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Setup and Objectives

@ Our aim is to calculate a measure of the vacuum polarisation in our
universe, the auto-correlation function (¢?), with the following setup

o ADD braneworld with our universe as a (3 4 1)d flat, tensionless brane in
a flat bulk for a total of d =4 — 11 dimensions

e

N

o Euclideanised Schwarzschild-Tangherlini metric on the brane:

d—3
ds® = f(r)dt® + f(r)""dr® + r*(d6” + sin* 0 d¢?), f(r)=1- (’%)
e Hartle-Hawking vacuum: time symmetry, temperature 7" and periodic

states (due to Wick rotation) of period 7—!
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Method Part 1: Covariant Point Splitting

We get an unrenormalised expression for (¢?) from the Euclidean Green’s
function,

<¢2>unren = Re[ lim GE(Z‘ x )]

Tz’

which is defined by the point split Klein-Gordon equation
(V" —m® = €R(r)) Gp(x;a’) = —g~ 6% (z,2)

The solution is (with w = 27nT)

o

Gg(x — Z expliw(t —t") Z2l+1Plc05'y)T ()
n=-—00 =0
where T, is given by the radial ODE:
dQTwz 2f dY . 2, I(1+1) 1
f > [ +f] [f +m” + ER(r) + 2 ]Twl——rzé(r—r’)

Matt Hewitt (Sheffield Uni) Brane (¢“) in Higher Dimensions April 2012

4 /15



Method Part 2: Radial ODE Solutions

The homogeneous form of the radial ODE has two solutions: p,;(r) and g, (r)
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Final Green’s function expression (¢ =t —t’)

T o0 oo
Gp(t,x;t',x) = o Z exp(iwe ; (2l 4+ 1)Coipust (1) Gun (1)

n=—oo
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Method Part 3: Divergences

We remove an unphysical divergence gained from point splitting

., B T oo ‘ 0o 1
Gp(t,x;t',x)= y= n;m exp(iwe) ; (20 + 1) Cipuwi (1) qui(r) — R
And apply Hadamard renormalisation (o = ole]):
1 1 1. [p?lo] 1 %P
2\ . - = - 2 1 21
(67)aiv 820 + 872 (m (€ /G)R) (C + 2 [ 2 + 9672 FRas o

Removing the above from (¢2>umen and letting ¢ — 0 we get:

<¢2>ren = <¢2>ana1ytic + <¢2>numeric
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Numeric Component 1

<¢2>numerlc = 22 Z {Z |:(2l + ].)Cwlpwl(JwZ — r].:|

1=0 f3
w 1 9 1
-4+ — ——=|R
5210
1
f 2
WKB approximation: Let 8,; = Ciipwiquw: and rewrite radial ODE

o -5 ()
“CT 2xw X2 \VBu  d¢?
= Bowi (1) + 02 Bri (1) + 6* Bawr (1) +

T (o)
+ Z [ (20 + 1)Coporgor —
=0
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Numeric Component 2

Watson-Somerfeld formula:

l;f(l) = /00o F(A - %)d)\ — Re [z/ooo H%HA - ;)dk}
=Io(w,7) + Ja(w,r) (for Bawr)

For n =0 case >_,(20 + 1)Bao; = A4 is known in closed form.

o

> @1+ 1)[Cotpuiut — Bowt — Brest — Baut — Bawi]
1=0

+Jo + J1 + Bawi + Bawi]

<¢2>numeric = z 3
2

n=1

+% ; (21 + 1)[Coporgor — Boor — Brot — Baot — B301]]

+ A1+ A+ As.

Matt Hewitt (Sheffield Uni) Brane (¢“) in Higher Dimensions April 2012 8 / 15



Massless, Conformally Coupled Results 1

K1 df2+1d2f 1 df
4872 f 19272 f 9672 dr2  4872r dr

— oz (m+ (6= 3) B) (0+ 31 [2L])

Massless, conformally coupled (§ = 1/6) surface gravity:

<¢2 > analytic =

1 df d—3
— — — = — 1 i —
2ar|._, 5 etting 7, = 1 WLOG
(d—4)(d-5)
Ricci scalar: R(r) = rd—1
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Massless, Conformally Coupled Results 1

2 _ (d=3)
<¢ >ana1ytic - m
<¢2>;n_>a%ytic -

((8 ~20)(

d_
B2 nd

d—1 2d—4
) +(d-5) (-) +d—3>
T
r—00 d—3)*
<¢2>analytic = (].QTT(’;

Plots of (¢?)analytic: (d increases up the graphs)

(a)d=4—1lforr=1—11
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4d Comparison

Plots of (¢?)analytic and (¢?)ren in 4d
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Massless, Conformally Coupled Results 2

Comparison of (¢?)anatytic and (¢?)ren in d =4 — 11 for r = 1.1 — 11 (d
increases up the graphs)

(a) <¢2>ana1ytic (b) <¢2>ren

d =4 diff ~0.69% d=5diff ~1.5%
d=06diff ~14% d="7diff ~25%
d=8 diff ~35% d=9 diff ~42%
d =10 diff ~ 48% d =11 diff ~52%
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Numerical Results on Two Scales

() numeric in d =4 — 11 for r = 1.1 — 11 and r = 1.005 — 1.5 (d increases
down the graphs)
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Massless, Conformally Coupled Results in New Scale

Comparison of (¢?)analytic and (¢?)ren in d =4 — 11 for r = 1.01 — 1.5 (d
increases up the graphs)
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Behaviour Close to the Horizon

Comparison of the first 10 points of (¢?)analytic and (¢*)ren in d =4 — 11 (d
increases up the graphs)
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Conclusions

e We have developed a method to calculate all components of (¢?),e, for
our system

o Individual calculations can be accurately done in Mathematica to 30
significant figures within reasonable time

o We have shown that the use of (¢$?)analytic for an approximation to (¢?)yen
quickly becomes inappropriate for d > 4

e We can deduce from our results (¢?),e, has a maximum value on the
horizon for d =8 or 9

e Further work will be to extend our method to gaining results in the bulk
where the key aspect will be higher dimensional renormalisation
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