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Talk Outline

@ Motivation: Black holes, astrophysics and
the 2-body problem in relativity.

@ Orbital resonances on Kerr spacetime:
a key challenge.

@ Self-Force on Kerr: with m-mode
regularization and 2+1D evolution

@ Progress: Circular orbits on Schw., first
results on Kerr.

@ Low multipoles: Energy, angular
momentum and centre-of-mass.

@ Problem: Gauge-mode instabilities and
their mitigation.

@ Conclusion. ' Ry




Motivation: Astrophysics I

@ Supermassive BHs in galactic centres:
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Motivation: Astrophysics II

e ‘Cusp’ population of BH and neutron stars in vicinity of SM BH.
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Motivation: Astrophysics III

e Strong but indirect evidence for existence of Gravitational Waves:
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Figure: Three decades of data from the Hulse-Taylor binary pulsar.



Motivation: Astrophysics IV

@ Bodies in orbit emit GWs

e First GW detection possible
within five years

e 2015: Newly-upgraded
ground—based detectors 1“0?“ ‘ ‘ Exsmp\‘e Inspral Graw{sﬁuﬂ‘alwave ‘

@ 2025: Space-based mission:
eLISA

Gravitational Wave Signal

o Key aim: to map spacetime "
near event horizons

e Birth of new field:
Multimessenger
astronomy
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Motivation: LISA?
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Motivation: eLISA

Rescoping exercise for ESA mission

“The new [LISA] configuration should detect thousands
of galactic binaries, tens of (super)massive black hole
mergers out to a redshift of z=10 and tens of extreme
mass ratio inspirals out to a redshift of 1.5 during its two
year mission.”

Karsten Danzmann, Aug 2011.



Motivation: the general 2-body problem in relativity
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Motivation: the general 2-body problem in relativity
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e Effective One-Body (EOB) model (Damour et al.) provides a
possible analytic fitting framework



Gravitational Self Force

o Test bodies (u = 0) follow geodesics on background spacetime

@ Compact bodies (i # 0) are deflected away from test-body geodesics by
effect of a ‘self-force’ O(u?)
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Gravitational Self Force

@ Mass ratio: M > p with n = u/M ~ 1074 —1076.

@ Perturbation theory: split into black-hole background + perturbation
uv = guy + h,“,

e Back-reaction: h,, ~ O(u) generates back-reaction at O(u?)

@ Self force w.r.t. background spacetime, F5f ~ O(u?), leading to
self-acceleration a, ~ O(u).

o Key steps: Regularization and gauge.



Gravitational Self Force: Dissipative and Conservative

Dissipative part F31% = secular loss of energy and angular

momentum.

Conservative part F°" = shift in orbital parameters, periodic.

Conservative and dissipative parts of perturbation

hR

cons

R
hdiss
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§ (hit + haRdv) = 5 (hret + hadv - 2hs)
1 1

5 (h]}r?et - hfdv) = 5 (hret - hadv)

Dissipative part does not need regularization, get from (e.g.)

energy balance arguments.

Conservative part requires careful regularization.



Application: Resonances on Kerr (I)

e Two distinct timescales: 7o, ~ M < Tpgg ~ M /7

o Second-order GSF needed for z ~ O(1°), as = ~ (nag + na1)t>
where t,q4q ~ 1/7.

e Two-timescale expansion using action-angle variables [Hinderer &
Flanagan (2010)]:

o Action : ‘constants’ of motion : J, = (E//J,, L./u, Q/,uQ)
e Angle : ‘phase’ variables qo = (¢, ¢r, 40, qp)-

o Frequencies wq(J) = (wr,wp, wg)

e Generic orbits on Kerr are ergodic (space-filling)

® ¢r — @ + 27 as orbit goes r = Tmin — Tmax — Tmin With period
Tr = 27 /wy.

o Isometries of Kerr = (gz,qg) ‘irrelevant’, (¢,,qg) ‘relevant’ params



Application: Resonances on Kerr (II)

1. Geodesic approximation (n = 0):

dga
G = )
dJ,
v —
dr
Solution :
Go(T,n=0) = woT
Jy(t,n=0) = const.

Timescale : unchanging



Application: Resonances on Kerr (III)

2. Adiabatic approximation:

Solution :

Timescale : Trqd.reac.

dqa
dr
dJ,

dr

wa(J)

n<G§N%v%wD>



Application: Resonances on Kerr (IV)

3. Post-adiabatic approximation:

dqa

% = wa(J) + 1091 (gr. 96, J) + O(n%)

dJ,

= G (ar, a0, T) + *G P (g7, 40, T) + O ().

Two timescales : ~ =1 (secular) and ~ 1 (oscillatory).



Application: Resonances on Kerr (V)

Key question: Is adiabatic approximation justified? Consider Fourier
decomposition

i(krgrtk
G (g, q0,J Z Gykr,ka r+koqo)
kr,kg

and ¢, = W, T + WA+ L g = WoT +WpT
krgr + koo = (krwr + kowg) 7 + (krloy + kop) 72 + . ..

Cannot neglect higher Fourier components when resonance condition is
satisfied:

krw, + kgwg =0 = w,/wy = integer ratio



Application: Resonances on Kerr (VI)

Duration of resonance set by (k,w, + kgwy) 72 ~ 1, i.e.

Tres ™~ 1/\/]977

where p = |k, | + | kgl

Net change in ‘constants’ of motion is

AJ ~/n/p

Net change in phase is

Ag ~1/y/mp
Need to compute full 1st-order and dissipative part of 2nd-order
GSF on Kerr.

e Without complete knowledge, a resonance effectively resets the
phase.



Application: Resonances on Kerr (VII)
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o Credit: Hinderer & Flanagan, arXiv:1009.4923.




Gravitational Self Force: Formulation

@ Linearized Einstein Eqs: Ten linear second-order equations with §-fn
source:

DRy + 2R, hag + Buwlhag) = —167T,, o 6* [z — 2(7)]

@ Gauge choice: Lorenz-gauge hi;, = 0 gives ‘symmetric’ singularity

hyw ~ uyuy, [, and Bzw = 0 = hyperbolic wave equations.

@ Regularization: split into ‘S’ and ‘R’ h,, = h&su) + Bﬁﬁ)
[Symmetric/Singular + Radiative/Regular parts]

7(R) a B 7.(R) _ qeff
Uhy,’ + 2R, hyg = S
o Self-force: found from gradient of regularized perturbation

g = koo Vg Bfff)



Gravitational Self Force: Formulation

e Schw. = separability of equations = [-mode regularization =
easy!
o decompose hgp in tensor spherical harmonics Yalgn(i)
o use Lorenz gauge Vhgy, = 0 with gauge constraint damping

e solve 1+1D in time domain, or ODEs in freq. domain

e apply [-mode regularization:

oo

Pt =" [Ft — A(l+1/2) - B-C/(1+1/2)] = D
=0



Gravitational Self Force: Formulation

o Kerr = lack of separability ...hard choices ...

o Teukolksy variables W, W, ...spin-weighted spheroidal harmonics
. metric reconstruction in radiation gauge [Chrzanowski *77] —
Lorenz gauge? [ = 0,1 modes?

e Hertz potential approach under development by Friedman et al.
o tensor spheroidal harmonics ... [don’t exist?]
o Full 341D approach ... expensive!

e m-mode + 241D evolution ... practical compromise.

e Proof-of-principle for m-mode recently established with scalar-field
toy model for circular orbits on Kerr [Dolan & Barack 2011]

Pr = Z (I)f(lgl)eiﬂup7 F;(Lm) — qarq)(m)7 FM — Z F}Em)

m=—oo m=—oQ



Gravitational Self Force: Formulation

o Linearized equations:
ALBab = vCvcﬁab +2 Rcadb Bcd + gabZ;cc - Za;b - Zb;a = —167Ty,

where

zb =v, h

Mixed hyperbolic-elliptic type equations.

Impose Lorenz gauge constraints Z, =0 = UZ, = 0.

74 system: add constraints to linearized equations

ALl_lab - ALﬁab + Zap + Zb;a - gabZC;c

How to enforce constraints? Gauge-constraint damping [Gundlach
et al. 05

VOV chap + 2 R hed + 110 2y + 1y, 20 = —167Typ.



GSF on Kerr

e m-mode decomposition:
Bap = ctap (1, 0) gy (r, 0, 1)e™?, (no sum)
e 10 wave equations:

Uscttap + Mab(ucd,ta Ucd,ry s Ucd, B ucd) = Sab



2+1D Wave Equations (Schw.)

stcuab + Mab(ﬂcd,ta Ucd,rxy Ucd,Hs qu) =0

2 (2r2(d01 — ufy) + uoo — u11) e (upo — u11) N 22 (ug2 + uss)

Moo = r r3 r3
212 (cos Quoz + imuos)  2(too + 11 — 2uhy)  2f2(uo1 + Oguoz)
Mo = — CPT + 5 - 5
r2sin 6 T T
f(uo2 + 2im cos Bups) 2(t12 — u62) Fl(4 + r)uo2 + 2rdpuoi] f2uO2
Moz = - 2 qin2 + 2 + 3 T2
r? sin“ 0 T T r
M __ f(uoz —2imcosbuoz) | 2fimuor | 2(i13 — ugy) n f(4+r)uos F2uos
03 r2sin? 6 r2 sin 0 r2 r3 r2
4f2(cos Quiz + imuiz) | 2[2r2 (o1 — ufy) +urr —uoo]  4f(uoo — ui1)
M1 = - > + 4 - 3
r2sinf T T
2f2(2ru11 + u22 + uzz + 2rdpuiz) . 2f3(uaz + usz)
- r3 + 72
f(uiz + 2imcosOuiz)  2f2%[cosO(uge — uz3) + imuzz]  2(to2 — uly)
Mz = — — +

r2sin? 6 r2 sin 0 r2

+f[(4 + r)uiz + 2rdpunn] 2(5u12 + 209u22)
73 2




2+1D Wave Equations (Schw.)

Mais

Moz

Moz

fUsctay + Mab(ﬂcd,ta Ued,rxy Ued, B Ucd) =0

_ f(uiz — 2imcosOuiz)  2f[2f cosbuas + im(fuss — u11)] N 2(to3 — ufg)

r2sin? 0 r2sin 0 r2
fA+r)uiz  f?(5uiz 4 20guz3)
+ 73 - 2
2f[u22 — uz3z + 2imcos Quzz]  2(uoo —wi1) = 2f(urr + u2z + 20pu12)
- 53 + 3 + 5
72 sin“ 0 r T
212 (u22 + uss)
_ =
2f[2u23 — im cos 0(u22 — u33)] 2f(cosBuiz — imui2) 2f(u23 + Ogui3)
N 2 in2 - 2 + 2
72 sin“ 0 r2sin 6 T
2f(u22 — usgs + 2im cos Oua3z) 4f(cosOuiz + imuis) 2(upo — u11)
2 gin2 + o + 3
72 sin® 0 r2sin 6 r
2f(uir 4+ usz)  2f2(u22 + usa)
+ r2 - 2 :



Puncture scheme

e Barack, Golbourn & Sago (2007) give a 2nd-order puncture
formulation:

)= S = oo + ]
€p

T=T
e For circular orbits in equatorial plane, this reduces to

Xoo = Coo+ Doodr

Xo1 = Dq; sind¢
X03 = Co3+ Do3dor
X13 = D13sind¢

X33 = 33+ D3zor



Puncture scheme

e Effective source: Sab = —167T, — (Dﬁfb + 2Rcadbﬁ§l)

e m-mode decomposition: Ean(m) and Szg(m)

e Puncture and source found in terms of ‘symmetric’ elliptic

integrals I7",..., It" ...
e ...and antisymmetric integrals Ji", ..., Jg" ...
[ smsoemvags) = B;/Z [a7 K i/0) + e B/ )]
[ i sins cosssemeas) = » 5K () + a5 B
/7 : €57 sin 66 cos(68/2) e OPd(09) = =L [afic K () + o2 EO)]
/_ " 2% sin 0 sin(69) e MI0d(Sp) = B;—/Qp [ K (i/p) + P2 a1 E(i/p)]
[ s swt(Go/ e dGs) U (K + 2B )

@ Wardell and co. developing a 4th-order scheme



Example data
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Example data: m = 2 mode of metric perturbation

o Slice (i): 0 =m/2,t =ty

Metric perturbation in equatorial plane as a function of radius
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Example data: m = 2 mode of metric perturbation

o Slice (ii): r =70,t =ty

Angular profile of metric perturbations
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Example data: m = 2 mode of metric perturbation

o Slice (iii): 8§ =w/2,r =rg

Regularized metric perturbation on worldline as a function of time
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Results: Richardson Extrapolation

o Numerical data depends on grid resolution, but scaling is
well-understood = extrapolate to infinite resolution.
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T [ — extrapolation
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Results: GSF for circular orbits on Schwarzschild

Time-domain GSF results
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First validations of Kerr code
Test of Energy Balance for m = 2 Mode

Comparing Energy Flux (Finn Thorne 2000) with F; component of Self-Fort
0.005 T T T T T T

0.00495 f~---

0.0049 h
u NN
0.00485 |/ b
n=2 -
n=4 -
0.0048 |- n=6 T
n=8
a=0.5M, rigo, = 4.233M dE/dt —
extrapolated value -------
0.00475 L L L L | 0 1 L

100 110 120 130 140 150 160 170 180 190 200
t/M

Non-smooth 2nd-order puncture = 2 Inx convergence.
0.3% disagreement here ... because Finn & Thorne (2000) give
FE, whereas I} = .EOO + Ehor-

e Superradiance = Ep,, is negative for m = 2 (but small).
Full result in excellent agreement



Low Multipoles

m = 0 and m = 1 modes require careful treatment:

e Contain non-radiative d.o.f: energy, angular momentum and
centre-of-mass

o Exhibit gauge-mode instabilities



Conserved quantities in non-radiative multipoles (I)

o Linearized equation: Wab[ﬁcd] = —167Ty,

e Symmetries: Background spacetime has Killing vectors X, :
X(ap) =0

@ Stress-energy is conserved, V,7% = 0, so we can construct a
conserved vector:

J*=T"X, = j%, =0.
o The vector j, = (—167) "W, X? can be written
j =V, F%, where Fy, = —Fpy

e i.e. the divergence of an antisymmetric tensor (2-form) Fgy,

(=87) Fap = X hefap) + X jahi)e + X (o 2y

e Apply Stokes’ theorem = Conserved integrals on two-surfaces



Conserved quantities in non-radiative multipoles (II)

o Stokes’ theorem (j¢ = F,):



Conservation Law (III)

Integrate on constant-t hypersurfaces, on concentric spheres:

X(gt) = Energy &, Xé‘b) = Ang. Mom. £, in perturbation

@ Ang. mom. in [ = 1 odd-parity sector, energy is in monopole

(I =0),
r E=—u, 11 <719 <T9,
s [ RY) = o<
1 0, otherwise.
e Locally conserved quantity in monopole (I = m = 0) equations:

E, r>rg,

_i (7‘2 (Btt,r - Btr,t) - 2f_lﬁtt + QfBrr) - {O, r <7o.



Problem: Gauge mode instabilities

@ Modes m = 0 and m = 1 suffer from linear-in-¢ instabilities
@ The growing solutions are (locally) Lorenz-gauge ﬁ;bb =0

@ are regular on the future horizon

e are homogeneous and pure-gauge: hgy, = &a:p + pia

e are generated by ‘scalar’ gauge modes: §, = ®.,.

o which are traceless h = —h% = 0.

@ The problem is entirely in Il =m = 0 and [ = m = 1 modes on
Schw.

o Q. Why has no-one evolved Lorenz-gauge Schw. [ =0 and [ = 1
modes in time-domain?

A. Negative potentials (r < 3M), unstable evolutions.



Radial Profile : m = 0 mode

Radial profile of metric perturbations at t = 50M
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Radial Profile : m = 0 mode

Radial profile of metric perturbations at t = 100M
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Radial Profile : m = 0 mode

Radial profile of metric perturbations at t = 150M
10 T T T

Metric perturbations




Problem

Regularized metric perturbations

: Time Evolution of m = 0 mode

Metric perturbations on the worldline : m =0
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Problem: Gauge mode instabilities

@ Modes m = 0 and m = 1 suffer from linear-in-¢ instabilities

e The growing solutions are (locally) pure (Lorenz-)gauge modes

(Partial) solution:

o Use generalized Lorenz gauge to promote stability,
EZ’V = H,(hag, 27).

where H,, are gauge drivers.
o ‘Implicit’ gauge-drivers used with success in Num. Rel.

o I've established a proof-of-principle for an explicit gauge
driver for m = 0 sector on Schw. for circular orbits).

v




Summary

@ GSF approach has come-of-age: first comparisons of GSF with PN, EOB
and NR have been successful.

@ Orbital resonance phenomenon provides key motivation for computing
GSF on Kerr.

@ Second-order-in-y formalism has been developed (Pound 2012);
numerical work now needed ...

o First ‘self-forced’ orbits and gravitational waveforms recently produced
(Warburton et al.; Diener et al.)

@ First GSF calculations on Kerr are now in progress, via m-mode
regularization with 2 + 1D time-domain evolution

@ Linear-in-t gauge mode instabilities are a challenge for time-domain,
Lorenz-gauge Z4 schemes

@ Stable schemes based on generalized Lorenz-gauge are now needed.
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