

0 =)
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Perturbations of spherically symmetric spaces,
A=1 +Kr2/[2—2M/r
. . /

The master variable in terms of RW potentials - the unique form compatible
with the ADM initial problem formulation:

o) — f Af(:'(il)l — "arﬁf(iy)
e £(£+1) e €(€+1)—2A+rA’

its source at higher orders can be read off accordingly

0 4 (A ,,( M A=) g (g, 2
Sp= (= 1)[(/+1)(é+2)( <A Sen eoo r St ZAar( S"*/r)
20041 =1L+ +2) (1
_ (rZ ) )SHZJF( )(r3 )( )(5{‘7

2A—rA' =2 (A 1 A(L—1)((+2) ; 1
A T (A alg, 2 (), o ABT W™ A (@)
2A— AT —(((+1) (r (A Sy 5“’0) r@A—A — (4 1y) \A St g e

3A (24— A —2) —(0+1) (2A—rA' — ({0 + 1)) —2((— 1)(E+ DA ; ; N 200+
-2 B (2A—rAl —((t+1)) US"’ZA‘)’(USH/’ )’TA()S“Z
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To fix the source functions océm, [35,(1') and yé@ we write them down as linear

combinations of the sources S%v and their first derivatives. Fixing

3 x 7 x 3 = 63 function coefficients of these linear combinations is a technical
task. It turns out that 54 functions (out of 63) are fixed in terms of 9 free
functions. Moreover, in the resulting expressions, coefficients of these 9 free
functions are identically zero due to the identities for the sources, thus the final
expressions are uniquely defined:

24 (7 (a71sf - asily ) +251"))
(D (Ul +1) 24+ A)

o o —_ / o
ﬁ@ B 1 (r&ra(’) 0(0+1)=2A+7rA a(,))

(i) _

(4 24 (4

2r (2 (A19,800 + 40S{), ) 42958, — r(0(e+ 1)~ 24+ rA) S}, )

(1) (E(f+1)—2A+ rA))
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Back to AdS - gauge issues

8uv =8&uv+ 5g#v is asymptotically AdS iff the Killing equation is satisfied in
asymptotic sense:

ZLeguv =0 (3guv)
This puts the following falloff conditions [Bantilan, Pretorius & Gubser, 2012]:
Oguv ~ O (1/r™v), with 3, =5, ¥ =4 and Y,y = 1 (in 3+ 1 dimensions).

For 19,@\") — A9, ®), — A’ 9,0, + 1 oY), — 0 we have

(ID(‘)NOCg—i-lsz ( );

for polar perturbations the necessary condition reads 3; = 0 [Dias, Horowitz &

Santos, 2011]. Still RW gauge is not asymptotically AdS and suitable gauge
transformation is needed

=1 ([ZA’I ouly — 402l ~ 20,0, )
80 = —rag) + 210 (Pondy) + )

=240,

r
3
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¢ =0 special case
the only nontrivial equations are

0=E), = E§yy = E) o= (ABS} £ A7 Ef), ). e

. . . . 2\ .
0] Lo [ 7y ) —15 g -1 r (i)
Eyy_o= 3 9rEyy + 50rEq o= AT diEqpy +A <1+2[2>E0]_0 0,

a <1;0')+ + 71;((,’)”0) 2 (1 +2g> ES) —rPadED) =0
andfom foz, become gauge degrees of freedom. ThUS we are |eft W|th tWO equa“ons
) ()
0= E00 | = EO 1+o for two unknown funchonsf0 00 andfO i wheref001 and

fo y can be freely specified and we put them to zero. This system can be easily
integrated to yield

= s s
fooo—Afon A/ 11+A 2583)0) dr,

with the residual degree of freedom fes0 = r(es)O( ) that is not set by the
(i)

equa“ons O — E(() 2) 1 - EO 140" It is however uniquely determined as the solution of the first order ordinary differential

equation set by (the time independent part of) the equation E(()ilr =0.
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Application: aAdS, regular, time-periodic solutions of vacuum Einstein equations (geons)

O®p:=A" 0Dy —Adpy @y — A 0Py + % @, ¢ = 0 and boundary conditions: regularity at r = 0 and ®py ~ 1+ & (l/rz) give

) . (+1 , )
D (1,r) = YAy jegj(r) cos (@gt/L +Byj) with g =1+ +2j and ey j(r) = Lr T 2F1 (—j,]+l+];%;m)
(14:2/2) 2
Normal mode # # Removable Secular
{t,m,p,®} modes modes resonance resonances
at o (g) 0’(52) ﬁ(&‘}) (—Lw(z)) {t,m,p, 0}
©.J.C. Dias and J.E. Santos, AdS nonlinear instability: 2,00, 33 65 8s {2,0,0, 3} None
moving beyond spherical symmetry, Class. Quantum Oy Oy ( Ml> (Geon ?)
Grav. 33 23LT01 (2016) [arXiv:1602.03890] < 8960
{2,0,1,7}s 65 8s {2,0,1,7}s {4,0,0, 7 }s
0 0 ( 34397 )
v v 5376
3
{4,0,0, 7} 105 s [ {4.00.7)s [ {2017}
0 0 52311625
v v 21446656

This is a purely technical obstruction due to the degeneracy of the spectrum! There is a geon bifurcating from each linear eigenfrequency. Take
®o(1,r,0) =@y (1.1,0) + 2 O (1.r,0) +-&3 0 (1,1, 0) + 0 (e*)
with a linear combination of two eigenmodes with @ = 5 as the seed:
W) (1,7,0) = (a1 (r)P2(cos0) + (1 — ) eq ()P4 (cos 8)) cos ((5+52w2);/[) .
the resonances can be removed iff

—651980329n° + 673396185 % — 358711575 1) + 22494375 = 492011527 ,

16847182891 113 —38330631185 n2 + 318259946251 — 10200766875 = 4182097920(1 —n) @, .
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Secular terms

third order: Dg(bf) = Sf); projection on the basis {e;} gives an infinite set of
decoupled forced harmonic oscillations for the generalized Fourier coefficients

crj(t) = (er, Po):

Cojt+ ofjer) = Féi) = (er;,AS)).
Then, in general, secular terms arise:
8(t) + @i g(1) = acos(wt),
a(cos(wt) —cos (apt))

0 P , W # O,
g(f)zéjc(().(?)sin(a)ot)+g(0)cos(a)ot)+ 0y — o

“sin (@) ®
———1Isin — )
2m ' o
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Closing remarks in the AdS context

@ The first step outside spherical symmetry for AdS (in)stability problem has
been done, and perturbation scheme for vacuum AdS has been
constructed (stepping outside axial symmetry is more technical then
conceptual issue).

@ Each linearized eigenfrequency of AdS gives rise to aAdS, regular,
time-periodic solutions of Einstein equations (geon), that are expected to
be stable.

@ One possible way to provide the evidence for the (dynamical) instability of
AdS itself is to construct and analyze resonant approximation, the bases
for this has been laid.
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Final conclusions

@ In fact the concepts gained from the study of nonlinear gravitational
perturbations of AdS turned out to be robust and can be used in a broad
context of gravitational perturbation problems (nonlinear gravitational
waves, nonlinear quasinormal modes couplinings for Schwarzschild BH,
and aftter including matter to the scheme also self-force, cosmological
perturbations, etc.).

@ The hard part of perturbative Einstein equations (PDEs) can be
reduced to only one scalar wave equation (for each polarization
mode) and some linear algebra (!)

@ | am very grateful to CERN TH department for providing six quiet months
(as scientific associate) to study gravitational perturbations of AdS.

23/23



