ELEC3028 Digital Transmission — MODEM S Chen

Example 1

In a digital communication system, the transmit and receive (pulse shaping) filters have been designed
to form a Nyquist system. It is known that the Fourier transform or transfer function of the receive
filter is given by

1, || < 1000 Hz
Gr(f) = ¢ /=90 1000 Hz < | f| < 3000 Hz
0, || > 3000 Hz

(a) Determine the transfer function of the transmit filter G (f).

(b) Determine the required baseband transmission bandwidth. What is the transmission (symbol) rate
of this system? What is the roll-off factor of the system?

(c) The channel noise is known to be an additive white Gaussian noise (AWGN) with a flat power
spectra density (PSD) ®,,(f) = N,/2 watts/Hz for all f. Determine the noise power at the
receiver output.

(d) The carrier of this system is 2 MHz. Determine the required passband channel bandwidth and the
frequency components of the transmitted radio-frequency (RF) signal.
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(1.a) Tx/Rx (pulse shaping) filters:
Or(f) = Gr(f) - Gr(f) = Nyquist system and Gr(f) = Gr(f)

(1.b) The baseband bandwidth B = 3 kHz.
G (NG () s | Ts

1
0.5

Z Sr(f — kfs) = constant = fs = 4 kHz

k=—o0

The minimum baseband bandwidth for zero ISl is By, = % 2 kHz. The roll-off factor

B — Buin 3—2

— = = 0.5
K Bmin 2
(1.c) Noise passes through Gr(f):
n(t) n(t) Channel noise PSD D, (f)=N,/2

Gr()—=

Receiver output noise PSD @, ()= |GR(f)| ()
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P,, = / ®,,,(f)df = correct but bad, not fully understand subtle aspects of pulse shaping

oo

According to Nyquist criterion, combined Gr(f)G7(f) should be “symmetric” around %:

R MG (=G MG ()

fS /2 fs /2
Recelve output
IG=(F)2 Noi e power:
N, /2 2-1512-Ny /2
—fs/2 fs 12
N, No N,
P, =2X—=X—=f; X — = — X 4000 watts
2 2 2 2

(1.d) The required passband channel bandwidth B, = 2B = 6 kHz, centered at 2 MHz, and the

Uy Electronics and gf";fu':;?mpton
H Computer Science
Bl

75



ELEC3028 Digital Transmission — MODEM S Chen

transmitted RF signal contains frequency components in 1.997 MHz to 2.003 MHz.

baseband signal passband signal
¢ ! f
0
B fe
baseband = g
: passband
bandwidth bandwidth

e In Example 1, if Gr(f) is changed to a square-root of raised cosine spectrum. Could
you do it?

} Raised cosine spectrum

14\
———~—— ¢ (kH2)
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Example 2

Based on a QAM signal x(t) = x,;(t) 4+ jx,(t), the transmitted signal in the following figure is given
by s(t) = xi(t) cosw.t + x,4(t) sin w,t.

modul ator channel demodulator
X() (1) EOPRN0 X(1)
Re{} —= c() LP —=
eioxt Ll t+0)

(a) With a channel impulse response c¢(t) = 6(t — 0.5Ts) where T is the symbol period, and a
suitably selected lowpass filter LP, show that the receiver output is given by

2(t) = z(t — 0.5T) - ¢l (#Twe0-5Ts)

Sketch the magnitude response of the lowpass filter LP.

(b) What is the best value of ¢ for the demodulator? Name the component in the receiver that is used
to lock into this optimal phase offset.

(c) In the receiver, &(t) is sampled at t = kTs + 7 to produce & |k]. Determine the best value of 7
for the sampler. Name the component in the receiver that is used to find this optimal sampling
offset.
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(2.a) The receiver input is

§(t) = xi(t —0.5T)cosw.(t —0.5T%) + x,(t — 0.5T%) sin w.(t — 0.5T%)

=  x;(t) cos w.t + x,(t) sin w, .t

where t = t — 0.57T%.
The demodulator output before LP is

§3,(t) — 5(t)-2 pllwette) _ o 5(t) - pwe(t=05Ts) | j(ptwc0.5Ts)

— 9. §(t) ) ejwc£ ) ej(@+wc0-5Ts)

= 2. (a:@(f) cos w.t + x,(t) sin wcf) : (Cos wei + jsin wcf) . i (p+wc0.5Ts)
= {xi(t) - (1 + cos 2wt + j sin 2w,t)

+jxq(t) - (1 — cos 2wt — j sin 2wc{)} . oI (p+we0.5Ts)
A suitably chosen LP will remove the components modulated at 2w,

£(t) = LP{# (1)} = (a(B) + jmg(F)) - @O0 = g(t — 0.5T,) - J(#Hee0 T
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Sketch of a suitable LP magnitude response

o A

S 0 fo

B

C

i

8 60

% % = 3 H

E T T T > f/fC
0 1 2 3

(2.b) The best value for ¢ is ¢ + w.0.5Ts = 0 or ¢p = —w.0.5T%. The carrier recovery circuit in the
receiver is used to lock into this optimal phase offset.
(2.c) The best value for 7 is kTs+7—0.5Ts = kTs or 7 = 0.5T5. In this noise-free case, Z[k| = z|[k],

the transmitted symbol sequence. The timing recovery (or clock recovery or synchronisation) circuit
in the receiver is used to find this optimal sampling offset.
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Example 3

Refer to the following symbol-rate discrete channel model

n[K]

XK [ syl rafe X[K] y[K]
7| cham

Let X (z) and Y (z) be the z-transforms of the transmitted and received signals x[k] and yl[k],
respectively. Assume that the z transfer function of the channel is C(z) = (1 4+ 0.1z71).

(a) In the noise-free case (n[k] = 0), determine the zero-forcing (ZF) equaliser’s coefficients.

(b) When the first two coefficients are used to approximate this ideal equaliser, determine the resulting
residual intersymbol interference (ISI).

(c) Assume that x[k] are independently identically distributed binary phase shift keying (BPSK)
symbols, and the channel noise n|k] has a variance of 0.09. Determine the Wiener solution for
the two-tap equaliser with a decision delay k; = 0. Compare this minimum mean square error
(MMSE) equaliser with the two-tap approximate ZF equaliser given in (b).
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(3.2) In the noise-free case, Y (z) = C(z) - X(z). The ZF equaliser Wyzr(z), assuming kg = 0, is

given by
Wyp(z) - C(z) =1
or
~1 1 S “1\° S i —i
Wan(z) = O () = oo = ZO (—O.lz ) - ;(—0.1) 2
Thus, the ZF equalizer is given by
fzelk] = (=0.1)" - y[k — i] = y[k] — 0.1 - y[k — 1] +0.01 - y[k — 2] — - - -
i=0

(3.b) The ZF equaliser is an infinite duration filter, but it decays rapidly. If W (z) ~ 1 — 0.1z~ " is used,
then W(z) - C(2) = (1 —0.1z7") - (1 +0.127') =1 — 0.01272, and in the noise-free case

flk] = y[k] — 0.1 - y[k — 1] = z[k] — 0.01 - [k — 2]

This results in a very small residual ISI term: —0.01 - z[k — 2].
(3.c) Note that y[k] = x[k] + 0.1 - [k — 1] + n[k], E[z*[k]] = 1, and E[n°[Ek]] = 0.09, we have

ryy[0] = E[YP[K]] = 1+ 0.01 +0.09 = 1.1, r,,[1] = E[y[k] - y[k — 1]] = 0.1

ray|0] = Elx[k] - ylk]] =1, ray[l] = E[x[k] - ylk —1]] =0
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The MMSE solution

S Chen

woopt 1 [ 11 0171 '[17
Wi | | 0.1 1.1 0] | -

The output of this two-tap MMSE equaliser is

Ry [y
wl"‘wl»—n
1

FIK] = 5 - ylk]l = = ylk — 1] = - (lk] + 0.1 [k — 1] + n[k])

1

_E.(x[k_ 1] 4+ 0.1 - z[k — 2] + n[k — 1])

B P LS NS & GRS SO Y
— 12" Th 12 12 " 12 "

while the output of the two-tap approximate ZF equaliser is
flk] = z[k] — 0.01 - [k — 2] + n[k] — 0.1 - n[k — 1]

The former has a larger residual ISI but a smaller noise power at the equaliser output, compared
with the latter.
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