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ABSTRACT

This paper investigates an adaptive space-time equalisation
(STE) assisted multiuser detection scheme for multiple-antenna
aided multiuser systems. A minimum bit error rate (MBER) de-
sign is compared with the standard minimum mean square error
(MMSE) design. It is shown that the MBER design provides signif-
icant performance enhancement, in terms of achievable system bit
error rate, over the MMSE design for the multiple-antenna assisted
multiple-input multiple-output communication scenario. Adaptive
implementation of the MBER STE is realised using a stochastic gra-
dient based least bit error rate algorithm, which is demonstrated to
consistently outperform the adaptive least mean square based STE.

I. INTRODUCTION

Mobile wireless system designers are increasingly faced with a
number of challenges, including limited bandwidth, a hostile, time-
varying propagation channel and ever increasing pressure to im-
prove capacity and data rates. Smart antenna aided space-time pro-
cessing is capable of substantially improving the achievable wire-
less system capacity, coverage and quality by suppressing the ef-
fects of both intersymbol interference and co-channel interference
[1]-[12]. We consider the multiple-input multiple-output (MIMO)
system based on a space division multiple access (SDMA) scheme,
where each transmitter employs a single antenna, while the receiver
has multiple antennas. To interpret the multiuser supporting capa-
bility of such an SDMA based MIMO system [13], it is useful to
compare it with classic code division multiple access (CDMA) mul-
tiuser systems [10]. In a CDMA system, each user is separated by a
unique user-specific spreading code. By contrast, an SDMA system
differentiates each user by the unique user-specific channel impulse
response (CIR) encountered at the receiver antennas. In this anal-
ogy, the unique user-specific CIR plays the role of a user-specific
CDMA signature. However, owing to the non-orthogonal nature of
the CIRs, an effective multiuser detection (MUD) is required for
separating the users in an SDMA based MIMO system.

We investigate a space-time equalisation (STE) based multiuser
detection (MUD) for SDMA based MIMO systems. The most pop-
ular MIMO-receiver design is constituted by the minimum mean
square error (MMSE) MUD [9]-[11],[14]. We investigate a mini-
mum bit error rate (MBER) design for the STE based MUD, and
we show that the MBER STE design is superior in comparison to
the MMSE design in terms of achievable bit error rate (BER). This
is significant, since the MMSE design is often considered to be the
state-of-the-art technique in multiple antenna assisted systems [9]-
[11],[14]. Our study thus demonstrates that the system capacity can
further be enhanced beyond that of the MMSE solution. We also

study an adaptive implementation of the MBER STE based MUD,
known as the least bit error rate (LBER). Our simulation results
demonstrate that the LBER STE aided MUD consistently outper-
forms the adaptive least mean square (LMS) based one.

II. SYSTEM MODEL

The system model investigated is the multiple antenna aided
SDMA based MIMO system supporting M users, as depicted in
Fig. 1, where each of the M users is equipped with a single transmit
antenna and the receiver is assisted by an L-element antenna array.
The symbol-rate received signal samples xl(k) for 1 ≤ l ≤ L are
given by [9],[15]

xl(k) =

M
∑

m=1

nC−1
∑

i=0

ci,l,msm(k−i)+nl(k) = x̄l(k)+nl(k), (1)

where nl(k) is a complex-valued additive white Gaussian noise
with E[|nl(k)|2] = 2σ2

n, x̄l(k) denotes the noise-free part of the
lth receive antenna’s output, sm(k) is the kth transmitted symbol
of user m, cl,m = [c0,l,m c1,l,m · · · cnC−1,l,m]T denotes the tap
vector of the CIR connecting the user m and the lth receive an-
tenna, and nC is the length of the CIR. Binary phase shift keying
modulation is employed and hence sm(k) ∈ {±1}.

The MUD consists of a bank of the M STEs, as shown in Fig. 2.
The outputs of the M detectors are given by

ym(k) =

L
∑

l=1

nF −1
∑

i=0

w
∗
i,l,mxl(k − i), 1 ≤ m ≤ M, (2)
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Fig. 1. An antenna array aided MIMO system, where each of the M users is equipped
with a single transmit antenna and the receiver is assisted by an L-element antenna
array.
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Fig. 2. STE assisted MUD for user m, where ∆ denotes the symbol-spaced delay, L

is the number of receive antennas, 1 ≤ m ≤ M , and M is the number of users.

where wl,m = [w0,l,m w1,l,m · · ·wnF −1,l,m]T denotes the mth
user detector’s equaliser weight vector for the lth receive antenna,
and nF is the length of temporal equaliser filter. The M user detec-
tors’ decisions are defined by

ŝm(k − d) = sgn (yRm(k)) , 1 ≤ m ≤ M, (3)

where ŝm(k − d) is the estimate of sm(k − d), yRm(k) =
<[ym(k)], and d is the detector decision delay.

Let us define the nF × (nF + nC − 1) CIR convolution matrix
associated with the user m and lth receive antenna as

Cl,m =











c0,l,m · · · cnC−1,l,m 0 · · · 0

0 c0,l,m · · · cnC−1,l,m

. . .
...

...
. . .

. . .
. . .

. . . 0
0 · · · 0 c0,l,m · · · cnC−1,l,m











(4)
and introduce the overall system CIR convolution matrix as

C =









C1,1 C1,2 · · · C1,M

C2,1 C2,2 · · · C2,M

...
... · · ·

...
CL,1 CL,2 · · · CL,M









. (5)

Then the received signal vector x(k) can be expressed by

x(k) = Cs(k) + n(k) = x̄(k) + n(k), (6)

where
x(k) = [xT

1 (k) x
T
2 (k) · · ·xT

L(k)]T (7)

with xl(k) = [xl(k) xl(k − 1) · · ·xl(k − nF + 1)]T ,

n(k) = [nT
1 (k) n

T
2 (k) · · ·nT

L(k)]T (8)

with nl(k) = [nl(k) nl(k − 1) · · ·nl(k − nF + 1)]T , and

s(k) = [sT
1 (k) s

T
2 (k) · · · sT

M (k)]T (9)

with sm(k) = [sm(k) sm(k− 1) · · · sm(k−nF −nC +2)]T . Let
us further define

wm = [wT
1,m w

T
2,m · · ·wT

L,m]T . (10)

Then the output of the mth detector can be written as

ym(k) =

L
∑

l=1

w
H
l,mxl(k) = w

H
mx(k)

= w
H
m(x̄(k) + n(k)) = ȳm(k) + em(k), (11)

where em(k) is Gaussian distributed, having a zero mean and
E[|em(k)|2] = 2wH

mwmσ2
n.

III. SPACE-TIME EQUALISATION

The task of designing the STE (11) is to choose an optimal weight
vector wm according to some design criterion.

A. Minimum Mean Square Error Design

Classically, the mth STE detector’s weight vector wm is deter-
mined by minimising the mean square error metric of E[|sm(k −
d) − ym(k)|2], which leads to the following MMSE solution [9]-
[11],[14]

w(MMSE)m =
(

CC
H + 2σ

2
nI
)−1

C|(m−1)(nF +nC−1)+(d+1),

(12)
for 1 ≤ m ≤ M , where I denotes the LnF × LnF identity matrix
and C|i the ith column of C. An adaptive implementation of the
MMSE solution can readily be realised using the LMS algorithm
[16]-[18]

wm(k + 1) = wm(k) + µ (sm(k − d) − ym(k))∗ x(k), (13)

where µ is the step size.

B. Minimum Bit Error Rate Design

As recognized by [19] in a CDMA context and by [20] in a
beamforming-based MUD scenario, a better strategy is to choose
the detector’s coefficients by directly minimising the system’s BER.
A main objective of this study is to investigate the MBER solu-
tion for the STE based MUD (11). Following the notations used in
[19],[20], let us denote the Ns = 2M(nF +nC−1) number of pos-
sible transmitted symbol sequences of s(k) as s

(q), 1 ≤ q ≤ Ns.
Denote furthermore the ((m−1)(nF +nC−1)+(d+1))th element
of s

(q), corresponding to the desired symbol sm(k − d), as s
(q)
m,d.

The noise-free part of the mth detector input signal x̄(k) assumes
values from the vector signal set defined as

Xm = {x̄(q) = Cs
(q)

, 1 ≤ q ≤ Ns}. (14)

Similarly, the noise-free part of the mth detector’s output ȳm(k)

assumes values from the scalar set Ym = {ȳ(q)
m = w

H
mx̄

(q), 1 ≤
q ≤ Ns}. Thus ȳRm(k) = <[ȳm(k)] can only take the values from
the set

YRm = {ȳ(q)
Rm

= <[ȳ(q)
m ], 1 ≤ q ≤ Ns}, (15)



and YRm can be divided into the two subsets conditioned on the
value of sm(k − d)

Y(±)
Rm

= {ȳ(q,±)
Rm

∈ YRm : sm(k − d) = ±1}. (16)

The probability density function (PDF) of yRm(k) is a Gaussian
mixture defined by

pm(yR) =
1

Ns

Ns
∑

q=1

1
√

2πσ2
nwH

mwm

e
−

(

yR−ȳ
(q)

Rm

)2

2σ2
nw

H
mwm , (17)

where ȳ
(q)
Rm

∈ YRm . Thus the BER of the mth detector associated
with the detector’s weight vector wm can be shown to be [19],[20]

PE(wm) =
1

Ns

Ns
∑

q=1

Q
(

g
(q)(wm)

)

, (18)

where

Q(u) =
1√
2π

∫ ∞

u

e
− v2

2 d v (19)

and

g
(q)(wm) =

sgn(s
(q)
m,d)ȳ

(q)
Rm

σn

√

wH
mwm

. (20)

Note that the BER is invariant to a positive scaling of wm.

The MBER solution for the mth STE detector is then defined as
the weight vector that minimises the error probability (18)

w(MBER)m = arg min
wm

PE(wm). (21)

The gradient of PE(wm) with respect to wm is given by

∇PE(wm) =
1

2Ns

√
2πσn

√

wH
mwm

Ns
∑

q=1

e
−

(

ȳ
(q)

Rm

)2

2σ2
nw

H
mwm

×sgn
(

s
(q)
m,d

)

(

ȳ
(q)
Rm

wm

wH
mwm

− x̄
(q)

)

. (22)

Given the gradient (22), the optimisation problem (21) can be
solved iteratively by commencing the iterations from an appropriate
initial point using a gradient-based optimisation algorithm, such as
the simplified conjugate gradient algorithm [19],[20],[21].

Following the derivations presented in [19],[20], an adaptive im-
plementation of the MBER STE based MUD can be realised using
the LBER algorithm which takes the form of

wm(k +1) = wm(k)+µ
sgn(sm(k − d))

2
√

2πρn

e
−

y2
Rm

(k)

2ρ2
n x(k). (23)

The adaptive gain µ and the kernel width ρn are the two algorithmic
parameters that have to be set appropriately to ensure a fast conver-
gence rate and small steady-state BER misadjustment.

IV. SIMULATION STUDY

The simulations was carried out using MATLAB.

A. Stationary System

The systems used in the simulation supported M = 3 users with
L = 2 and L = 4 receiver antennas. All the three users had an equal
transmit power. The M ×L = 6 (for L = 2) and M ×L = 12 (for
L = 4) CIRs are listed in Table I, each CIR having nC = 2 taps. In
the actual simulation, all the CIRs were normalised to provide unit
channel energy, i.e. ‖cl,m‖2 = 1 for all l and m. Each equaliser
temporal filter had a length of nF = 3 and the detector decision
delay was chosen to be d = 1. Fig. 3 compares the BER perfor-
mance of the MMSE and MBER STE based MUDs. The BER of
a STE based MUD was computed using the theoretic BER formula
(18), the MMSE STE weight vector was calculated using the for-
mula (12), and the MBER STE solution was computed numerically
using the simplified conjugate gradient algorithm. It can be seen
that for both L = 2 and L = 4 as well as for all three users the
MBER STE detectors had better BER performance than the corre-
sponding MMSE detectors. By comparing Fig. 3 (a)-(c) with Fig. 3
(d)-(f), it confirms that the system with L = 4 antennas achieved
better performance than the system with L = 2 antennas.

The LMS and LBER adaptive STE based MUDs were investi-
gated in simulation, and the BERs of the both LMS and LBER
MUDs, after training convergence and averaging over 30 runs, are
compared in Fig. 4, where better performance of the adaptive LBER
detectors over the corresponding LMS ones is self evident. The
step size for the LMS algorithm was chosen as µ = 0.01, while
for the LBER algorithm the step size µ = 0.1 and the kernel width
ρn = 4σn.

B. Slow Fading System

The system again supported M = 3 users with L = 2 and L = 4
antennas. However, fading channels were simulated and moreover
each CIR had nC = 3 taps. The CIR coefficients were generated
using a Doppler fading process with Rayleigh distributed magni-
tudes, normalised to unit power. The coefficients were varied every
symbol period. The process used was based on the Clarke and Gans
fading model, as described in [15],[22],[23]. Each equaliser tem-
poral filter had a length of nF = 5 and the detector decision delay
was set to d = 2. The transmission frame structure consisted of
50 training symbols followed by 450 data symbols. In the simula-
tions, the normalised Doppler frequency for the simulated system
was 10−5, which for a carrier of 900 MHz and a symbol rate of
3 Msymbols/s corresponded to a user velocity of 10 m/s (36 km/h).
The step size for the LMS algorithm was chosen as µ = 0.005,
while for the LBER algorithm the step size µ = 0.1 and the ker-
nel width ρn = 4σn. The BER of an adaptive STE based MUD
was calculated using Monte Carlo simulation. Fig. 5 compares the
BERs of the LBER STE based MUDs with those of the LMS based
ones. It can be seen from Fig. 5 that the LBER STE based MUD
consistently outperformed the LMS STE based MUD for all three
users and in both the cases of L = 2 and L = 4 antennas.

V. CONCLUSIONS

Multiuser detection based on the space-time equalisation has
been investigated for multiple antenna aided space division multiple
access based MIMO systems. An MBER design has been investi-
gated for the STE based MUD. It has been shown that the MBER



cl,m l = 1 l = 2 l = 3 l = 4
m = 1 -0.5+0.4j, 0.7+0.6j 0.5-0.4j, -0.8-0.3j 0.4-0.4j, -0.7-0.8j 0.5+0.5j, 0.6-0.9j
m = 2 -0.1-0.2j, 0.7+0.6j -0.3+0.5j, -0.7-0.9j -0.1-0.2j, 0.7+0.6j -0.6-0.4j, 0.9-0.4j
m = 3 -0.7+0.9j, 0.6+0.4j -0.6+0.8j, -0.6-0.7j 0.3-0.5j, 0.9+0.1j -0.6-0.6j, 0.8+0.0j

TABLE I

CIRS USED IN THE STATIONARY SYSTEM SIMULATION.

STE assisted MUD can obtain significant performance gains over
the standard MMSE design, in terms of achievable system BER.
Adaptive implementation of the MBER STE assisted MUD has
been considered using the LBER algorithm. The simulation results
have demonstrated that the adaptive LBER STE assisted MUD con-
sistently achieves better BER performance over the classical LMS
STE assisted MUD.
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Fig. 3. BER comparison of the theoretical MMSE and MBER STE based MUDs for a 3-user L-antenna system, with the stationary CIRs listed in Table. I.
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Fig. 4. BER comparison of the adaptive LMS and LBER STE based MUDs for a 3-user L-antenna system, with the stationary CIRs listed in Table. I. The training was done over
K = 500 symbols and the performance was averaged over 30 runs. The LMS step size µ = 0.01, the LBER step size µ = 0.1 and its kernel width ρn = 4σn.
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Fig. 5. BER comparison of the adaptive LMS and LBER STE based MUDs for a 3-user L-antenna system, with Doppler-faded time-varying CIRs. Normalised Doppler frequency
10
−5, the LMS step size µ = 0.005, the LBER step size µ = 0.1 and its kernel width ρn = 4σn.


