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Abstract—1In order to meet the demands of '"Internet above
the clouds,' we propose a multiple-antenna aided adaptive coding
and modulation (ACM) for aeronautical communications. The
proposed ACM scheme switches its coding and modulation
mode according to the distance between the communicating
aircraft, which is readily available with the aid of the airborne
radar or the global positioning system. We derive an asymptotic
closed-form expression of the signal-to-interference-plus-noise
ratio (SINR) as the number of transmitting antennas tends to
infinity, in the presence of realistic co-channel interference and
channel estimation errors. The achievable transmission rates and
the corresponding mode-switching distance-thresholds are readily
obtained based on this closed-form SINR formula. Monte-Carlo
simulation results are used to validate our theoretical analysis.
For the specific example of 32 transmit antennas and four receive
antennas communicating at a 5-GHz carrier frequency and using
6-MHz bandwidth, which are reused by multiple other pairs
of communicating aircraft, the proposed distance-based ACM is
capable of providing as high as 65.928-Mb/s data rate when the
communication distance is less than 25 km.

Index  Terms— Aeronautical communication, large-scale
antenna array, Rician channel, adaptive coding and modulation,
precoding.

I. INTRODUCTION

HE appealing service of the ‘Internet above the
clouds’ [1] motivates researchers to develop high data
rate and high spectral-efficiency (SE) aeronautical communica-
tion techniques. Traditionally, satellite-based access has been
the main solution for aeronautical communication. However,
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it suffers from the drawbacks of low throughput and high
processing delay as well as high charges by the satellite
providers. The aeronautical ad hoc network (AANET) [2]
concept was conceived for supporting direct communication
and data relaying among aircraft for airborne Internet access.
However, the current existing transmission techniques are
incapable of providing the high throughput and high SE com-
munications among aircraft required by this airborne Internet
access application.

The planed future aeronautical communication systems,
specifically, the L-band digital aeronautical communications
system (L-DACS) [3], [4] and the aeronautical mobile airport
communication system (AeroMACS) [5], [6], only provide
upto 1.37Mbps and 9.2Mbps air-to-ground communication
date rates, respectively. Moreover, the L-DACSI air-to-air
mode [7] is only capable of providing 273kbps net user
rate for direct aircraft-to-aircraft communication, which cannot
meet the high throughput demand of the Internet above the
clouds. Furthermore, these rates are achievable for point-
to-point transmissions, but multiple frequency resources are
required for supporting multiple pairs of aircraft communi-
cations. Therefore, these future aeronautical communication
techniques fail to satisfy the demanding requirements of
airborne Internet access. Additionally, the L-DACS1 air-to-air
mode has to collect and distribute the associated channel state
information (CSI) to all aircraft within the communication
range [7], which is challenging in practical implementation.
Even if the air-to-air communication capacity of these future
aeronautical communication systems could be made suffi-
ciently high, they would still be forbidden for commercial
airborne Internet access, because their frequency bands are
within the bands assigned to the safety-critical air traffic
control and management systems.

In order to meet the high throughput and high SE demands
of the future AANET, we propose a large-scale antenna array
aided adaptive coding and modulation (ACM) based solution
for aeronautical communication. Before reviewing the family
of ACM and multiple-antenna techniques, we first elaborate
on the specific choice of the frequency band suitable for the
envisaged AANET. Existing air traffic systems mainly use
the very high frequency (VHF) band spanning from 118 MHz
to 137MHz [8], and there are no substantial idle frequency
bands. The ultra high frequency (UHF) band has almost
been fully occupied by television broadcasting, cell phones
and satellite communications, including the global positioning
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system (GPS). Thus, no substantial idle frequency bands can
be found in the UHF band either. This motivates us to explore
the super high frequency (SHF) band spanning from 3 GHz
to 30GHz, for example, using 5SGHz carrier frequency for
this aeronautical communication application. Note that even
if there were sufficient unused frequency slots in the VHF
and UHF bands, it is advisable not to use them because
the frequency band of the envisaged airborne Internet access
system should be sufficiently far away from the bands assigned
to the safety-critical air control and management systems,
satellite communication and GPS systems.

ACM [9], [10] has been demonstrated to be a powerful tech-
nique of increasing data rate and improving SE over wireless
fading channels. It has been extensively investigated also in
the context of IEEE 802.11 [11], LTE-advance 4G mobile
systems [12], [13] and broadband satellite communication
systems [14]. The optimal ACM relies on the perfect knowl-
edge of the instantaneous CSI, but channel estimation errors
are unavoidable in practical communication systems [15].
Furthermore, the CSI of frequency division duplexing based
systems must be obtained through a feedback channel, which
potentially introduces feedback errors and delays [16]. These
factors significantly degrade the ACM performance. In order to
reduce the sensitivity to CSI errors, Zhou and Giannakis [15]
proposed an adaptive modulation scheme relying on partial
CSI, while Taki et al. [17] designed an ACM scheme based
directly on imperfect CSI. A whole range of differentially
encoded and non-coherently detected star-QAM schemes were
characterized in [18], while the channel coding aspects were
documented in [10]. Most existing research on ACM focused
on terrestrial wireless communications, where the channels
exhibit Rayleigh fading characteristics. But the research com-
munity seldom considered the propagation characteristics of
aeronautical communications in designing ACM schemes.

In aeronautical communication, typically there is line-of-
sight (LOS) propagation, in addition to multipath fading,
where the LOS component dominates the other multipath
components of the channel. The investigations of [19] and [20]
have revealed that the aeronautical channel can be modeled
as a Rician channel for the flight phases of taxiing, landing,
takeoff and en-route, while the aeronautical channel during
the aircraft’s parking phase can be modeled as a Rayleigh
channel, which can be viewed as a specific case of the Rician
channel with a zero Rician K-factor. Furthermore, multiple-
antenna aided techniques have been employed in aeronautical
communication for increasing the transmission capacity [21].
Although it is challenging to deploy multiple antennas, on an
aircraft [22], especially a large-scale antenna array, the devel-
opment of conformal antenna [23] has paved the way for
deploying large-scale antenna arrays on aircraft. At the time
of writing, however, there is a paucity of information on how
much capacity can be offered by employing multiple antennas
in aeronautical communications.

Against this background, we develop an ACM based and
large-scale antenna array aided physical-layer transmission
technique capable of facilitating en-route airborne Internet
access for the future AANET employing the time division
duplexing (TDD) protocol, which has already been adopted
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by the so-called automatic dependent surveillance-broadcast
standard [24], as well as by the L-DACS and AeroMACS
arrangements. Our main contributions are summarized.

1) We propose and analyze a distance-information based
ACM scheme for large-scale antenna array aided aero-
nautical communication in SHF band, which switches
its ACM mode based on the distance between the
desired pair of communicating aircraft. This scheme
is more practical than the existing ACM schemes that
rely on instantaneous channel-quality metrics, such as
the instantaneous signal-to-noise ratio (SNR). This is
because in aeronautical communication it is extremely
difficult to acquire an accurate estimate for any instan-
taneous channel-quality metric, and an ACM based on
such a switching metric will frequently fail. By contrast,
the accurate distance information between the com-
municating aircraft can readily be acquired with the
aid airborne radar. Alternatively, the accurate position
information can also be acquired with the assistance of
GPS.

2) We explicitly derive a closed-form expression of
the asymptotic signal-to-interference-plus-noise
ratio (SINR) of multiple-antenna aided aeronautical
communication in the presence of realistic channel
estimation errors and the co-channel interference
imposed by other aircraft within the communication
range. This closed-form SINR formula enables us to
directly derive the achievable theoretical transmission
rates and the associated mode-switching distance-
thresholds for the proposed ACM scheme. Moreover,
as a benefit of large-scale antenna arrays, every pair of
communicating aircraft in our system uses the same
frequency resource block, which dramatically enhances
the system’s SE.

The rest of this paper is organized as follows. Section II
describes the multiple-antenna aided aeronautical communi-
cation system, with emphasis on the propagation and signal
models. Section III is devoted to the proposed distance-based
ACM scheme, including the derivation of the closed-form
asymptotic SINR in the presence of imperfect CSI and co-
channel interference that leads to our detailed design of the
achievable data rates and the associated switching distance
thresholds. Section IV presents our simulation results for char-
acterizing the impact of the relevant parameters in aeronautical
communication. Our conclusions are given in Section V.

II. SYSTEM MODEL

Fig. 1 depicts an aeronautical communication system con-
sisting of (A + 2) aircraft at their cruising altitudes within
a given communication zone.! Aircraft ¢* and b* are the
desired pair of communicating aircraft, with ¢* transmitting
data to b*, while aircraft @ = 1,2,---, A are interfering
aircraft. As the system operates in SHF band, it is feasible to
design compact high-gain antennas [25] and hence to deploy
a large-scale antenna array on an aircraft. This also enables

I'Since Internet access is forbidden at takeoff and landing, it is reasonable
to consider only aircraft en-route at cruising altitude.
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Fig. 1.

every pair of communicating aircraft to use the same frequency
and time slot. Specifically, the system is based on the TDD
protocol, and each aircraft has Ny, antennas, which are
capable of transmitting and receiving on the same frequency.
Furthermore, from these Niota antennas, N; antennas are
utilized for transmitting data, while N, antennas are utilized
for receiving data. We assume that the number of data-
receiving antennas (DRAs) is no higher than that of the data-
transmitting antennas (DTAs), i.e., Ny < N; < Nia- The
reasons are: 1) The spatial degrees of freedom min {N,, N}
determine the supportable data streams, and thus the number
of DRAs should be no higher than the number of DTAs
in order to make sure that the number of data streams
after transmit precoding is no higher than min {N,, N;}; and
2) The remaining (Niotal — Ny) or (Niotal — N;) antennas are
capable of transmitting/receiving other information, such as
air traffic control or emergency information, at a frequency
different from that of the data transmission. The system
adopts orthogonal frequency-division multiplexing (OFDM)
for mitigating the multipath effects and for achieving a high
SE. We further assume that all the aircraft are jumbo jets, and
they are all equipped with a same large-scale antenna array.
We also assume that each aircraft has an airborne radar capable
of measuring the distance to nearby aircraft. Alternatively,
the distance information may be acquired with the aid of GPS.

As illustrated in Fig. 1(b), aircraft a* employs N, antennas
to transmit data and aircraft b* employs N, antennas to
receive data. Therefore, a* has to know the multi-input multi-
output (MIMO) channel matrix linking its N; DTAs to the
N, DRASs of b* in order to carry out transmit precoding. The
channel estimation is performed by pilot based training before
data transmission, as shown in Fig. 1(a). More specifically,
aircraft b* transmits pilot symbols from its N DRAS to aircraft
a®’s N; DTAs to enable a* to perform the training based
channel estimation. The required MIMO channel matrix can
then be obtained by exploiting the TDD channel’s reciprocity.

A. Pilot Based Training

During the pilot based training stage shown in Fig. 1(a),
aircraft b* transmits its pilot symbols via its N, DRAs to
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—®  Desired link

- - — - Interference links

(b) Data transmission (a'tod” )

A TDD based aeronautical communication model with co-channel interference, where aircraft a* is transmitting data to aircraft b*.

the N; DTAs of aircraft a*, and this pilot based training is
interfered by all adjacent aircraft within the communication
range. The most serious interference is imposed when the
interfering aircraft ¢ = 1,2,---, A also transmit the same
pilot symbols as aircraft b*. The frequency domain (FD)
MIMO channel between the N, DRAs of b* and the N; DTAs
of a*, on the nth OFDM subcarrier of the sth symbol, is
defined by the matrix Hf:[s,n] € CNi*Nrwhere 0 < n <
N — 1 with N denoting the length of the OFDM block. Let us
assume that the length of the cyclic prefix (CP) N, is longer
than the channel impulse response (CIR) P. The FD discrete
signal model at the nth subcarrier and sth time interval during
the pilot training period can be written as

Ya*[s,n] = Pf;*Hf:[s,n])?b*[s,n]

A
+ > P HE s, X [s, n] + Wes[s, nl,
a=1

(1)

=% =% =% T
[Yf’ [s,n] Y7 [s,n]---Yf\’,t [s,n]] €
CNex1 represents the signal vector received by the N, DTTAs
of a*, X" [s,n] = [flf*[s,n] }?g*[s,n]'o'iﬁ,t [s,n]] 1S
CNrx1 js the transmitted pilot symbol vector, which obeys
the complex white Gaussian distribution with a zero mean
vector and the covariance matrix of Iy, , namely, xv [s,n] ~
N (0, IN,), and Wy«[s, n] ~ CN (0, auz)INl) is the associated
FD additive white Gaussian noise (AWGN) vector, while
the worst-case co-channel interference is considered with
)?“[s,n] = Xb*[s,n] for 1 < a < A. Here we have used
0 to represent the zero vector of an appropriate dimension
and Iy, to represent the (N, x N,)-element identity matrix.
Furthermore, in (1), sz* and PZ .+ denote the received powers
of the desired signal and the interference signal transmitted
from b* and a at a single receive antenna, respectively.

The FD channel transfer function coefficient (FD-CHTFC)
matrix H ff [s, n] is explicitly given by

where ?a*[s,n] =

HY [s,n] = vH] .[s,n] + ¢ H. . [s.n], )
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vec (ﬁf:) = vec (vHé’;*) +¢*R;,

r,a*

o2
Pb* Inn, + ¢ R] ,+Z
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2Rr

ra*

1 b*
X vec( )+Z Hr‘fa*) + —vec (Wa*( ) ) ) 9)
r a* \/ Prba*
where Hé’z*[s, n] € CNxNr and Hrb;*[s, n] € CN*Nr Ttcanbe seen that R” = R“" is the real assumption required. 4

denote the deterministic and scattered channel components,

KRice — 1 1
. KRice"'l. and ¢ = KRice+17 Wlth
KRice being the K-factor of the Rician channel. Furthermore,

the scattered channel component is given by [26]

respectively, while v =

H!,.[s,n] = RZ.G..[s, n]R"'2, (3)
where Ry« € CN*Ni and RY" e CN-*Nr are the spatial
correlation matrices for the N; antennas of a* and the N,
antennas of b*, respectively, while Gg: [s,n] € CN*Nr has the
independently identically distributed complex-valued entries,
each obeying the distribution CAL(0, 1). As a benefit of the
CP, the OFDM symbols do not overlap in time and the
processing can be carried out on a per-carrier basis [27].
Hence, to simplify our notations, we will omit the OFDM
symbol index s and the subcarrier index n in the sequel.

Let vec(A) denote the column stacking operation applied to

matrix A. Clearly, £ {vec(HrbZ*)} = 0, where Z{ } denotes

the expectation operator, and the covariance matrix Rf o €
N; N, xN; N, b5\ e o ’
CheNr X NilNr of vec(Hr,a*) is given by

* * H *
Rba* =E [vec (Hr{’a*) (vec (Hrl?a*)) ] =R” ® Ry,

“)

where ® denotes the matrix Kronecker product. Therefore,
vec (Hf:) ~ Cf?\[(vec (vHé’:;*) Rfa*)
craft have the same antenna array, we make the assumption
that all the spatial correlation matrices R, for @, € 4 =
{1,2,---, A, a*, b*} are approximately equal, i.e., we assume
that R, = R, VYa; € 4 hold.? By the same argument,
we assume that R = R’ VYa, € A4 hold.? Thus, all the
channels’ covariance matrices are assumed to be equal, i.e., we
have

Since all the air-

R

= Rrrjt =R Q®R;, Va;,a, € 4 and a; #a,. (5)
This implies that every aircraft has the knowledge of its
channel covariance matrix. For example, aircraft a* knows

its antenna array’s spatial correlation matrices R+ = R, and

R® = R’, and since R”" = R“", it knows its channel
covariance matrix Rfa* =R" Q@R = R"®R,- = R"QR,.

21t is reasonable to assume that all jumbo jets are equipped with identical
antenna array. However, because the geometric shapes of different types of
jumbo jets are slightly different, R, = Ry VYa; € 4 only hold approximately.
3Similarly, R = R" Va, € 4 only hold approximately.

The received power Prb . at aircraft a* is linked to the

transmitted signal power Pb of aircraft b* by the following
path loss model [25]

Prh:; pb 1070 pdthloss a* | (6)
where Lpath Joss,a* Tepresents the path loss in dB, which can
be modeled as [25]

LY,

path loss,a* [dB] = —154.06 + 20 1OglO (f) +20 10g10 (d),

@)

where f [Hz] is the carrier frequency and d [m] is the distance
between the transmit antenna and the receive antenna. For the
received interference signal power Pr“a*, we have a similar

path loss model. Each entry of the FD AWGN vector W

obeys the distribution CN(0, o, ) with a = ?{,V , in which
Py is the receiver noise power given by [28]
Py = FkTyB, ®)

where F' [dB] is the receiver’s noise figure, Tj is the reference
temperature in Kelvin at the receiver, k = 1.3 X 10723 is
Boltzmann’s constant and B [Hz] is the bandwidth.

Since every aircraft knows its channel covariance
matrix, we can apply the optimal minimum mean square
error (MMSE) estimator [29] to estimate the channel matrix
Hb The MMSE estimate H b* of H b* is given in (9), shown

e CNrxNr con51sts of
~ * -~

~b
the N, pilot symbols with X (X )H = Iy,, and Wa* €
CNr*Nris the corresponding AWGN vector over the N,
consecutive OFDM pilot symbols. It is well-known that the

distribution of the MMSE estimator (9) is vec (ﬁf: ) ~
N\ (vec (v Hé’;) s in) [29], that is, vec (ﬁf:) is an unbi-

at the top of this page, where X

*

ased estimate of vec (Hf: ) with the estimation accuracy

specified by the covariance matrix <I>Zi € CNeNrxNilNr - which
is given by

a

_ o2 Pe i}
O = Ry | o Tnn ¢ R’I+Z T C2RY,
r,a* a=1 " r,a*
¢*R,. (10)

4Altematlvely, we can also avoid imposing this assumption. Then, a* can
ask b* to send its antenna correlation matrix R””. For example, during the
initial handshake of establishing the link, b* can sends RY to a* through
the signaling at the expense of increasing the signaling overhead.
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B. Data Transmission

During the data transmission, aircraft ¢* transmits the sym-
bols X« = [X¢* X§* - o'va’:]T e CV*1 from its N; DTAs to
the N, DRAs of aircraft b*. Let us denote the MIMO channel
matrix during this data transmission as Hﬁ: € CNrxNi Then,
upon exploiting the channel’s reciprocity in TDD systems,

HY

To mitigate the interference between multiple antennas,
transmit precoding (TPC) is adopted for data transmission.
There are various methods of designing the TPC matrix Vb“: €
CNexNr - including the convex optimization based method
of [30], the minimum variance method of [31], the minimum
bit-error rate (MBER) design of [32], the MMSE design
of [33] and the zero-forcing (ZF) design as well as the eigen-
beamforming or matched filter (MF) design of [34]. For a
large-scale MIMO system, the complexity of the optimization
based TPC designs of [30]-[32] may become excessive. Addi-
tionally, in this case, the performance of the MBER design [32]
is indistinguishable from the MMSE one. Basically, for large-
scale antenna array based MIMO, the performance of the
MMSE, ZF and MF based TPC solutions are sufficiently good.
The MF TPC design offers the additional advantage of the
lowest complexity and, therefore, it is chosen in this work.
Specifically, the MF TPC matrix is given by

we have Hj, = (

Y

where fl\g: denotes the estimate of Hlf’:, and ﬁf: is the
channel estimate obtained during pilot training.

In the presence of the interference imposed by aircraft a for
1 < a < A, the received signal vector at aircraft b*, Yy« =
[Ylb* Y2b* - Y}\’,j]T € CNrx1 can be written as

a*»

* o~ % H i
v = (A) =1

A
Yor = \ Pl H Vi X 4 3P HL Vi X+ Wi,
a=1

12)

where Vi, € CN*Nr denotes the TPC matrix at aircraft a
transmitting the signal X4 = [X{ X§--- X?\,r]T to its desired
receiving aircraft b* for b* # b*, and the channel’s AWGN
vector is Wpx = [Wlb* W2*~oWk,j]T ~ cn\((0,0621y,). In
particular, the signal received at the antenna n; of aircraft b*,
for 1 < n} < N,, is given by (13) at the top of this page,
where [A][,,. | € CP*M denotes the n,th row of A € CN*M
and [A][ ., € CN*1 denotes the n,th column of A.

III. PROPOSED ADAPTIVE CODING AND MODULATION

In order to attain the required high-throughput transmission
for our large-scale antenna assisted aeronautical communi-
cation system, we propose a distance-based ACM scheme.
We begin by analyzing the system’s achievable throughput,
followed by the detailed design of this distance-based ACM.

A. Achievable Throughput Analysis

The transmitting aircraft a* pre-codes its signals based
on the channel estimate obtained during the pilot train-
ing by exploiting the TDD channel’s reciprocity. However,
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the receiving aircraft b* does not have this CSI. Thus,
the ergodic achievable rate is adopted for analyzing the achiev-
able throughput. In order to explicitly derive this capacity,
we rewrite the received signal at the antenna n} of aircraft b*,
namely, Y,ll’; of (13), as shown at the top of the next page,
in the form given in (14), as shown at the top of the next
page. Observe that the first term of (14) is the desired signal,
the second term is the interference caused by the channel
estimation error, the third term is the interference arriving from
the other antennas of b*, and the fourth term is the interference
impinging from the interfering aircraft, while the last term is
of course the noise. Thus, the SINR at the n,-th antenna of
b*, denoted by Vz?:,n,’ is given by
P4,

. zHH] [V":] ]
r,b b .. b .
o [ ] [ ] (15)

yh*jnr - s
P T&NY;

2

S

in which the power of the interference plus noise is
=02+ PfZ*Var H [Hlf:] [Vlf:] ]
’ g ] [ nf]

+ PG> EH[H&]W. el
ny#nk T o

A Ny

+ Zprilb* Z Z{‘[Hlf*][n;‘: ] [Vlfa][ ny)

a=1 ny=1

Ppgne*

b*,ny

|
]

(16)

where Var { } denoting the variance. The achievable transmis-
sion rate per antenna between the transmitting aircraft a* and
destination aircraft b* can readily be obtained as

N,
* 1 - *
Cpo = i E log, (1 + ylf*,m>.
r

ny=1

A7)

As mentioned previously, the distance between the trans-
mitting aircraft and the receiving aircraft is available with
the aid of airborne radar or GPS. But we do not require
that the distances between the interfering aircraft and the
desired destination aircraft are known to the transmitting
aircraft. Realistically, the distance between two aircraft can
be assumed to follow the uniform distribution within the
range of [Dmin, Dmax], Where Dy is the minimum sepa-
ration distance required by safety and Dpax is the maximum
communication range [35]. For example, we have Dp,x =
400 nautical miles, which is approximately 740.8km, for a
typical cruising altitude of 10.68 km. Normally, the Inter-
national Civil Aviation Organization prescribes the minimum
separation as 5 nautical miles (approximately 9.26 km) when
surveillance systems are in use. But the minimum separation
distance could be reduced to 2.5 nautical miles (about 4.63 km)
when surveillance radars are intensively deployed, such as in
an airport’s airspace. Thus, the minimum distance is set to
Dmin = Skm in the envisaged AANET. Intuitively, an aircraft
always transmits its signal to an aircraft having the best
propagation link with it for relying its information in the
AANET. Here we simply assume that a pair of aircraft having
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A
b* * * * * b* * * * *
vh = /Pg,. [Hg*]w_ Vi X + D P [H ] e Vi X+ Wit = |/ P [Hg*]w_ | [V,;i][ ey X
re a:1 re tr

A Ny

AP IREAL W LCH RS ID INEA L3 PRI PR S

ny#n¥ a=1n,=1

b* * * * * * * * * *
i = [,/Pr‘fb* ] ], ]] X4+ (,/Pr‘fb* ] ] Z[,/Pfjb* a5
A Ny
« * * * b*
+ : ‘, \% Pr‘,lb* [Hl?* :|[n*: ] I:Vl;l* :|[ - ]er + Z Z V Pr‘,lb* [Hlf*][nf: ] [Vba“][ | er + an .

ny#n¥ a=1n,=1

13)

w))
] [ [ o] r

(14)

re

the shortest communication distance have the best propagation
link, since large-scale fading dominates the quality of propaga-
tion in aeronautical communication. Being in mind (6) and (7)
as well as the fact that the distance d is uniformly distributed
in [Dmin, Dmax], We can express the average received signal
power for the transmission from aircraft a to aircraft b* as

_ ; 1015.406 1

Pz-a*zf Pa* =P . (18)
’ nb { rb } ! f2 Dinax Diin

The relationship between the MMSE estimate [I:I\lf’:]

[nr:]

can be expressed as
[ny: ]

[b [y ] S [ T R [
where [Ijllf:]
tically independent of both [I:I\g:]

and the true MIMO channel [H[,‘:]
19)

s ] denotes the estimation error, which is statis-
ny:
and [Hg;‘] [29].
[nr: ] [nr: ]

Similar to the distribution of vec (ﬁ f: ) we have

vec (B ) ~ o (vee (v, ), @5),  0)

where the covariance matrix <I>Z: of the MMSE estimate
vec (I:I\lf’:) is given by.

—1

2 A Pa
* — o — * —
o). = ( Iy + 2R, + 3 2 )
r,b* a=1 " rb*
x ¢*RL,. (@2l

in which ¢2R!, is the channel’s covariance matrix and the

channel’s spatial correlation matrix Ii’ﬁ’r is given by

R, =R ®R" (22)

Denote the covariance matrix of the channel estimation error
vec (Hj. ) = vec (Hlf*) — vec (Hlf*) by ZEj.. Clearly,
we have

* - *
2f. = ¢?RL, — @, € CNN NN (23)

and EZ: can be explicitly expressed in the following form

R R S R Y
I 11,2 lany

[x]

|:~ *:I
* (Nr,Nr)

B ~ % H ~ %
Ea: — Ha*:l I:Ha*] ] c (CNZXNI,
L™b ](i,n (‘[ Pl L7 ) - T
Vi,j € {1,2,---, N,}. This indicates that the distribution of
: ] is given by

~ 1T *
BT, (o 551, )
[ b [nr: ] CN( N b (nr,ny)

where Oy, x1 is the N;-dimensional zero vector.
Noting the distribution (20), the correlation matrix obeys

Ak Sk H * *
E [vec (Hf*) vec (Hf*) ] = szZ* + ®}., where

Y
LL™2 I, b* I, 2)

(25)

* * * H
M. = vec (Hé’,a*) vec (Hé’,a*) e CNiNrxNiNr = (26)

*
*

Furthermore, Mg
lar to (24) having the (i, j)-th sub-matrix [Mg: ]

can be expressed in a form simi-

()
* H *
I:H(i]a*il[ ]I:Hé;a*:l[ ]ECNIXvaVi>j€{1529"' ,Nr}~
g i ’ i
Hence, upon recafling (11) and (19), we have

o), ]
H P dr L0 11y

. _H
ol [T, |
P g L0 dpg
=|([a],,., (a0, ) [T, |
b* Jimg: 1 D" dpmg: 1) L0 e

=E

_H
Tr [H“*] [H“*]
{ b Jpmge 1 L7°0" Jpg:

:Tr[v2 [le:] <I>ZI] ],
(nf.n?)

where Tr{ } denotes the matrix trace operator, and [<I>Z:]( ) €
b
CNexNe i je{l,2,---, N}, is the (i, j)-th sub-matrix of

<I>Z: which has a structure similar to (24). Thus, by denoting

T 7 5
[ 0 Lz = L Ly T L Ly

27
) [ @7

(28)



ZHANG et al.: ACM FOR LARGE-SCALE ANTENNA ARRAY-BASED AERONAUTICAL COMMUNICATIONS

we have
|l ],
I P ding y L707 J 1 ony

Note that multiplying (29) with P’ b* leads to the desired signal
power, i.e. the numerator of the SINR expression (15).
As shown in the Appendix, as N; — oo, we have

], ]
arI A [PERR T R [P
=T [:a] [@“I] . (30
r[ P Ly L0 Jng my G0

Additionally, recalling (9) and after some simplifications,

2
H“:] [V“:] } as
[ P Jime 1 L0 Ip iny
2
of ], ]
H L [T N R
= TrI (v2 [Mg:]
(nr, nr)
a*
+ ([ b*jl(l’lr,l’lr) Pa* INI + Z ](”f ”r))
a* 2 a* 2 [ pt
[Qb*](n,,n,))(U I:Mh*:l(n;‘,nj‘)—i_g [Rr”](ni‘an:‘))]’

€1y

2 (Tr[[ b*](n;nnm])z'

(29)

We can express E{

a*g

€ CN>Ni s given by
(ny,ny)

2

asymptotically, where [SZZI ]

* (2
[QZ*](nhnr) = g2 [Rt ](nr ny) (

(ny,ny)

IN, + [Ri,r]
b*

ra* -1
+Z i< R Jony) » G
a=1 rb*
in which [Rf_,](”) e CNoxXNi v j e {1,2,---,N,},
represents the (i, j)-th sub-matrix of Rrr, which has

a structure similar to (24). Similarly, we can express

2
E “[H[f*][n*: ] [Vlﬁ,][ :nr]’ ] asymptotically as
a a 2
] 1V ]
=l (2,0

a A Praa*g2 D! 0112)
(25 + 22 i (R + P
r)

Iy
t
a=1 r,b* *

19510 ) (2 18Dy 2 1R ) |

(33)

Upon substituting (30), (31) and (33) into (16), therefore,
we arrive asymptotically at the power of the interference

plus noise P &N(,* given in (34) at the top of this page.

1349

. Data-transmitting antennas
Data-receiving antennas o

12N, N,

\

. . a
Channel estimation | [Distance db*

Generate the Switch
precoding malrixVZ; ACM mode

I —

Data transmission

Received
signal processing

<_,
\ \
Time Time

Fig. 2. Schematic of the proposed distance-based adaptive coding and
modulation scheme.

Furthermore, substituting (29) into (15) leads to the following
asymptotic SINR expression

2
o (T [@“:]
o P (r[ b (n:nn:)])

o = 35
T Prgnet 42
b*,ny
Remark 1: Both [Mga](n ) and [Mb*](n* ) in (34), as

shown at the bottom of the next page, are unavailable to
aircraft a*, since there is no cooperation between the related
aircraft. However, both these two terms can be substituted by

[ ]

" Jgnp)

results presented in Section IV will demonstrate that this
approximation is sufficiently accurate.

Remark 2: The high velocity of aircraft results in rapidly
fluctuating fading. The channel estimator (9) is the most
efficient, since its mean square error matches the Cramér-
Rao lower bound. However, by the time the transmitter
transmits the precoded signal based on this channel estimate,
the real channel has changed. This mobility-induced channel
estimation ‘error’ will degrade the achievable performance. An
effective approach to mitigate this performance degradation
owing to channel estimation errors is to adopt robust transmit
precoding. The design of robust precoding is beyond the scope
of this paper. Some highly effective robust precoding designs
can be found in [36] and [37].

Remark 3: As our derivation does not impose any spe-
cific geometric structure on the antenna array, our results
and therefore our proposed physical-layer transmission
scheme is applicable to systems equipped with uniformly
spaced linear arrays (ULAs), uniformly spaced rectangular
arrays (URAs), or any other generic antenna arrays.

as a reasonable approximation. The simulation

B. Distance-Based ACM Scheme

The proposed distance-based ACM scheme is illustrated
in Fig. 2. Our scheme explicitly uses the distance df,’:
between aircraft @™ and aircraft b* as the switching metric
to adapt the modulation mode and code rate. Similar to the
conventional ACM scheme, our distance-based ACM also
consists of the set of K ACM modes, but its switching
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TABLE I

AN EXAMPLE OF ADAPTIVE CODING AND MODULATION SCHEME WITH N; = 32 AND N, = 4. THE OTHER SYSTEM PARAMETERS
FOR THIS ACM ARE LISTED IN TABLE III

Mode k& Modulation Code rate Spectral efficiency Switching threshold | Data rate per receive Total data rate

(bps/Hz) dj, (km) antenna (Mbps) (Mbps)
1 BPSK 0.488 0.459 500 2.754 11.016
2 QPSK 0.533 1.000 350 6.000 24.000
3 QPSK 0.706 1.322 200 7.932 31.728
4 8-QAM 0.642 1.809 110 10.854 43.416
5 8-QAM 0.780 2.194 40 13.164 52.656
6 16-QAM 0.731 2.747 25 16.482 65.928
7 16-QAM 0.853 3.197 5.56 19.182 76.728

TABLE II

AN EXAMPLE OF ADAPTIVE CODING AND MODULATION SCHEME WITH N; = 64 AND N, = 4. THE OTHER SYSTEM PARAMETERS
FOR THIS ACM ARE LISTED IN TABLE 111

Mode k& Modulation Code rate Spectral efficiency Switching threshold | Data rate per receive Total data rate
(bps/Hz) dj, (km) antenna (Mbps) (Mbps)
1 QPSK 0.706 1.322 400 7.932 31.728
2 8-QAM 0.642 1.809 250 10.854 43.416
3 8-QAM 0.780 2.194 120 13.164 52.656
4 16-QAM 0.731 2.747 50 16.482 65.928
5 16-QAM 0.853 3.197 5.56 19.182 76.728

thresholds comprise the K distance thresholds {dk},f:l. An
example of this distance-based ACM scheme using K
7 is given in Table I, where the SE is calculated as:
log, (modulation order) x code rate x [(N — N¢p)/N], and the
data rate per DRA is calculated as: spectral efficiency X Biotal,
in which By is the bandwidth available, while the total data
rate is given by: data rate per DRA x N,. The modulation
schemes and code rates are adopted from the design of
VersaFEC [38], which covers a family of 12 short-block LDPC
code rates with the matched modulation schemes. VersaFEC is
specifically designed for low latency and ACM applications.
The operations of this distance-based ACM are now given
below.

1) Aircraft a* estimates the channel Hlf: based on the pilots
transmitted by aircraft b*, as detailed in Section II-A.

2) Aircraft a* calculates the TPC matrix Vb“: according
to (11).

3) Aircraft a* selects an ACM mode to transmit the data
according to

If dp < dg: < dy_1: choose mode k, (36)

where k € {1,2,---, K}, and we assume dy = Dpyax. When
dg* > Dmax, there exists no available communication link,
since the two aircraft are beyond each others’ communication

range. Since the minimum flight-safety separation must be
obeyed, we do not consider the senario of dg: < Dqin.

The switching distance threshold for each ACM mode is
determined based on the achievable rate per DRA as a function
of distance. Specifically, the theoretically achievable rate per
DRA as a function of distance is calculated using (15). The
distance thresholds {dk},f:l are chosen so that the SE of
mode k is lower than the theoretically achievable rate per
DRA in the distance range of [dk, dx—1] to ensure successful
transmission. Fig. 3(a) illustrates how the 7 distance thresholds
are designed for the example provided in Table I. For this
example, N; = 32, N, = 4, and the total system bandwidth is
Biotal = 6 MHz which is reused by every aircraft in the system.
The theoretically achievable rate per DRA as a function of
distance is depicted as the dot-marked solid curve in Fig. 3(a).
By designing the 7 distance thresholds dj for 1 < k < 7 to
ensure that the SE of mode k is lower than the theoretically
achievable rate in the distance range [dk, dx—1], we obtain the
7 desired distance thresholds for this ACM example, which are
indicated in Fig. 3(a) as well as listed in Table I. The designed
7 ACM modes are: mode 1 having the SE of 0.459 bps/Hz,
mode 2 with the SE 1.000 bps/Hz, mode 3 with the SE
1.322 bps/Hz, mode 4 with the SE 1.809 bps/Hz, mode 5
with the SE 2.194 bps/Hz, mode 6 with the 2.747 bps/Hz,
and mode 7 with the SE 3.197 bps/Hz.

2 a* =a* a*
P =op+PpTei[Eg] o]
I&Ni*,n, w nb* b (nf,n¥) b (n¥,n¥)

AP,
+—=
Pr,b*
A[_)}’ 215t 0'2
+([ Z"](ii,,n,)+ Pa* ¢ [R
r,b*

a*
+ PY.

270 pt * 2 * 2701 pt
¢ [Rr,r](n,,m) ) I:SZZ*:I(nr,n,) ) (U I:MZ* ](n*,n*) +< [Rr,r](nf,n;*) ) ]

r,r](n,,n,) + ﬁINl) [QZ“](n,,n,)
r’ k.

N, 2
el (v2 [M“;‘] + ([@“1] + 2o gy,
I‘L; I ( b (ny,ny) b (ny,ny) P;fb*
ny#nt

A N,

+ P Z Z Tr{ (Uz [Mg“](m,nr)

r a=1n,=1

)(“2 L T o L8 ) ] G4

r
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Fig. 3.

We also provide another design example of the ACM
scheme for K = 5 modes. For this example, we have N; = 64
and N, = 4, while the other system parameters are the same as
the ACM scheme listed in Table I. As shown in Fig. 3(b) and
Table II, the five ACM modes have the SEs of 1.322bps/Hz,
1.809bps/Hz, 2.194bps/Hz, 2.747bps/Hz and 3.197 bps/Hz,
respectively, while the corresponding switching thresholds are
400km, 250km, 120km, 50km, and 5.56km, respectively.
By comparing Table II to Table I, it can be seen that employing
a larger number of transmit antennas enables an ACM mode
to operate over a larger range of distances, or it allows the
system to transmit at a higher SE over a given communication
distance. This makes sense because a well-known MIMO
property is that employing more transmit antennas can mitigate
the interference more effectively.

Remark 4: 1t is worth recapping that the conventional
instantaneous SNR-based ACM is unsuitable for aeronautical
communication applications, because the speed of aircraft is
ultra high, which results in rapidly changing of large-scale
fading and consequently very unreliable estimate of the
instantaneous SNR as well as leads to frequently switching
among the modes. Using erroneous instantaneous SNR
estimates to frequently switch modes will cause frequent
unsuccessful transmissions. By contrast, the proposed ACM
scheme switches its mode based on the distance, which
is readily available to the transmitting aircraft, since every
jumbo jet has a radar and is equipped with GPS. It can be seen
that this distance-based ACM scheme is particularly suitable
for aeronautical communication applications. Furthermore,
it is worth emphasizing that using the distance as the
switching metric is theoretically well justified, because for the
aeronautical communication channel the achievable capacity
is mainly dependent on the distance, as we have analytically

NI

. Z.

5 104 2 5 10° 2
Distance (m)
7, Mode 1: SE = 1.322 #7 Mode 2: SE = 1.809
# Mode 3: SE = 2.194 & Mode 4: SE = 2.747
8 Mode 5: SE = 3.197

[

(b) Ny =64, N, = 4

Ilustration of how to obtain the desired distance thresholds for the proposed distance-based ACM scheme, using the examples of Tables I and II.

TABLE III

DEFAULT PARAMETERS USED IN THE SIMULATED AERONAUTICAL
COMMUNICATION SYSTEM

System parameters for ACM

Number of interference aircraft A 4
Number of DRAs N, 4
Number of DTAs N 32
Transmit power per antennas P 1 watt
Number of total subcarriers N 512
Number of CPs N¢p 32
Rician factor KRjce 5
Bandwidth By, 6 MHz
Frequency of centre subcarrier 5 GHz
Other system parameters

Correlation factor between antennas p 0.1
Noise figure at receiver F' 4 dB
Distance between communicating aircraft a* and b* da: 10 km
Maximum communication distance Dax 740 km

derived in Subsection III-A. Note that owing to the high
velocity of the aircraft, no physical layer transmission scheme
can guarantee successful transmission for every transmission
slot. Other higher-layer measures, such as Automatic-Repeat-
reQuest (ARQ) [39], [40], can be employed for enhancing
reliable communication among aircraft. Discussing these
higher-layer techniques is beyond the scope of this paper.

IV. SIMULATION STUDY

The default values of the parameters used for our sim-
ulated aeronautical communication system are summarized
in Table III. Unless otherwise specified, these default values
are used. The number of DRAs is much lower than the number
of DTAs in order to ensure that the DRAS’ signals remain
uncorrelated to avoid the interference among the antennas at
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the receiver. The deterministic part of the Rician channel,
which satisfies Tr {Hg bH(f ’bH} = N; N, is generated in every
Monte-Carlo simulation. The scattering component of the
Rician channel Hf, € C"*"t is generated according to

¢, = RyGR, (37)

where R, = Iy,, since the DRAs are uncorrelated, but the
mth-row and nth-column element of the correlation matrix of
R?, denoted by [R“][;.n, 18 generated according to [41], [42]

[Ra][m,”] = ([Ra][n,m[)i = (tp)l'"_nl ,

in which ( )* denotes conjugate operation, and t ~ CN (0, 1)
is the magnitude of the correlation coefficient, which is deter-
mined by the antenna element spacing [42]. The antenna array
correlation matrix model (38) is derived based on the ULA,
and this implies that we adopt the ULA in our simulation
study. However, it is worth recalling Remark 3 stating that
our scheme is not restricted to the ULA. In the investigation
of the achievable throughput, ‘Theoretical’ is the throughput
calculated using (17) relying on the perfect knowledge of
[MZ“](nr,nr) and [MZ*]()‘L;‘,n;‘) in (34), and ‘Approximate’ is

the throughput calculated using (15) with both [MjL ]
and [Mg*](n;*,nf) substituted by [Mg*] e in (34), while

‘Simulation’ is the Monte-Carlo simulation result.

(38)

(ny,nr)

A. Results
Fig. 4(a) investigates the achievable throughput per DRA as
a function of the number of interfering aircraft A, where the
‘Approximate results’ match closely the ‘Theoretical results’,
confirming that [M If: ]( ) is an accurate approximation of
nk,nk
both the unknown [MZ“](n,,n,) and [M, g*](nﬁ’n;ﬁ). As expected,

the achievable throughput degrades as the number of inter-
fering aircraft increases. Also the theoretical throughput is

ro

about 0.2bps/Hz higher than the simulated throughput. This
is because the theoretical throughput is obtained by using
the asymptotic interference plus noise power as N; — o0
and, therefore, it represents the asymptotic upper bound of
the achievable throughput. The complementary cumulative
distribution functions (CCDFs) of the simulated throughput
recorded for different numbers of interfering aircraft A are
shown in Fig. 4(b), which characterizes the probability of the
achievable throughput above a given value.

Fig. 5(a) portrays the achievable throughput per DRA as
a function of the distance dg: between the desired pair of
communicating aircraft, while the CCDFs of the simulated
throughput recorded for different values of dg: are depicted
in Fig. 5(b). As expected, the achievable throughput degrades
upon increasing the communication distance. Observe that
the performance gap between the theoretical curve and the
simulation curve at the point of dg: = 10km is also around
0.2bps/Hz, which agrees with the results of Fig. 4(a).

The impact of the number of DTAs on the achievable
throughput is investigated in Fig. 6. Specifically, Fig. 6(a)
shows the throughput per DRA as a function of the number
of DTAs N;, while Fig. 6(b) depicts the CCDFs of the
simulated throughputs per DRA for different numbers of DTAs
N;. Observe that the achievable throughput increases as N;
increases. Moreover, when the number of DTAs increase to
N; > 120, the achievable throughput saturates, as seen from
Fig. 6(a). Similarly, the CCDFs recorded for N; = 140 and
N; = 180 are indistinguishable, as clearly seen from Fig. 6(b).
The implication is that the asymptotic performance is reached
for N; > 120.

Next the impact of the number of DRAs on the achievable
throughput is studied in Fig. 7. In particular, Fig. 7(a) portrays
the achievable throughputs as a functions of N,, where the left
y-axis labels the achievable throughput per DRA and the right
y-axis indicates the sum rate of the N, DRAs. As expected, the
achievable sum rate increases with N,. However, the increase
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in the sum rate is not proportional to the increase of N,. In fact,
it is clearly seen from Fig. 7(a) that the achievable throughput
per DRA is reduced with the increase of N,. The reason for
this trend is because the inter-antenna interference increases
with the increase of N,, as seen in the third and fourth terms
of (34). The CCDFs of the simulated throughputs per DRA are
illustrated in Fig. 7(b) for different N,, which agree with the
curve of the simulated capacity per DRA shown in Fig. 7(a),
namely the achievable throughput per DRA is lower for larger
number of DRAs.

Fig. 8 depicts the impact of the correlation factor p of
DTAs on the achievable throughput per DRA. It can be
seen from Fig. 8(a) that strong signal correlation between
DTAs will reduce the achievable throughput, as expected.

This degradation is particularly serious in the Monte-Carlo
simulation results, i.e. in practice, but less notable for the
asymptotic theoretical upper bound. Note that there is a large
gap between the theoretical upper bound and the Monte-Carlo
simulation results when p > 0.4, indicating that the asymptotic
interference plus noise power, which is a lower bound of the
true interference plus noise power, is no longer sufficiently
tight. The CCDFs of the simulated throughputs per DRA for
different values of p are shown in Fig. 8(b), which statistically
validates the curve of the simulated throughput per DRA given
in Fig. 8(a).

The impact of the Rician factor Krjce on the achiev-
able throughput is shown in Fig. 9. Specifically, Fig. 9(a)
depicts the achievable throughputs per DRA as a functions
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of the Rician factor KRjce, While the CCDFs of the simulated
throughput per DRA recorded for different values of KRjce are
given in Fig. 9(b). The results of Fig. 9 clearly show that a
higher Rician factor leads to a higher throughput. Observing
the channel model (2), we can see that a higher KRjce results in
a larger deterministic or LOS component, which is beneficial
for the achievable performance.

B. Discussions

In the above extensive simulation study, we have care-
fully investigated how the number of interfering aircraft A,
the number of DTAs N;, the number of DRAs N,, the
distance dg: between the desired pair of communicating

aircraft, the correlation factor p between antennas, and the
Rician factor KRjce of the aeronautical communication channel
impact on the achievable system performance of our distance-
based ACM and large-scale antenna array aided AANET.
Based on the simulation results, we can draw the following
observations.

The distance between the desired pair of communicating
aircraft and the correlation factor of DTAs have adverse effects
on the achievable system performance. Increasing dg: and/or
p reduces the achievable transmission rate. On the other
hand, increasing the number of DTAs, the number of DRAsS,
and/or the Rician factor is beneficial for the achievable system
performance. Specicially, increasing N; and/or KRrjce lead to
higher transmission rate, while increasing N, also increases
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the total transmission rate, although the achieved throughput
per DRA is reduced with the increase of N,.

Most importantly, our extensive simulation results have
validated the design presented in Section III and provide the
evidence that our design is capable of supporting the future
Internet above the clouds. For example, let us consider the
AANET for airborne commercial Internet access having a
5GHz carrier frequency and a 6 MHz bandwidth, which is
spatially shared by A = 14 other aircraft within the effective
communication zone covered by the AANET. When the dis-
tance between the desired pair of communicating aircraft is
dg: = 10km, our design is capable of offering a total data
rate of 79 Mbps, as seen from Fig. 4. In the senario of A =4
and dg: = 70km, our design is capable of providing a total
data rate of 60 Mbps, as observed from Fig. 5.

V. CONCLUSIONS

A large-scale antenna array aided and novel distance-
based ACM scheme has been proposed for aeronautical com-
munications. Unlike the terrestrial instantaneous-SNR based
ACM design, which is unsuitable for aeronautical communi-
cation applications, the proposed distance-based ACM scheme
switches its coding and modulation mode according to the
distance between the desired communicating aircraft. Based
on our asymptotic closed-form theoretical analysis, we have
explicitly derived the set of distance-thresholds for the pro-
posed ACM design and have provided a theoretical upper
bound of the achievable spectral efficiency and throughput,
which has considered the impact of realistic channel estimation
error and of co-channel interference. Our extensive simulation
results have validated our design and theoretical analysis.
This study therefore has provided a practical high-data-rate
and high-spectral-efficiency solution for supporting the future
Internet above the clouds.

APPENDIX

First, we have the following lemma.
. NxN ~ 1, 1
Lemma 1: Let A € C and x CN(Wm, NT),

where \/Lﬁm e CN*1 and %T € CN*N are the mean vector

and the covariance matrix of x, respectively. Assume that A

has a uniformly bounded spectral norm with respect to N and

x is independent of A. Then we have

. H 1 1

Iim x"Ax =Tri{—M+ =Y ) A}, 39)
N N

N—oo

where M = mm™.

Proof: Lety = /Nx —m. As x ~ N\ (ﬁm, %T),
we have y ~ cAL (0, Y). Furthermore, we have

1 1 \H 1 1
H
XA = —m+ — A(—m+—)
(«/N vNy) N \/Ny
[ Iy Iy Iy
= — A —y A — A —y Am.
Nm m+Ny y+Nm y+Ny m
(40)

Since y ~ ¢\ (0, Y) and y does not depend on m, according
to Lemma 1 of [43], we have

H
A
im 2 2Y _, (41)
N—ooco N
H
A
im 227 _ . (42)
N—oo N

Furthermore, according to the trace lemma of [44], we have

1 1 1
lim (—=y")A(—=y)=Tr{—-"Al. 43
dm () a () =mlaral @
Substituting (41) to (43) into (40) leads to (39). |
Recalling the distribution (20), we have

ANk H Sk *
z Hﬂ] [H] :[@“*] T
[[ P Jp L0 Jpe b* Lng my @)
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in conjunction with A = Iy, in

a*:l
(n¥,n¥

b*
ro'tr

%
e

Upon setting x = [Alf:]

Lemma 1, we have

. _H
AL |
[b 1 L0 D

Hence, for a large N,, which is the case considered in this
H

paper, we have
L M Y
[ b [n¥: ] b [n¥: ] ! nk,nk

b*
In addition, according to the distribution of [ ~If:][ | given
nk:

lim
N;— o0

] . (45
(46)

in (25), we have
H ,
—

(T (5], )T
[ P Qi L0 Jpe b

With the aid of (44) and (46) as well as (47), we can readily
derive (30), as shown in (48) at the top of this page.
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