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Gravitational Waves from BH mergers

GW signal
Inspiral ... perturbative (classical gravity from quantum scattering)
Merger (highly non-linear ... numerical gravity, string fuzz balls)
Ring-down ... QNMs, ... echoes

Gravitational Wave Detectors
Ground-based: LIGO, Virgo, KAGRA, ET, CE high frequencies (∼ kHz)
Space-based: LISA medium frequencies (∼ mHz)
Pulsar timing arrays: low frequencies (∼ nHz)
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Compact objects, photon-spheres and photon-halos

M87 galaxy supermassive compact object
M = 6.5× 1012M�

Credits: Event Horizon Telescope collaboration et al.

Very likely, this is NOT a black-hole.
For sure it is NOT an Event Horizon
It may be a photon-halo (rc(b) > rH) or plasma emission (ISCO)
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Quasi-normal modes: Schwarzschild black hole

BH metric

ds2 = −f (r)dt2 + f (r)−1dr2 + r2dθ2 + r2 sin2 θdφ2 , f (r) = 1− 2M

r

Radial equation for massless scalar perturbation Φ = 1
r ψ(r)Y (θ, φ)e−iωt

f (r)
d

dr

[
f (r)

d

dr
ψ(r)

]
+
[
ω2 − V (r)

]
ψ(r) = 0

Regge-Wheeler potential, tortoise coordinate x =
∫

dr
f (r) = r + 2M log r−2M

Me3/2

VRW(x) = f (r(x))

(
K 2

r(x)2
+

2M

r(x)3

)
, K 2 = `(`+ 1)

Boundary conditions for QNMs

in-going wave at the horizon: r = 2M (x → −∞)

out-going wave at infinity: r = x →∞
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Quasi-normal modes: exact solutions

Still too complicated, approximate with Pöschl-Teller (PT) potential barrier

VPT(x) =
V0

cosh2 αx

with
dVRW

dx

∣∣∣∣
0

= 0 , V0 = VRW(0) , α2 = − (2V0)−1 d2VRW

dx2

∣∣∣∣
0

Setting

ξ = [1 + exp (−2αx)]−1
, ψ(ξ) = [ξ(1− ξ)]−

iω
2α y(ξ)

get hypergeometric equation with

a =
α +
√
α2 − 4V0 − 2iω

2α
, b =

α−
√
α2 − 4V0 − 2iω

2α
, c = 1− iω

α

matching asymptotics with correct b.c.’s: 1/Γ(a) = 0 i.e. a = −n so that

ωPT =

√
V0 −

α2

4
− iα

(
n +

1

2

)
ImωPT ∼ −λ < 0

() 7 / 42



Scalar field: Eikonal limit

In the Eikonal limit K ≈ ` >> 1

r0 = 3M

[
1− 1

9K 2

]
, V0 =

K 2

27M2

[
1 +

2

3K 2

]
, α =

1

3
√

3M

[
1 +

1

9K 2

]
and

ωPT =
K

3
√

3M

[
1 +

5

24K 2

]
− i

3
√

3M

[
1 +

1

9K 2

](
n +

1

2

)
Alternatively, neglecting derivatives of ‘momenta’

HΦ = 0 = gµνPµPνΦ

and setting Φ = R(r)Y (θ, φ)e−iωt , get radial equation

R ′′(r) + QrR(r) = 0 , Qr =
1

f (r)2

(
ω2 − K 2f (r)

r2

)
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WKB approximation, Bohr-Sommerfeld quantization

WKB ansatz

R(r) =
1

4
√

Qr

e±i
R √

Qrdr

matching condition: ∫ r+

r−

√
Qrdr = π

(
n +

1

2

)
expanding around Maximum of Qr ≈ photon-sphere (!!!)

Q ′r (r0, ωn) = 0 ,
Qr (r0, ωn)√
2Q ′′r (r0, ωn)

= −i

(
n +

1

2

)
assuming small imaginary parts: r0 = rc + irIm and ωn = ωc + iωIm

Qr (rc , ωc) = ∂rQr (rc , ωc) = 0 , rc = 3M , ωc =
K

3
√

3M

and

ωIm = −2λ
(
n + 1

2

)
, rIm =

(n + 1
2 )∂2

r ,ωQr (rc , ωc)

λ∂ωQr (rc , ωc) 2
, λ =

√
∂2

r Qr (rc , ωc)√
2∂ωQr (rc , ωc)
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Geodesic interpretation

For large K ≈ `

r0 = 3M −
�������4M i

K

(
n +

1

2

)
, ωn =

K

3
√

3M
− i

3
√

3M

(
n +

1

2

)
Photon-sphere QNMs ∼ prompt Ring-down modes

Qr (rc , ωc) = Q ′r (rc , ωc) = 0

rc = 3M > 2M = rH , ωc =
K

3
√

3M
=

K

bc

Chaotic behaviour / instability
Lyapunov exponent λ

dr

dt
' −2λ(r − rc) , λ =

1

6
√

3M

bc=
Kc

ωc

-10 -5 0 5 10 15 20
-10

-5

0

5

10
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Numerical computation of quasi-normal modes

Imposing in-going b.c. at horizon and out-going b.c. at infinity

ψ(r) = e iω(r−2M)(r − 2M)−iMωr2iMω
∞∑

n=0

cn

(
r − 2M

r

)n

,

(three-terms) recursion relation for bn = cn

cn−1

αnb
−1
n + βn + γnbn+1 = 0 ,

Leaver’s method of continuous fractions

bn = − αn

βn + γnbn+1
, bn = − 1

γn−1

(
βn−1 +

αn−1

bn−1

)
ascending and descending relations for bn, with overtone number n
Truncation at order N, eigenvalue equation for ωQNM

Caveat: extremal BHs and branes
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Pöschl-Teller, geodesic and numerical
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The Seiberg-Witten/QNMs connection
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State of the art

Bianchi, Consoli, Grillo, Morales [2105.04245] and [2109.09804]
see also
Isomonodromic approach (Carneiro da Cunha et al.)

1702.01016

1812.08921

2109.06929

Exact WKB quantization, Seiberg-Witten approach (Grassi et al.)

1908.07065

2006.06111

AGT correspondence (Bonelli et al.)

2105.04483
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N = 2 super Yang-Mills

N = 2 SYM theories in 4-d with G = SU(2) (Nf flavours, later on)

L ∝
∫

d4θF (Φ) , Ftree (Φ) =
1

2
tr τ Φ2

Φ = ϕ+ λθ + Fµνθσ
µν θ̃ + · · · , τ =

ϑ

2π
+

4πi

g2

Coulomb branch 〈ϕ〉 = a, SU(2) breaks to U(1), Matone relation

u(q = 0) =
1

2
tr〈ϕ2〉 = a2 , u(q) = −q

∂F(a, q)

∂q

where q = exp (2πiτ). Analytic prepotential

F = Ftree + F1-loop + Finst

Coulomb branch moduli space same monodromy as a torus (‘elliptic curve’)
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Classical Seiberg-Witten curve

Elliptic curve for SU(2) theories

q y2PL(x) + y P0(x) + PR(x) = 0

α- and β-cycles such that

a =

∮
α

λ , aD = − 1

2πi

∂F(a, q)

∂a
=

∮
β

λ , λ =
x dy

y
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Brane description

x0 x1 x2 x3 x4 x5 x6 x7 x8 x9

NS5 − − − − − − · · · ·
D4 − − − − · · − · · ·

D4-branes suspended between NS5-branes: gauge/colour (SU(2))

External D4-branes: matter hyper-multiplets / flavour (Nf = (NL,NR))

Eg SU(2) SYM theory with 3 fundamentals Nf = (1, 2) ... ubiquituous

PL(x) = (x −m3) , P0(x) = x2 − u + q p̃0(x) , PR(x) = (x −m1)(x −m2)

	

Brane diagram for SU(2) SYM theory with four flavors Nf = (2, 2)

PL(x) = (x−m3)(x−m4) , P0(x) = x2−u+q p0(x) , PR(x) = (x−m1)(x−m2)
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Quantum Seiberg-Witten curves

Nekrasov-Shatashvili Ω-background: non-trivial commutation relation

[x̂ , ln ŷ ] = ~ , x̂ = ~ y
d

dy
, ε1 = ~ , ε2 = 0

“quantum” version of SW elliptic curve[
A(y)x̂2 + B(y)x̂ + C (y)

]
U(y) = 0

canonical form

ψ′′(y) + QSW(y)ψ(y) = 0 , U(y) =
1
√

y
exp

[
− 1

2~

∫ y B(y ′)

y ′A(y ′)
dy ′
]
ψ(y)

with

QSW(y) = − 1

~2

B2 − 4AC

4 y2 A2
+

2 y(B A′ − A B ′) + ~ A2

4 ~ y2 A2

classical SW differential

λ(y) =

√
B2 − 4AC

4 y2 A2
dy '

~→0
i~
√

QSW(y)dy
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The gauge/gravity dictionary: AdS Kerr-Newman

Dictionary between gauge theory and gravity

Qr (r) = QSW [y(r)] y ′(r)2 +
y ′′′(r)

2y ′(r)
− 3

4

[
y ′′(r)

y ′(r)

]2

Eg ‘massive’ scalar perturbations of AdS Kerr-Newman BHs in D = 4(
�−M2

Φ

)
Φ = 0 , M2

φ = − 2

L2
[∆O = 1, 2, eg φ2, ψ2]

Radial equation with four regular singularities (Heun Equation)

Qr (r) =
1

∆2
r

[
α2

L

(
aJmφ − ω(a2

J
+ r2)

)2 −∆r

(
K 2 + r2M2

Φ

)
− 1

2
∆r ∆′′r +

1

4
∆′2r

]
with AdS scale L , mass M, charge Q, spin MaJ , separation constant K 2 and

αL = 1−
a2
J

L2
, ∆r = (r2 + a2

J
)

(
1 +

r2

L2

)
− 2Mr + Q2 = L−2

4∏
i=1

(r − ri )
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The gauge/gravity dictionary

Same singularity structure as Nf = (2, 2)

QSW(y) =
3∑

i=1

[
δ̂i + 1

4

(y − yi )2
+

νi

y − yi

]
, yi = {0,−1,−1/q, (∞)}

with

3∑
i=1

νi = 0 , ν2 =
ν1 + q

(
1
2 + δ̂1 + δ̂2 + δ̂3 − δ̂4

)
q − 1

, ν1 = − u

~2
+ f (q,mi )

and

δ̂1=− (m1−m2)2

4~2
, δ̂2=− (m1+m2)2

4~2
, δ̂3=− (m3+m4)2

4~2
, δ̂4=− (m3−m4)2

4~2

The two equations map into one another using

y =
r24

r12

r − r1

r − r4
q =

r12r34

r24r13
δ̂i+

1

4
=

∆2
r Qr

∆′r

∣∣∣∣
ri

ν1 =
r12r14

r24
Res{r1}Qr (r)
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Cycles quantization and computation of QNMs

For ~→ 0, WKB expansion

ψ(y) ∝ exp

[∫ y √
QSW(y ′)dy ′

]
' exp

[
− i

~

∫ y

λ(y ′)dy ′
]

Bohr-Sommerfeld quantization condition∮
γ

λ(y) = ~(n + νγ)

with γ(y) enclosing y± and y0 such that

QSW(y±) = 0 , Q ′SW(y0) = 0 , y± = y0 + ~ f±(u, q,mi ) + · · ·

For finite ~, QNMs spectrum from quantisation of cycle aγ

aγ = c1a + c2aD +
4∑

i=1

dimi =

∮
γ

λ~ = ~ (n + νγ) , ci , di ∈ Z

with ‘quantum’ SW differential λ~(x) to be defined later on
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Computation of a, aD and Ftree + Finst (I)

Quantizing w.r.t x

ŷ = exp

[
~

d

dx

]
get difference equation

qM(x)W (x)W (x − ~) + P0(x)W (x) + 1 = 0

for

W (x) =
1

PR(x + ~
2 )

Ũ(x)

Ũ(x + ~)
, M(x) = PL(x − ~

2 )PR(x − ~
2 )

In continuous fraction form, small q expansion

W (x) = − 1

P0(x)

(
1 +

qM(x)

P0(x)P0(x − ~)
+ O(q)

)
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Computation of a, aD and Ftree + Finst (II)

Use W (x) to define quantum SW differential

λ~(x) = − x

2πi
d log W (x)

with correct behavior at infinity

λ~(x) =
∞∑

n=0

〈trϕn〉
xn

= 2 +
2u

x2
+ · · · , P0(x) = x2 + · · ·

To compute tree-level and instanton contribution to FNS , first compute a(u), then
use Matone relation

a(u) =

∮
α

λ~ = 2πi
∞∑

n=0

Res√u+n~λ~(x) , u(a) = −q
∂FNS

∂q

and, at leading order in q, find

Ftree = −a2 log q , Finst = q

 4∑
i=1

~mi

2
−
∑
i<j

mimj

2
− 2m1m2m3m4

4a2 + ~2
− 4a2 + 3~2

8
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F1−loop and theories with Nf < 4

One-loop contribution from the Nekrasov-Shatashvili partition function

∂Fone-loop

∂a
= ~ log

Γ
(
1 + a

~
)2

Γ
(
1− a

~
)2

4∏
i=1

Γ
(

1
2 + mi−a

~
)

Γ
(

1
2 + mi +a

~
)

For Nf < 4 use successive decoupling limit(s)

q → 0 , m4 →∞ , q m4 = q̃

get correction terms to tree-level and 1-loop prepotential

Ftree = −a2 log

(
− q̃

~

)
,

∂F1-loop

∂a
= ~ log

Γ
(
1 + a

~
)2

Γ
(
1− a

~
)2

[[3]]∏
i=1

Γ
(

1
2 + mi−a

~
)

Γ
(

1
2 + mi +a

~
)

Let’s have a go with ‘exact’ solutions for q = 0
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Exact solutions: 3-dimensional Spherical Harmonics (I)

Setting χ = cos θ [
∂

∂χ

(
(1− χ2)

∂

∂χ

)
+ A−

m2
φ

1− χ2

]
U(χ) = 0

put in canonical form with

Qχ(χ) =
1−m2

φ + (1− χ2)A

(1− χ2)2
, U(χ) =

1√
1− χ2

φ(χ)

and map to SW curve for SU(2) with Nf = (1, 2) and y = 1
2 (χ− 1)

q = 0 ,
u

~2
= A +

1

4
, m1 = m3 = 0 ,

m2

~
= |mφ|

For ~ = 0, WKB approximation

Qχ(χc ,Ac) = Q ′χ(χc ,Ac) = 0 , χc = 0 , Ac = m2
φ − 1

Translate condition on Ac back into gauge language
√

u −m2 = a−m2 = 0
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Exact solutions: 3-dimensional Spherical Harmonics (II)

Identify correct (classically degenerating) cycle γ

aγ = a−m2 = ~
(

nθ +
1

2

)
exact SW quantization yields

A = (nθ + |mφ|)(nθ + |mφ|+ 1)(= K 2) , nθ + |mφ| = `

NB: Very useful when dealing with rotating BHs

Qχ(χ) =

(
1− χ2

) (
[[a2
J
ω2χ2]] + A

)
−m2

φ + 1

(1− χ2)2

with A = `(`+ 1) +O(aJ ω) and

q

~
= aJ ω ,

u

~2
= A +

1

4
+ aJ ω (aJ ω + 2(1−mφ))
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Exact solutions: (Near) super-radiant modes (I)

Scalar perturbations of asymptotically flat Kerr-Newman BH (L→∞)

Qr (r) =
1

∆2
r

[(
aJmφ − ω(a2

J
+ r2)

)2 −∆rK
2 − 1

2
∆r ∆′′r +

1

4
∆′2r

]
with

∆r = r2 + a2
J
− 2Mr + Q2 = (r − r+)(r − r−)

once again map to Nf = (1, 2) with

q

~
= 2iω(r+ − r−) ,

m2

~
= −

i
[(

r2
+ + r2

− + 2a2
J

)
ω − 2aJmφ

]
r+ − r−

u

~2
= A + f (ω, aJ ,mφ, r±) ,

m1

~
=

m3

~
= −i(r+ + r−)

At extremality r+ = r− ... decoupling limit

q → 0 , m2 →∞ , q m2 = q̃

Keeping m2 finite, get ‘super-radiant’ frequencies

ωSR =
mφaJ

r2
+ + a2

J

= mφΩφ
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Exact solutions: Near Super-Radiant modes (II)

Perturbations of near-extremal KN BHs characterized by NSR frequencies

ω = ωSR + νδr , δr = r+ − r− << rH ≈ M

Solve differential equation exactly for r � r+ � δr (Confluent hypergeometric)
and for r = r+ + δr τ (Hypergeometric), match in intermediate region

[−2iωSRδr ]−2α Γ (2α)2 Γ
(
Ā
)

Γ
(
C̄ − B̄

)2

Γ (−2α)2 Γ
(
B̄
)

Γ
(
C̄ − Ā

)2 = 1 , α =

√
A +

1

4
− (a2

J
+ 6r2

+)ω2
SR

Since δ−αr diverges, require B̄ = n + δrη and get quantization condition

ωNSR = ωSR (1 + 4πr+TBH)− 2πi TBH

(
α + n +

1

2

)
, TBH =

δr
4π(r2

+ + a2
J

)

Re-derive more easily with quantum SW, keep leading terms in δr
Since q = 0 only tree-level and 1-loop terms of F contribute ... aD = ~ n

exp

[
1

~
∂F
∂a

]
=
(
−q

~

) 2
√

u
~

Γ
(

1 +
√

u
~

)2

Γ
(

1−
√

u
~

)2

3∏
i=1

Γ
(

1
2 + mi−

√
u

~

)
Γ
(

1
2 + mi +

√
u

~

) = 1 = exp

[
−2πiaD

~

]
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Numerical solutions: Kerr-Newman black hole

For ‘neutral, massless’ scalar perturbations of Kerr-Newman BHs

Both radial and angular equations described by Nf = (1, 2) and G = SU(2)

Identify aχ = a−m2 = ~(nχ + 1
2 ) as correct cycle for angular equation

Identify ar = aD = ~ nr as correct cycle for radial equation

Numerical analysis using Finst up to q4, for ‘equatorial’ perturbations

χ = 0 , ` = mφ = 2

(Setting M = 1 in the plots) find

Good agreement for first overtone number nr = 0

Very good agreement for second overtone number nr = 1
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Plot: Kerr-Newman black hole - aJ = 0.5, nr = 0

△ △ △ △
△

■ ■ ■ ■ ■
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aJ = 0.5, Q runs from 0.1 to 0.4 with ∆Q = 0.1
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Plot: Kerr-Newman black hole - aJ = 0.5, nr = 1
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Plot: Kerr-Newman black hole - Q = 0.5, nr = 0
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Plot: Kerr-Newman black hole - Q = 0.5, nr = 1
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Plot: Reissner-Nördtrom black hole - nr = 0
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Plot: Reissner-Nördtrom black hole - nr = 1
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Other dictionaries: QNMs of branes and fuzz balls vs
quantum SW

Extend gauge/gravity dictionary for scalar perturbations, using G = SU(2) only
(!) Radial equation

D3-branes Nf = (0, 0) (DCHE, Mathieu equation, ... Couch-Torrence)

Intersecting D3-branes (4-charge BH in 4-dimensions) Nf = (1, 1)

CCLP (general 5-dimensional charged and rotating BH) Nf = (0, 2)

BMPV (supersymmetric, extremal 5-dimensional BH) Nf = (0, 1)

D1-D5 fuzzball (smooth, horizonless 6-dimensional geometry) Nf = (0, 2)

D1-D5 (D3-D3’) BH Nf = (0, 0)

JMaRT (smooth, horizonless 6-dimensional geometry) Nf = (0, 2)

Angular equation ‘deformed’ version of spherical harmonics equation

All 4-dimensional geometries (S2): Nf = (1, 2)

All 5-dimensional and (5+circle)-dimensional geometries (S3): Nf = (0, 2)
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QNMs of D3-branes: full agreement!
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The AGT picture

AGT duality between N = 2 quiver theories and 2-dimensional Liouville theory

c = 1 + 6Q2 , Q = b +
1

b
, b =

√
ε1

ε2

Chiral vertex operators

Vαi = e2αiφ , hi = αi (Q − αi )

Write n + 3-points function in terms of Conformal Blocks

〈
n+2∏
i=0

Vαi (zi )〉 =
∑

p1···pn

〈p0|Vα0 (z0)|p1〉 · · · 〈pn|Vαn+2 (zn+2)|pn+1〉 =
∑

p1···pn

∣∣Cα1···αn+1
p0···pn+1

∣∣2
AGT: conformal blocks ∼ (ratio of) quiver partition functions

Cα1···αn+1
p0···pn+1

({zi})
n∏

j=1

z
−∆pj

+∆j +∆pj +1

j =
Zinst ({~ai}, {qi})

ZU(1)({qi})
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The AGT picture: quantum SW curves

Consider SU(2)× SU(2) quiver, wave function as conformal block involving
degenerate field with α3 = − b

2

ψ(y) = Cα1···α3
p0···p3

({zi}) , p1 = p2 ∓
b

2

with
z0 =∞ , z1 = 1 , z2 = q , z3 = y , z4 = 0

Since
(
L2
−1 + b2L2

)
Vα3 ∼ 0 (null), ψ(y) satisfies BPZ equation

ψ′′(y ; {zi}) + b2
n+1∑
i 6=1

[
∆i

(z − zi )2
+

1

z − zi
∂zi

]
ψ(y ; {zi}) = 0

map to quantum SW curve / differential equation

b2∆i = δi , νi = b2ci , ∂ziψ(y ; {zi}) = ciψ(y ; {zi})
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Non-rotating BHs and branes and photon-spheres

Extremal Reissner-Nordström BHs (Q = M), with u = r − Q

ds2 = − u2dt2

(u + Q)2
+

(u + Q)2

u2
[du2 + u2dΩ2

2]

enjoy symmetry under conformal inversions ds2 →W (u)ds2
[Couch, Torrence]

u → Q2/u

exchanging horizon u = 0 (r = Q) with infinity, keeping photon-sphere u = Q
(r = 2Q) fixed. Quite remarkably for massless geodesics

∆φfall(J,E ) =

∫ ui

0

Jdu

u2Pu(u; J,E )
=

∫ ∞
Q2/ui

Jdu

u2Pu(u; J,E )
= ∆φscatt(J,E )

Same identity valid for other extremal geometries in D ≥ 4

D3-branes uc = L ... AdS/CFT
D3-D3’ ‘small’ BHs u2

c = L3L3′

4-charge STU BHs (intersecting D3-branes) with Q1Q2 = Q3Q4 or
permutations, u4

c = Q1Q2Q3Q4

Fixed locus u = uc : photon-sphere ... ‘light-ring’, massive BPS probes OK [MB, Di

Russo]
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Rotating BHs and branes and photon-halos

Extremal Kerr-Newmann (M2 = a2 + Q2) BHs NO conformal inversion symmetry
of the metric BUT radial wave equation invariant [Couch, Torrence]

Fixed locus depends on impact parameters (b = J/E , bz = Jz/E )
Critical ‘radius’ not fixed: rc ∈ [rmin, rMax ] depending also on θobs ... photon-halo!!
Equality of radial actions, same E , J, Jz (no analytic continuation)

S in
R (ui , uf ; E , J, Jz) =

∫ uf

ui

Pudu =

∫ u2
c (b,bz )/ui

u2
c (b,bz )/uf

Pudu = Sout
R (u′i , u

′
f ; E , J, Jz)

Yet ∆φfall 6= ∆φscatt due to (divergent) bdry terms in ∂S/∂J at u = 0 ... classical
renormalisation
Extremal (nonBPS) rotating STU BHs enjoy generalised CT inversion symmetry
[Cvetic, Pope, Saha] when Q1Q2 = Q3Q4 [MB, Di Russo] ... stay tuned
Yet, NO GCT inversion symmetry for (non)rotating 5-d and 6-d BHs (different
behaviour at horizon and infinity ... Freudenthal duality?) and fuzz-balls (no
horizon, after all)
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Conclusions and outlook

SW/QNMs connection

New approach to gravity perturbations of NON-extremal BHs and branes
(HE, CHE, DCHE/CT)

Pretty good numerical results with (relatively) small numbers of instantons

Deeper connection between gauge theories and gravity ... Electric-magnetic
duality between M2-branes and M5-branes, Kerr/CFT correspondence,
Couch-Torrence symmetry and AdS/CFT

Not-only QNMs but also tidal Love numbers and grey-body factors, AGT
correspondence

Future directions

Quivers and higher-rank gauge groups, using AGT

Non-separable systems (e.g. multi-center geometries)

More robust physical interpretation
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Thanks!
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