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Overview
3d Abelian Gauge Theories (in their putative IR conformal phase)
as conformal boundary conditions for 4d Maxwell

1. Family of conformal boundary conditions B(τ, τ̄) parametrized
by the gauge coupling τ .

2. Decoupling limit: free Maxwell in the bulk + 3d CFT with
U(1) global symmetry at the boundary

3. EM duality  different decoupling: new CFT with 3d gauge
fields coupled to U(1)



Motivations

1. “Simple” example of BCFT. Tools from the CFT side
(bootstrap) and tools from the gauge-theory side (action of
the EM duality on the boundary theories).

2. CM application: similarity with EFT of graphene [Son],
relations with FQHE [Son]

3. In conjunction with 3d dualities: additional computational
tool for 3d CFTs, alternative to ε expansion or large Nf

I Energy operator and FS3 of the O(2) model

I New prediction for FS3 of large Nf QED3



Free conformal b.c. for Maxwell on R3 × R+

Coordinates: x = (xa, y ≥ 0), F = dA

S = − i

8π

∫
y≥0

d4x
[
τ(F−)2 − τ̄(F+)2

]
, τ =

θ

2π
+

2πi

g2
,

b.c. obtained from vanishing of the boundary term

δS∂ ∝
∫
y=0

d3x δAa(τF−ya − τ̄F+
ya)
∣∣
y=0

.

In terms of the boundary currents

2πi Ĵa ≡ (τF−ya − τ̄F+
ya)
∣∣
y=0

, 2πi Îa ≡ (F−ya − F+
ya)
∣∣
y=0

.

Conformal boundary conditions

Dirichlet Ĵa = free Îa = 0 ,

Neumann Ĵa = 0 Îa = free ,

The BCFT is just a trivial MFT for the non-zero boundary current.



EM duality action on free b.c

SL(2,Z) duality group τ → aτ+b
cτ+d , a, b, c , d ∈ Z s.t. ad − bc = 1

induces action on b.c, since(
Ĵ

Î

)
→
(
a b
c d

)(
Ĵ

Î

)
most general free conformal b.c: “(p, q)”

pĴa + qÎa = 0 , p, q ∈ Z

The BCFT is just a trivial MFT for the non-zero boundary current.

Requires additional topological dof on the boundary
[Witten][Gaiotto-Witten][Tikhonov-Kapustin]



Interacting b.c. for Maxwell on R3 × R+

Start with a 3d CFT with a U(1) global symmetry at the boundary
and 4d Maxwell with Neumann b.c.

Around τ =∞ couple them by “weakly” gauge U(1) with the
boundary value Aa of the 4d gauge field∫

y=0
d3x ĴaCFTAa + seagulls .

Due to edge modes: “ Modified Neumann b.c”

Ĵa = ĴaCFT

Defines interacting set of correlators at the boundary: 2pt
functions of Ĵa, Î a are non-trivial functions of τ, τ̄ .

At τ =∞ Îa decouples and we recover the original 3d CFT +
MFT of Îa



A family of BCFTs
Conformal b.c.: make sure this coupling preserves the boundary
conformal symmetry:

I Gauge coupling τ is the coefficient of a bulk operator.
Boundary interactions cannot renormalise it (Locality)

As interactions localized on the boundary, τ is exactly
marginal. Two loop check [Teber] and more general argument
based on Ward identities [Herzog-Huang][Dudal-Mizher-Pais]

I Assume we can set the boundary couplings to their critical
values(∗)

=⇒ Continuous family of BCFTs B(τ, τ̄)

(∗) Possible obstructions as we move in τ plane: emergence of a
condensate, boundary operator crossing marginality,...

“Integrate” out the bulk: B(τ, τ̄) is a conformal manifold of 3d
CFTs, generically without a stress tensor



Decoupling Limits
Approach a “local” 3d CFT when bulk decouples

I The “ original” decoupling:

τ →∞, B(τ, τ̄)→ Îa MFT + 3d CFT︸ ︷︷ ︸
T0,1

I Cusp on the real axis: τ → −q
p , q, p ∈ Z (this is τ ′ →∞)

B(τ, τ̄)→ (pĴa + qÎa) MFT + 3d CFT’︸ ︷︷ ︸
Tp,q

In general Tp,q can be obtained from T0,1 by SL(2,Z) action on 3d
CFTs with a U(1) symmetry [Witten]

S :τ → −1

τ
3d gauging U(1) & U(1)′ = U(1)top

T :τ → τ + 1 CS contact term for the global U(1)

 Tp,q is a 3d Abelian gauge theory with a U(1) global symmetry



Application

B(τ, τ̄) interpolates between data of ∞-ly many 3d gauge theories
Tp,q with a U(1) global symmetry.
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⌧

If T0,1 is known  conformal perturbation theory around τ =∞
and extrapolate to τ = −q

p to compute data of Tp,q.



The Best Case scenario

U(1) + φ←→ φ

U(1)±1 + φ←→ ψ
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<latexit sha1_base64="GYBa/rIiPpSlczLt9K61ycQtkaw=">AAAB/XicbZDJSgNBEIZ74hbjNi43L41B8BRmRDDHgB48RjALJEPo6dQkTXoWumvEOARfxYsHRbz6Ht58GzvJHDTxh4aPv6qo6t9PpNDoON9WYWV1bX2juFna2t7Z3bP3D5o6ThWHBo9lrNo+0yBFBA0UKKGdKGChL6Hlj66m9dY9KC3i6A7HCXghG0QiEJyhsXr2URfhAbNroRinAajQuJOeXXYqzkx0GdwcyiRXvWd/dfsxT0OIkEumdcd1EvQyplBwCZNSN9WQMD5iA+gYjFgI2stm10/oqXH6NIiVeRHSmft7ImOh1uPQN50hw6FerE3N/2qdFIOql4koSREiPl8UpJJiTKdR0L5QwFGODTCuhLmV8iEzQaAJrGRCcBe/vAzN84pr+PaiXKvmcRTJMTkhZ8Qll6RGbkidNAgnj+SZvJI368l6sd6tj3lrwcpnDskfWZ8/4tuVdQ==</latexit><latexit sha1_base64="GYBa/rIiPpSlczLt9K61ycQtkaw=">AAAB/XicbZDJSgNBEIZ74hbjNi43L41B8BRmRDDHgB48RjALJEPo6dQkTXoWumvEOARfxYsHRbz6Ht58GzvJHDTxh4aPv6qo6t9PpNDoON9WYWV1bX2juFna2t7Z3bP3D5o6ThWHBo9lrNo+0yBFBA0UKKGdKGChL6Hlj66m9dY9KC3i6A7HCXghG0QiEJyhsXr2URfhAbNroRinAajQuJOeXXYqzkx0GdwcyiRXvWd/dfsxT0OIkEumdcd1EvQyplBwCZNSN9WQMD5iA+gYjFgI2stm10/oqXH6NIiVeRHSmft7ImOh1uPQN50hw6FerE3N/2qdFIOql4koSREiPl8UpJJiTKdR0L5QwFGODTCuhLmV8iEzQaAJrGRCcBe/vAzN84pr+PaiXKvmcRTJMTkhZ8Qll6RGbkidNAgnj+SZvJI368l6sd6tj3lrwcpnDskfWZ8/4tuVdQ==</latexit><latexit sha1_base64="GYBa/rIiPpSlczLt9K61ycQtkaw=">AAAB/XicbZDJSgNBEIZ74hbjNi43L41B8BRmRDDHgB48RjALJEPo6dQkTXoWumvEOARfxYsHRbz6Ht58GzvJHDTxh4aPv6qo6t9PpNDoON9WYWV1bX2juFna2t7Z3bP3D5o6ThWHBo9lrNo+0yBFBA0UKKGdKGChL6Hlj66m9dY9KC3i6A7HCXghG0QiEJyhsXr2URfhAbNroRinAajQuJOeXXYqzkx0GdwcyiRXvWd/dfsxT0OIkEumdcd1EvQyplBwCZNSN9WQMD5iA+gYjFgI2stm10/oqXH6NIiVeRHSmft7ImOh1uPQN50hw6FerE3N/2qdFIOql4koSREiPl8UpJJiTKdR0L5QwFGODTCuhLmV8iEzQaAJrGRCcBe/vAzN84pr+PaiXKvmcRTJMTkhZ8Qll6RGbkidNAgnj+SZvJI368l6sd6tj3lrwcpnDskfWZ8/4tuVdQ==</latexit><latexit sha1_base64="GYBa/rIiPpSlczLt9K61ycQtkaw=">AAAB/XicbZDJSgNBEIZ74hbjNi43L41B8BRmRDDHgB48RjALJEPo6dQkTXoWumvEOARfxYsHRbz6Ht58GzvJHDTxh4aPv6qo6t9PpNDoON9WYWV1bX2juFna2t7Z3bP3D5o6ThWHBo9lrNo+0yBFBA0UKKGdKGChL6Hlj66m9dY9KC3i6A7HCXghG0QiEJyhsXr2URfhAbNroRinAajQuJOeXXYqzkx0GdwcyiRXvWd/dfsxT0OIkEumdcd1EvQyplBwCZNSN9WQMD5iA+gYjFgI2stm10/oqXH6NIiVeRHSmft7ImOh1uPQN50hw6FerE3N/2qdFIOql4koSREiPl8UpJJiTKdR0L5QwFGODTCuhLmV8iEzQaAJrGRCcBe/vAzN84pr+PaiXKvmcRTJMTkhZ8Qll6RGbkidNAgnj+SZvJI368l6sd6tj3lrwcpnDskfWZ8/4tuVdQ==</latexit>

O(2) model
<latexit sha1_base64="ZSrnbo8tVtQ7WFaLn5igInEyyVg=">AAAB+nicdVDLSgNBEJyNrxhfiR69DAYhXsLuGpJ4C3jxZgSjgSSE2UknGTL7YKZXDWs+xYsHRbz6Jd78G2c1gooWNBRV3XR3eZEUGm37zcosLC4tr2RXc2vrG5tb+cL2hQ5jxaHFQxmqtsc0SBFACwVKaEcKmO9JuPQmx6l/eQVKizA4x2kEPZ+NAjEUnKGR+vlCF+EGk9OSe0D9cABy1s8X7fJRvepWqtQu23bNcZ2UuLXKYYU6RklRJHM0+/nX7iDksQ8Bcsm07jh2hL2EKRRcwizXjTVEjE/YCDqGBswH3Us+Tp/RfaMM6DBUpgKkH+r3iYT5Wk99z3T6DMf6t5eKf3mdGIf1XiKCKEYI+OeiYSwphjTNgQ6EAo5yagjjSphbKR8zxTiatHImhK9P6f/kwi07hp9Vio36PI4s2SV7pEQcUiMNckKapEU4uSZ35IE8WrfWvfVkPX+2Zqz5zA75AevlHci+k6k=</latexit><latexit sha1_base64="ZSrnbo8tVtQ7WFaLn5igInEyyVg=">AAAB+nicdVDLSgNBEJyNrxhfiR69DAYhXsLuGpJ4C3jxZgSjgSSE2UknGTL7YKZXDWs+xYsHRbz6Jd78G2c1gooWNBRV3XR3eZEUGm37zcosLC4tr2RXc2vrG5tb+cL2hQ5jxaHFQxmqtsc0SBFACwVKaEcKmO9JuPQmx6l/eQVKizA4x2kEPZ+NAjEUnKGR+vlCF+EGk9OSe0D9cABy1s8X7fJRvepWqtQu23bNcZ2UuLXKYYU6RklRJHM0+/nX7iDksQ8Bcsm07jh2hL2EKRRcwizXjTVEjE/YCDqGBswH3Us+Tp/RfaMM6DBUpgKkH+r3iYT5Wk99z3T6DMf6t5eKf3mdGIf1XiKCKEYI+OeiYSwphjTNgQ6EAo5yagjjSphbKR8zxTiatHImhK9P6f/kwi07hp9Vio36PI4s2SV7pEQcUiMNckKapEU4uSZ35IE8WrfWvfVkPX+2Zqz5zA75AevlHci+k6k=</latexit><latexit sha1_base64="ZSrnbo8tVtQ7WFaLn5igInEyyVg=">AAAB+nicdVDLSgNBEJyNrxhfiR69DAYhXsLuGpJ4C3jxZgSjgSSE2UknGTL7YKZXDWs+xYsHRbz6Jd78G2c1gooWNBRV3XR3eZEUGm37zcosLC4tr2RXc2vrG5tb+cL2hQ5jxaHFQxmqtsc0SBFACwVKaEcKmO9JuPQmx6l/eQVKizA4x2kEPZ+NAjEUnKGR+vlCF+EGk9OSe0D9cABy1s8X7fJRvepWqtQu23bNcZ2UuLXKYYU6RklRJHM0+/nX7iDksQ8Bcsm07jh2hL2EKRRcwizXjTVEjE/YCDqGBswH3Us+Tp/RfaMM6DBUpgKkH+r3iYT5Wk99z3T6DMf6t5eKf3mdGIf1XiKCKEYI+OeiYSwphjTNgQ6EAo5yagjjSphbKR8zxTiatHImhK9P6f/kwi07hp9Vio36PI4s2SV7pEQcUiMNckKapEU4uSZ35IE8WrfWvfVkPX+2Zqz5zA75AevlHci+k6k=</latexit><latexit sha1_base64="ZSrnbo8tVtQ7WFaLn5igInEyyVg=">AAAB+nicdVDLSgNBEJyNrxhfiR69DAYhXsLuGpJ4C3jxZgSjgSSE2UknGTL7YKZXDWs+xYsHRbz6Jd78G2c1gooWNBRV3XR3eZEUGm37zcosLC4tr2RXc2vrG5tb+cL2hQ5jxaHFQxmqtsc0SBFACwVKaEcKmO9JuPQmx6l/eQVKizA4x2kEPZ+NAjEUnKGR+vlCF+EGk9OSe0D9cABy1s8X7fJRvepWqtQu23bNcZ2UuLXKYYU6RklRJHM0+/nX7iDksQ8Bcsm07jh2hL2EKRRcwizXjTVEjE/YCDqGBswH3Us+Tp/RfaMM6DBUpgKkH+r3iYT5Wk99z3T6DMf6t5eKf3mdGIf1XiKCKEYI+OeiYSwphjTNgQ6EAo5yagjjSphbKR8zxTiatHImhK9P6f/kwi07hp9Vio36PI4s2SV7pEQcUiMNckKapEU4uSZ35IE8WrfWvfVkPX+2Zqz5zA75AevlHci+k6k=</latexit>

O(2) model
<latexit sha1_base64="ZSrnbo8tVtQ7WFaLn5igInEyyVg=">AAAB+nicdVDLSgNBEJyNrxhfiR69DAYhXsLuGpJ4C3jxZgSjgSSE2UknGTL7YKZXDWs+xYsHRbz6Jd78G2c1gooWNBRV3XR3eZEUGm37zcosLC4tr2RXc2vrG5tb+cL2hQ5jxaHFQxmqtsc0SBFACwVKaEcKmO9JuPQmx6l/eQVKizA4x2kEPZ+NAjEUnKGR+vlCF+EGk9OSe0D9cABy1s8X7fJRvepWqtQu23bNcZ2UuLXKYYU6RklRJHM0+/nX7iDksQ8Bcsm07jh2hL2EKRRcwizXjTVEjE/YCDqGBswH3Us+Tp/RfaMM6DBUpgKkH+r3iYT5Wk99z3T6DMf6t5eKf3mdGIf1XiKCKEYI+OeiYSwphjTNgQ6EAo5yagjjSphbKR8zxTiatHImhK9P6f/kwi07hp9Vio36PI4s2SV7pEQcUiMNckKapEU4uSZ35IE8WrfWvfVkPX+2Zqz5zA75AevlHci+k6k=</latexit><latexit sha1_base64="ZSrnbo8tVtQ7WFaLn5igInEyyVg=">AAAB+nicdVDLSgNBEJyNrxhfiR69DAYhXsLuGpJ4C3jxZgSjgSSE2UknGTL7YKZXDWs+xYsHRbz6Jd78G2c1gooWNBRV3XR3eZEUGm37zcosLC4tr2RXc2vrG5tb+cL2hQ5jxaHFQxmqtsc0SBFACwVKaEcKmO9JuPQmx6l/eQVKizA4x2kEPZ+NAjEUnKGR+vlCF+EGk9OSe0D9cABy1s8X7fJRvepWqtQu23bNcZ2UuLXKYYU6RklRJHM0+/nX7iDksQ8Bcsm07jh2hL2EKRRcwizXjTVEjE/YCDqGBswH3Us+Tp/RfaMM6DBUpgKkH+r3iYT5Wk99z3T6DMf6t5eKf3mdGIf1XiKCKEYI+OeiYSwphjTNgQ6EAo5yagjjSphbKR8zxTiatHImhK9P6f/kwi07hp9Vio36PI4s2SV7pEQcUiMNckKapEU4uSZ35IE8WrfWvfVkPX+2Zqz5zA75AevlHci+k6k=</latexit><latexit sha1_base64="ZSrnbo8tVtQ7WFaLn5igInEyyVg=">AAAB+nicdVDLSgNBEJyNrxhfiR69DAYhXsLuGpJ4C3jxZgSjgSSE2UknGTL7YKZXDWs+xYsHRbz6Jd78G2c1gooWNBRV3XR3eZEUGm37zcosLC4tr2RXc2vrG5tb+cL2hQ5jxaHFQxmqtsc0SBFACwVKaEcKmO9JuPQmx6l/eQVKizA4x2kEPZ+NAjEUnKGR+vlCF+EGk9OSe0D9cABy1s8X7fJRvepWqtQu23bNcZ2UuLXKYYU6RklRJHM0+/nX7iDksQ8Bcsm07jh2hL2EKRRcwizXjTVEjE/YCDqGBswH3Us+Tp/RfaMM6DBUpgKkH+r3iYT5Wk99z3T6DMf6t5eKf3mdGIf1XiKCKEYI+OeiYSwphjTNgQ6EAo5yagjjSphbKR8zxTiatHImhK9P6f/kwi07hp9Vio36PI4s2SV7pEQcUiMNckKapEU4uSZ35IE8WrfWvfVkPX+2Zqz5zA75AevlHci+k6k=</latexit><latexit sha1_base64="ZSrnbo8tVtQ7WFaLn5igInEyyVg=">AAAB+nicdVDLSgNBEJyNrxhfiR69DAYhXsLuGpJ4C3jxZgSjgSSE2UknGTL7YKZXDWs+xYsHRbz6Jd78G2c1gooWNBRV3XR3eZEUGm37zcosLC4tr2RXc2vrG5tb+cL2hQ5jxaHFQxmqtsc0SBFACwVKaEcKmO9JuPQmx6l/eQVKizA4x2kEPZ+NAjEUnKGR+vlCF+EGk9OSe0D9cABy1s8X7fJRvepWqtQu23bNcZ2UuLXKYYU6RklRJHM0+/nX7iDksQ8Bcsm07jh2hL2EKRRcwizXjTVEjE/YCDqGBswH3Us+Tp/RfaMM6DBUpgKkH+r3iYT5Wk99z3T6DMf6t5eKf3mdGIf1XiKCKEYI+OeiYSwphjTNgQ6EAo5yagjjSphbKR8zxTiatHImhK9P6f/kwi07hp9Vio36PI4s2SV7pEQcUiMNckKapEU4uSZ35IE8WrfWvfVkPX+2Zqz5zA75AevlHci+k6k=</latexit>

⌧
<latexit sha1_base64="QUaaGjfexMlAsgfZ6D9oBSWFw6U=">AAAB8HicdZDLSgMxFIYz9VbrrerSTbAIrkpSxE53BV24kgr2Iu1QMmnahiaZIckIZehTuHGhiFsfx51vY6atoKI/BD7+/xxyzgljwY1F6MPLrayurW/kNwtb2zu7e8X9g5aJEk1Zk0Yi0p2QGCa4Yk3LrWCdWDMiQ8Ha4eQiy9v3TBseqVs7jVkgyUjxIafEOuuuZ0nSTy+vZ/1iCZURQhhjmAGuniMHtZpfwT7EWeRUAks1+sX33iCiiWTKUkGM6WIU2yAl2nIq2KzQSwyLCZ2QEes6VEQyE6TzgWfwxDkDOIy0e8rCufu9IyXSmKkMXaUkdmx+Z5n5V9ZN7NAPUq7ixDJFFx8NEwFtBLPt4YBrRq2YOiBUczcrpGOiCbXuRgV3hK9N4f/QqpSx45uzUt1fniMPjsAxOAUYVEEdXIEGaAIKJHgAT+DZ096j9+K9Lkpz3rLnEPyQ9/YJFSqQjw==</latexit><latexit sha1_base64="QUaaGjfexMlAsgfZ6D9oBSWFw6U=">AAAB8HicdZDLSgMxFIYz9VbrrerSTbAIrkpSxE53BV24kgr2Iu1QMmnahiaZIckIZehTuHGhiFsfx51vY6atoKI/BD7+/xxyzgljwY1F6MPLrayurW/kNwtb2zu7e8X9g5aJEk1Zk0Yi0p2QGCa4Yk3LrWCdWDMiQ8Ha4eQiy9v3TBseqVs7jVkgyUjxIafEOuuuZ0nSTy+vZ/1iCZURQhhjmAGuniMHtZpfwT7EWeRUAks1+sX33iCiiWTKUkGM6WIU2yAl2nIq2KzQSwyLCZ2QEes6VEQyE6TzgWfwxDkDOIy0e8rCufu9IyXSmKkMXaUkdmx+Z5n5V9ZN7NAPUq7ixDJFFx8NEwFtBLPt4YBrRq2YOiBUczcrpGOiCbXuRgV3hK9N4f/QqpSx45uzUt1fniMPjsAxOAUYVEEdXIEGaAIKJHgAT+DZ096j9+K9Lkpz3rLnEPyQ9/YJFSqQjw==</latexit><latexit sha1_base64="QUaaGjfexMlAsgfZ6D9oBSWFw6U=">AAAB8HicdZDLSgMxFIYz9VbrrerSTbAIrkpSxE53BV24kgr2Iu1QMmnahiaZIckIZehTuHGhiFsfx51vY6atoKI/BD7+/xxyzgljwY1F6MPLrayurW/kNwtb2zu7e8X9g5aJEk1Zk0Yi0p2QGCa4Yk3LrWCdWDMiQ8Ha4eQiy9v3TBseqVs7jVkgyUjxIafEOuuuZ0nSTy+vZ/1iCZURQhhjmAGuniMHtZpfwT7EWeRUAks1+sX33iCiiWTKUkGM6WIU2yAl2nIq2KzQSwyLCZ2QEes6VEQyE6TzgWfwxDkDOIy0e8rCufu9IyXSmKkMXaUkdmx+Z5n5V9ZN7NAPUq7ixDJFFx8NEwFtBLPt4YBrRq2YOiBUczcrpGOiCbXuRgV3hK9N4f/QqpSx45uzUt1fniMPjsAxOAUYVEEdXIEGaAIKJHgAT+DZ096j9+K9Lkpz3rLnEPyQ9/YJFSqQjw==</latexit><latexit sha1_base64="QUaaGjfexMlAsgfZ6D9oBSWFw6U=">AAAB8HicdZDLSgMxFIYz9VbrrerSTbAIrkpSxE53BV24kgr2Iu1QMmnahiaZIckIZehTuHGhiFsfx51vY6atoKI/BD7+/xxyzgljwY1F6MPLrayurW/kNwtb2zu7e8X9g5aJEk1Zk0Yi0p2QGCa4Yk3LrWCdWDMiQ8Ha4eQiy9v3TBseqVs7jVkgyUjxIafEOuuuZ0nSTy+vZ/1iCZURQhhjmAGuniMHtZpfwT7EWeRUAks1+sX33iCiiWTKUkGM6WIU2yAl2nIq2KzQSwyLCZ2QEes6VEQyE6TzgWfwxDkDOIy0e8rCufu9IyXSmKkMXaUkdmx+Z5n5V9ZN7NAPUq7ixDJFFx8NEwFtBLPt4YBrRq2YOiBUczcrpGOiCbXuRgV3hK9N4f/QqpSx45uzUt1fniMPjsAxOAUYVEEdXIEGaAIKJHgAT+DZ096j9+K9Lkpz3rLnEPyQ9/YJFSqQjw==</latexit>

Dirac fermion
<latexit sha1_base64="GYBa/rIiPpSlczLt9K61ycQtkaw=">AAAB/XicbZDJSgNBEIZ74hbjNi43L41B8BRmRDDHgB48RjALJEPo6dQkTXoWumvEOARfxYsHRbz6Ht58GzvJHDTxh4aPv6qo6t9PpNDoON9WYWV1bX2juFna2t7Z3bP3D5o6ThWHBo9lrNo+0yBFBA0UKKGdKGChL6Hlj66m9dY9KC3i6A7HCXghG0QiEJyhsXr2URfhAbNroRinAajQuJOeXXYqzkx0GdwcyiRXvWd/dfsxT0OIkEumdcd1EvQyplBwCZNSN9WQMD5iA+gYjFgI2stm10/oqXH6NIiVeRHSmft7ImOh1uPQN50hw6FerE3N/2qdFIOql4koSREiPl8UpJJiTKdR0L5QwFGODTCuhLmV8iEzQaAJrGRCcBe/vAzN84pr+PaiXKvmcRTJMTkhZ8Qll6RGbkidNAgnj+SZvJI368l6sd6tj3lrwcpnDskfWZ8/4tuVdQ==</latexit><latexit sha1_base64="GYBa/rIiPpSlczLt9K61ycQtkaw=">AAAB/XicbZDJSgNBEIZ74hbjNi43L41B8BRmRDDHgB48RjALJEPo6dQkTXoWumvEOARfxYsHRbz6Ht58GzvJHDTxh4aPv6qo6t9PpNDoON9WYWV1bX2juFna2t7Z3bP3D5o6ThWHBo9lrNo+0yBFBA0UKKGdKGChL6Hlj66m9dY9KC3i6A7HCXghG0QiEJyhsXr2URfhAbNroRinAajQuJOeXXYqzkx0GdwcyiRXvWd/dfsxT0OIkEumdcd1EvQyplBwCZNSN9WQMD5iA+gYjFgI2stm10/oqXH6NIiVeRHSmft7ImOh1uPQN50hw6FerE3N/2qdFIOql4koSREiPl8UpJJiTKdR0L5QwFGODTCuhLmV8iEzQaAJrGRCcBe/vAzN84pr+PaiXKvmcRTJMTkhZ8Qll6RGbkidNAgnj+SZvJI368l6sd6tj3lrwcpnDskfWZ8/4tuVdQ==</latexit><latexit sha1_base64="GYBa/rIiPpSlczLt9K61ycQtkaw=">AAAB/XicbZDJSgNBEIZ74hbjNi43L41B8BRmRDDHgB48RjALJEPo6dQkTXoWumvEOARfxYsHRbz6Ht58GzvJHDTxh4aPv6qo6t9PpNDoON9WYWV1bX2juFna2t7Z3bP3D5o6ThWHBo9lrNo+0yBFBA0UKKGdKGChL6Hlj66m9dY9KC3i6A7HCXghG0QiEJyhsXr2URfhAbNroRinAajQuJOeXXYqzkx0GdwcyiRXvWd/dfsxT0OIkEumdcd1EvQyplBwCZNSN9WQMD5iA+gYjFgI2stm10/oqXH6NIiVeRHSmft7ImOh1uPQN50hw6FerE3N/2qdFIOql4koSREiPl8UpJJiTKdR0L5QwFGODTCuhLmV8iEzQaAJrGRCcBe/vAzN84pr+PaiXKvmcRTJMTkhZ8Qll6RGbkidNAgnj+SZvJI368l6sd6tj3lrwcpnDskfWZ8/4tuVdQ==</latexit><latexit sha1_base64="GYBa/rIiPpSlczLt9K61ycQtkaw=">AAAB/XicbZDJSgNBEIZ74hbjNi43L41B8BRmRDDHgB48RjALJEPo6dQkTXoWumvEOARfxYsHRbz6Ht58GzvJHDTxh4aPv6qo6t9PpNDoON9WYWV1bX2juFna2t7Z3bP3D5o6ThWHBo9lrNo+0yBFBA0UKKGdKGChL6Hlj66m9dY9KC3i6A7HCXghG0QiEJyhsXr2URfhAbNroRinAajQuJOeXXYqzkx0GdwcyiRXvWd/dfsxT0OIkEumdcd1EvQyplBwCZNSN9WQMD5iA+gYjFgI2stm10/oqXH6NIiVeRHSmft7ImOh1uPQN50hw6FerE3N/2qdFIOql4koSREiPl8UpJJiTKdR0L5QwFGODTCuhLmV8iEzQaAJrGRCcBe/vAzN84pr+PaiXKvmcRTJMTkhZ8Qll6RGbkidNAgnj+SZvJI368l6sd6tj3lrwcpnDskfWZ8/4tuVdQ==</latexit>

Web of 3d dualities from different decoupling limits on B(τ, τ̄)
[Wang-Senthil][Seiberg-Senthil-Wang-Witten][Metlitski-Vishwanath][Hsiao-Son]



Observables

I Scaling Dimensions / OPE coefficients of local operators on
the boundary

I Current Central Charges [Hsiao-Son][Teber-Kotikov]

I Boundary Anomalies [Herzog-Huang][Herzog-Huang-Jensen]

I Boundary Free Energy (next slide)

I Endpoints of Bulk Wilson Lines



Boundary Free Energy
F∂ = −1

2 log
|ZHS4 |2
ZS4

= −Re logZHS4 + 1
2 logZS4 [Gaiotto]

Similar to FCFT
S3 (conjecturally) monotonic under boundary RG

flow. In our set-up we find

∂F∂
∂Imτ

=
π

6
aF 2(τ, τ̄)

∂F∂
∂Reτ

=
π

6
i aFF̃ (τ, τ̄)

Since in any BCFT 〈O(~x , y)〉 = aOy
−∆O



aF 2 , aFF̃ completely determined by boundary currents 2pt functions
via a boundary bootstrap [Liendo-Rastelli-van Rees] reasoning

aF 2 = 3(π2cÎ Î −
1

2π Imτ
), aFF̃ = i

3π2

Imτ
(cÎ Ĵ − Reτ cÎ Î ),

F∂ fixed by current 2pt functions Î , Ĵ and an initial condition



Boundary free energy and EM duality

The decoupling limit fixes the initial condition

F∂ ∼
τ→∞

−1

4
log

[
2 Imτ

|τ |2
]

︸ ︷︷ ︸
4d free vector

+ FCFT
0,1︸ ︷︷ ︸

S3part funct

+O(|τ |−1) .

Around the gauged cusp τ = −q/p, τ ′ = p′τ+q′

pτ+q

F∂ ∼
τ ′→∞

−1

4
log

[
2 Imτ ′

|τ ′|2
]

+ FCFT
p,q +O(|τ ′|−1) .

Same singularity in terms of τ ′, but different finite piece

Compute F∂ perturbatively, extrapolate to the gauged cusp,
subtract the free-vector contribution in the new cusp

Application: O(2) model and large Nf QED3 from free fermions



From free Dirac to the O(2) model
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Dirac fermion
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Shift in τ s.t. the Dirac fermion is T-invariant

Perturbation theory around τ =∞ and τ = 0 and extrapolation to
τ = 1/2 to get observables of the O(2) model



Anomalous dimension of ψ̄ψ
ψ̄ψ is a good operator around the Dirac cusp. It will be related to
the energy operator at the of the O(2) model

Dimreg (d = 3− 2ε with fixed codimension). Non-local photon
propagator between two points on the boundary

〈Aa(~p, 0)Ab(−~p, 0)〉 = 2π
Imτ

|τ |2
[
δab
|~p | +

Reτ

Imτ
εabc

pc

~p 2

]
.

γψ̄ψ = − 8

3π

Imτ

|τ |2 +
36π2 − 32

27π2

(Imτ)2

|τ |4 − 8

3

(Reτ)2

|τ |4 +O(|τ |−3)



Boundary Free Energy

F∂ is completely determined in terms of the current central charges
cÎ Î , cÎ Ĵ , cĴ Ĵ

The relevant diagrams for NLO were computed by
[Klebanov-Giombi-Tarnopolsky],

cĴ Ĵ =
1

8π2
+

368− 45π2

576π3

Imτ

|τ |2 +O(|τ |−2) ,

F∂ = −1

4
log

[
2 Imτ

|τ |2
]

+ FDirac +
π

16

Imτ

|τ |2

+
(368− 45π2)(Imτ)2 + (144 + 45π2)(Reτ)2

2304|τ |4 +O(|τ |−3)



Extrapolation to O(2)

Duality-improved Padé approximant at 2 loops [Beem-Rastelli-Sen-van

Rees] manifestly invariant under τ ↔ Sτ

F1(gs , θ) =
h1

g−1
s + (S · gs)−1 − h2

,

F2(gs , θ) =
h3

(
g
−1/2
s + (S · gs)−1/2

)
g
−3/2
s + (S · gs)−3/2 + h4

(
g
−1/2
s + (S · gs)−1/2

) .

with gs = g2 and

S · gs =
g2
s θ

2 + 16π4

π2gs
.



Energy operator of the O(2) model
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Bootstrap

Comparison with ε-expansion and bootstrap predictions (at
tan−1(gs) = π/2) [Kos,Poland,Simmons-Duffin,

Vichi][Kleinert,Neu,Schulte-Frohlinde,Chetyrkin,Larin]



S3 Free energy in O(2)
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Comparison with 4− ε -expansion O(ε5) predictions (at
tan−1(gs) = π/2)[Fei-Giombi-Klebanov-Tarnopolsky]



Large Nf QED3

2Nf free Dirac fermions (with same charge) at the boundary and
take large Nf with λ = g2Nf fixed.

Compute F∂ exactly in the ’t Hooft coupling λ

By Witten’s SL(2,Z) action, λ→∞ should correspond to large
Nf QED3.

We recover [Klebanov-Pufu-Sachdev-Safdi] and predict O(N−1
f )

FQED3
= 2Nf FDirac +

1

2
log

(
πNf

4

)
+

92− 9π2

18π2

1

Nf
+O

(
N−2
f

)
.

Non-perturbative test (in g) of the this construction



A Bootstrap perspective

Considered a continuous family of interacting b.c. for Maxwell
theory. Some universal features:

I EoM & Bianchi ⇒ boundary conserved currents Ĵa, Îa
I Bulk is free ⇒ relations between 〈Î Î . . . 〉, 〈Î Ĵ . . . 〉, 〈Ĵ Ĵ . . . 〉.

Constraint on bdry theories!

 λ
Î Î Ô

= A(Ô)λ
Î ĴÔ

, λ
Ĵ ĴÔ

= B(Ô)λ
Î ĴÔ

I Boundary bootstrap of mixed correlators of Ĵa, Îa subjected to
these relations.



Similar problem (WIP)
Space of conformal b.c. for a free scalar φ in d-dimensions. Some
universal features:

I EoM ⇒ protected operators Ô1 = φ|∂ , Ô2 = ∂⊥φ|∂
I Bulk is free ⇒ relations between correlators
〈Ô1Ô1 . . . 〉, 〈Ô1Ô2 . . . 〉, 〈Ô2Ô2 . . . 〉. Constraint on bdry
theories!

 λ
11Ô

λ
22Ô

=
(∆̂− 2)(cos(π∆̂) + 1)

(∆̂− 1)(cos(π∆̂)− 1)
λ2

12Ô
, (d = 4)

I Numerical bootstrap of mixed correlators of Ô1, Ô2 subjected
to these relations.



Conclusions and Directions

I Explored the space of conformal b.c. a free 4d U(1) gauge
theory

I In the absence of phase transition we can approach the data
of an infinite family of 3d abelian gauge theories

I 3d dualities + perturbation theory + improved Padé
resummation → new computational tool

Some directions

I More observables of the O(2) model/higher
loops/resummation

I Bootstrap perspective: space of conformal b.c. for the free
vector? Space of conformal b.c. for a free scalar? (WIP)

I Away from free theory in the bulk?



Thanks!


