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Abstract—The integrated sensing and communication (ISAC)
has been envisioned as one representative usage scenario of
sixth-generation (6G) network. However, the unprecedented char-
acteristics of 6G, especially the doubly dispersive channel, make
classical ISAC waveforms rather challenging to guarantee a desir-
able performance level. The recently proposed affine frequency
division multiplexing (AFDM) can attain full diversity even under
doubly dispersive effects, thus becoming a competitive candidate
for next-generation ISAC waveforms. Relevant investigations
are still at an early stage, which involve only straightforward
design lacking explicit theoretical analysis. This paper provides
an in-depth investigation on AFDM waveform design for ISAC
applications. Specifically, the closed-form Crámer-Rao bounds of
target detection for AFDM are derived, followed by a demon-
stration on its merits over existing counterparts. Furthermore,
we formulate the ambiguity function of the pilot-assisted AFDM
waveform for the first time, revealing conditions for stable sensing
performance. To further enhance both the communication and
sensing performance of the AFDM waveform, we propose a novel
pilot design by exploiting the characteristics of AFDM signals.
The proposed design is analytically validated to be capable of
optimizing the ambiguity function property and channel estima-
tion accuracy simultaneously as well as overcoming the sensing
and channel estimation range limitation originated from the pilot
spacing. Numerical results have verified the superiority of the
proposed pilot design in terms of dual-functional performance.

Received 10 February 2025; revised 30 June 2025; accepted 5 September
2025. Date of publication 15 September 2025; date of current version
4 February 2026. This work was supported in part by the National Natural
Science Foundation of China under Grant 62471275, Grant 62401054, and
Grant 62088101; in part by the Open Project Program of State Key Laboratory
of CNS/ATM under Grant 2024B12; and in part by the Young Elite Scientists
Sponsorship Program by China Association for Science and Technology
(CAST) under Grant 2022QNRC001. (Fan Zhang and Zhaocheng Wang are
co-first authors.) (Corresponding author: Tianqi Mao.)

Fan Zhang, Zhaocheng Wang, Tianyu Jiao, and Yinxiao Zhuo are with the
Department of Electronic Engineering, Tsinghua University, Beijing 100084,
China (e-mail: zf22@mails.tsinghua.edu.cn; zcwang@tsinghua.edu.cn;
jiaoty22@mails.tsinghua.edu.cn; zhuoyx20@mails.tsinghua.edu.cn).

Tianqi Mao is with the State Key Laboratory of Environment Characteristics
and Effects for Near-Space, Beijing Institute of Technology, Beijing 100081,
China, and also with Beijing Institute of Technology, Zhuhai 519088, China
(e-mail: maotq@bit.edu.cn).

Miaowen Wen is with the School of Electronic and Information Engi-
neering, South China University of Technology, Guangzhou 510006, China
(e-mail: eemwwen@scut.edu.cn).

Wei Xiang is with the School of Computing Engineering and Mathematical
Sciences, La Trobe University, Melbourne, VIC 3086, Australia (e-mail:
w.xiang@latrobe.edu.au).

Sheng Chen is with the School of Computer Science and Technology, Ocean
University of China, Qingdao 266100, China (e-mail: sqc@ecs.soton.ac.uk).

George K. Karagiannidis is with the Department of Electrical and Com-
puter Engineering, Aristotle University of Thessaloniki, 541 24 Thessaloniki,
Greece (e-mail: geokarag@auth.gr).

Digital Object Identifier 10.1109/JSAC.2025.3609766

Index Terms—Integrated sensing and communication (ISAC),
sixth generation (6G), affine frequency division multiplexing
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I. INTRODUCTION

TO SUPPORT a plethora of emerging applications, such
as autonomous driving, Internet of Things (IoT), and

low-altitude economy, next-generation wireless networks are
expected to not only maintain high-speed connectivity but also
achieve reliable and high-resolution sensing capabilities [1],
[2], [3]. To enable radar sensing with existing infrastructure
of wireless communication networks, the integrated sensing
and communication (ISAC) philosophy has been proposed as a
promising solution for the sixth-generation (6G) networks [4],
[5]. By sharing identical hardware and spectrum resources for
both communication and sensing purposes, ISAC technology
can realize dual functions simultaneously with desirable per-
formance trade-off and efficient resource usage [6], [7], [8].
Furthermore, it can facilitate information exchange between
sensing and communication modules, thereby further improv-
ing the performance of dual functions [9], [10], [11].

The integrated waveform design that optimally balances
both communication and sensing performance is a core
challenge in ISAC systems [12], [13]. Orthogonal frequency
division multiplexing (OFDM), which is adopted in most
commercial communication standards, has been extensively
investigated within the context of ISAC waveform design [14],
[15], [16]. Specifically, OFDM allows for flexible allocation of
orthogonal resource elements (REs) between communication
and sensing without mutual interference to achieve a good
performance trade-off in time invariant channels [17].
However, in the doubly dispersive channel, which is prevalent
when employing millimeter-wave/Terahertz frequencies under
high mobility, OFDM suffers from notorious inter-carrier
interference (ICI), causing communication performance
degradation [18]. Furthermore, the destroyed subcarrier
orthogonality incurs substantial mutual interference between
communication and sensing, further impairing the performance
of both functions.

To address this issue, several novel waveforms have been
developed to ensure superior ISAC performance [19], [20],
[21], [22]. The work [21] designed the multicarrier orthogonal
chirp division multiplexing (OCDM) by using a series of chirp
signals, which can achieve full diversity in frequency-selective
channels, thereby showing better gain over OFDM [22]. How-
ever, this scheme fails to sufficiently exploit the diversity
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gain in doubly dispersive channels, and it is fragile to fast
time variations. Orthogonal time frequency space (OTFS) [19],
which is a two-dimensional modulation technique that mod-
ulates communication symbols in the delay-Doppler domain,
takes advantage of the diversity of both time and frequency
shifts caused by high mobility, to ensure robust communication
and sensing performance in doubly dispersive channels. Nev-
ertheless, the large pilot overhead and the complex transceiver
algorithms hinder OTFS from practical implementation.

Recently, affine frequency division multiplexing (AFDM)
was proposed as a generalized form of OFDM and OCDM
[23]. AFDM is based on the discrete affine Fourier transform
(DAFT), and the parameters of DAFT can be optimized
according to channel characteristics to achieve full diversity
gain under doubly dispersive channels. Compared to exist-
ing waveforms, AFDM can deliver superior communication
performance under high mobility scenarios with reduced
complexity and channel estimation overhead, making it a
promising candidate for next-generation ISAC applications.

A. Related Works on AFDM-Enabled ISAC

Conventional OFDM-based waveform designs are typically
developed under the assumption of small Doppler shifts, where
inter-carrier interference is negligible. This allows orthogonal
resource elements to be allocated to communication and sens-
ing functions separately, thereby avoiding mutual interference.
In contrast, AFDM inherently exhibits coupling effect among
subcarriers. The multipath propagation causes the energy of
one subcarrier to spread across others, making it difficult to
isolate the symbol carried by each subcarrier. As a result,
conventional OFDM-based waveform design methodologies
are no longer feasible in AFDM systems.

Compared to OFDM, the AFDM waveform has two
adjustable parameters, c1 and c2, which increase the flexibility
of ISAC waveform design. Specifically, the impact of c1on the
bit error rate (BER) and the Crámer-Rao bound (CRB) of tar-
get ranging was investigated in [24], and an adaptive waveform
design method was proposed to achieve different communica-
tion and sensing requirements by flexible adjustment of c1.
However, this study only offers numerical results and lacked
theoretical analysis to support its conclusions. The work [25]
derived a simplified form of the AFDM ambiguity function.
Based on this derivation, a parameter selection criterion was
proposed to optimize the delay estimation resolution without
considering the Doppler shift aspect.

The study [26] proposed an AFDM-enabled ISAC system
and designed two algorithms for target distance and veloc-
ity estimation in the time and DAFT domains, respectively.
This system design employs entirely random communication
symbols for sensing purpose, which fails to guarantee a
stable sensing performance. To tackle this issue, a pilot-
assisted ISAC scheme was presented in [27], where one single
pilot symbol was utilized for target sensing rather than the
whole frame. In addition, a low-complexity self-interference
cancellation method was proposed to improve the estimation
accuracy. However, to avoid mutual interference, a sufficient
number of zero-padded guard subcarriers have to be inserted
between the pilot and data, which wastes spectrum resources.

To enhance spectral efficiency, the superimposed pilot phi-
losophy was proposed in [28], where pilots and data symbols
are superimposed together to activate all subcarriers for trans-
mission. However, the pilot spacing strongly depends on the
maximum channel delay, and estimation performance is poor
for channels with large delay spread. The sensing range of this
design is also limited by the pilot spacing, making it difficult
to satisfy the requirement of a large sensing range.

B. Motivation and Our Contributions

It can be seen from the above literature review that
investigations on AFDM-enabled ISAC are still at a nascent
stage, especially lacking theoretical analysis for its sens-
ing performance. Existing AFDM-enabled ISAC waveforms
struggle to balance the spectral efficiency, channel estima-
tion accuracy and sensing capability simultaneously. Against
this background, for the first time we derive the CRBs of
distance and velocity estimation for AFDM-enabled sensing,
along with the two-dimensional ambiguity function, thereby
refining the theoretical framework for AFDM-enabled ISAC
systems. Furthermore, by considering the superimposed pilot
architecture, we propose a novel pilot design to optimize
the ambiguity function property and the channel estimation
performance simultaneously. The main contributions of this
paper are summarized as follows.

1) To evaluate the sensing capability of AFDM-enabled
ISAC waveform, closed-form CRB expressions for the
distance and velocity estimation are derived. These
results are applicable to other state-of-the-art multi-
carrier waveforms that are special cases of AFDM, i.e.,
OFDM and OCDM, by setting c1 = 0 and c1 = 1/2N ,
respectively, where Nis the number of DAFT points.
Based on the derived CRBs and numerical analysis,
we highlight the significant advantages of AFDM over
existing counterparts, in terms of ISAC applications.

2) We present the formulation of the ambiguity function
for the pilot-assisted AFDM waveform and analyze
its statistical properties. Through theoretical analy-
sis, we derive two conditions that can minimize the
variance of the ambiguity function to realize stable
sensing performance, which offer inspiring guidelines
for AFDM-enabled ISAC system design.

3) To further enhance the dual-functional performance
of the pilot-assisted AFDM waveform, a novel pilot
design is proposed, which incorporates the parameter
c1setting, the pilot spacing configuration and the pilot
sequence design. The pilot sequence is designed to
achieve an ideal ambiguity function by leveraging the
unique multipath separation characteristics of AFDM
based on the constant amplitude zero autocorrelation
(CAZAC) sequences. The proposed design is validated
theoretically to realize minimal channel estimation error.
More importantly, it can overcome the limitations on
maximum sensing range and delay spread imposed by
the pilot spacing, and exhibits good dual-functional
performance under large propagation delays.

4) Numerical results are offered to validate the superiority
of the proposed pilot design in terms of communication
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Fig. 1. Typical monostatic ISAC scenario.

and sensing performance. Compared to existing pilot
schemes, our pilot design provides more accurate chan-
nel estimation, resulting in a lower BER at the same
signal-to-noise ratio (SNR). Furthermore, owing to its
ideal ambiguity function, our pilot design does not intro-
duce high sidelobe interference in the target sensing,
significantly reducing the false alarm probability and
leading to a preferable receiver operating characteristic
(ROC) curve. Simulations also show that the velocity
and distance estimation errors of the proposed design
are close to the derived CRBs.

C. Organization and Notations

The remainder of this paper is organized as follows. Sec-
tion II introduces the AFDM-enabled ISAC system model.
Section III presents our theoretical framework for AFDM-
enabled ISAC by deriving the sensing CRBs and the ambiguity
function of the pilot-assisted AFDM waveform. In Section IV,
a novel pilot design is proposed to enhance the dual-functional
performance. Numerical results are provided in Section V,
followed by concluding remarks drawn in Section VI.

Notation: The m-th element of vector x is denoted by x[m],
while X[m, k] denotes the element in the m-th row and the
k-th column of matrix X. (·)∗, (·)T, and (·)H denote the
conjugate, transpose, and Hermitian operations, respectively.
IN denotes the N × N identity matrix. x ∼ CN (0, σ2IN )
represents that each element of x∈CN×1 follows a complex
Gaussian distribution with mean 0 and variance σ2. The
operator diag(x) transforms vector x into a diagonal matrix.
‖X‖ denotes the Frobenius norm of matrix X. b·c is the floor
function that rounds a real number to the nearest integer less
than or equal to that number. |·| denotes the modulus operation.
E{·} denotes the expectation operation. 〈·〉N denotes the
modulo operation with divisor N. <{·} denotes the real part
of a complex number.

II. SYSTEM MODEL

We consider a typical monostatic ISAC scenario as illus-
trated in Fig. 1, where the base station (BS) simultaneously
transmits data to user equipment (UE) while leveraging the
received echo signals to detect the presence of targets in the
surrounding environment. The communication channel refers
to the direct link between the BS and the UE, which consists
of multiple clustered paths formed by scatterers between the
base station and the user. The sensing channel represents the
target reflection path observed at the BS, which is composed of

reflection paths generated by the target. These two channels
are independent and uncorrelated in our considered model.
Additionally, when a target is detected, the BS estimates its
distance and relative radial velocity. Perfect cancellation of the
resultant self-interference is assumed with sufficient isolation
between the ISAC transmitter (Tx) and receiver (Rx), achieved
by active radio-frequency cancellation methods or other related
techniques [29].

A. Signal Model

The superimposed pilot scheme [28] is considered for
the AFDM-enabled ISAC system owing to its high spectral
efficiency. The Nc-length transmit vector in the DAFT domain
is expressed as the superposition of the pilot and data parts:

x = xp + xd, (1)

where xp ∈ CNc×1 and xd ∈ CNc×1 denote the pilot and
data signals, respectively. The pilot signal is deterministic with
power σ2

p =xH
p xp, while the data counterpart is stochastic with

E
{
xdxH

d

}
=σ2

dINc . The overall signal power is given by

Pt = σ2
p +Ncσ

2
d. (2)

By performing the inverse DAFT on x, the transmit signal in
the time domain can be written as [30]

s[n]=
1√
Nc

Nc−1∑
m=0

x[m]ej2πηm[n], n = 0, · · · , Nc − 1, (3)

with
ηm[n] = c1n

2 +
1

Nc
mn+ c2m

2, (4)

where c1and c2 are the DAFT parameters. To guarantee the
optimal diversity order for AFDM, c2 should be an irrational
number, and c1 should satisfy

2νm + 1

2Nc
≤ c1 ≤

Nc
2Nc(τm + 1)

, (5)

where τm and νm denote the maximum normalized delay and
Doppler shift, respectively. The lower bound is set to ensure
that the effective channels corresponding to different paths do
not overlap in the DAFT domain, while the upper bound is
introduced to constrain the range of the maximum delay to
avoid ambiguity in the DAFT representation of the effective
channel. The process in (3) can be written in matrix form as

s = ΛH
c2F

HΛH
c1x , AHx, (6)

where s = [s[0], s[1], · · · , s[Nc − 1]]
T ∈CNc×1, F is the Nc-

point discrete Fourier transform (DFT) matrix, and Λci =

diag
([

1, ej2πci , · · · , ej2πci(Nc−1)2
]T)

∈CNc×Nc , while A =

Λc1FΛc2 ∈CNc×Nc .
To combat the inter-symbol interference (ISI) incurred by

multipath propagation, a chirp-periodic prefix (CPP) is inserted
in front of each AFDM symbol. The length of the CPP,
denoted as Ncp, is chosen to be larger than both the maximum
integer delay of the communication channel and the maximum
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Fig. 2. The frequency of the AFDM subcarriers with respect to time.

integer round trip delay of the sensing target. According to the
periodicity of AFDM, the CPP can be expressed as

s[n]= s[Nc + n]e−j2πc1(N2
c+2Ncn), n=−Ncp,· · ·,−1. (7)

After adding the CPP, the discrete signals are fed into a digital-
to-analog converter (D/A) to obtain the continuous transmit
signal as

s(t)=
1√
Nc

Nc−1∑
m=0

x[m]ej2π(gm(t−NcpTs)+c2m
2), (8)

where t∈
[
0, (Nc +Ncp)Ts

)
and Ts is the sampling period,

while gm(t) represents the instantaneous phase of the m-th
subcarrier, and its derivative g′m(t) represents the instanta-
neous frequency as illustrated in Fig. 2. Due to the frequency
wrapping property of AFDM chirp subcarriers, gm(t) can be
expressed as

gm(t) = c1

(
t

Ts

)2

+
t

NcTs
m− qm

(
t

Ts

)
t

Ts
, (9)

where qm
(
t
Ts

)
=
⌊
2c1

t
Ts

+ m
Nc

⌋
.

B. Channel Estimation and Data Demodulation

The multi-path time-varying communication channel is con-
sidered. By denoting the complex gain, delay and Doppler shift
of the i-th path as αi, µi and fi, respectively, the channel
coefficient of the i-th path can be expressed as

hi(t, µ) = αie
j2πfitδ(µ− µi). (10)

After the analog-to-digital conversion, discarding CPP and
performing Nc-point DAFT, the effective channel matrix of
the i-th path in the DAFT domain can be written as [23]

Hi = αiAΓCPPiΠ
τi∆νiA

H, (11)

where τi = bµi/Tsc ∈ [0, τm] denotes the normalized delay
and νi=fiNcTs=fi/∆f ∈ [−νm, νm] denotes the normalized
Doppler shift, while ∆f = 1/NcTs is the subcarrier spacing.
Besides, ΓCPPi ∈CNc×Nc is the CPP matrix given by

ΓCPPi = diag

({
e−j2πc1(N2

c+2Nc(n−τi)), n < τi,

1, n ≥ τi,

)
, (12)

where n is the index of the diagonal elements, Π is the forward
cyclic-shift matrix written as

Π =


0 · · · 0 1
1 · · · 0 0
...

. . .
...

...
0 · · · 1 0

 , (13)

and ∆νi = diag
(
1, ej2πνi/Nc , · · · , ej2πνi(Nc−1)/Nc

)
stands for

the Doppler shift matrix.
Since the channel matrix for the path with a fractional

normalized Doppler shift can be represented as a linear com-
bination of matrices for paths with integer normalized Doppler
shift, we use all integer Doppler paths as the basis to express
the communication channel. Considering the maximum delay
and Doppler shift, there are at most Lm =(2νm + 1)(τm + 1)
paths. Therefore, the received signal y∈CNc×1 in the DAFT
domain can be expressed as

y = Heffx + wc =

Lm∑
i=1

Hix + wc

=

Lm∑
i=1

αiΦi(xp + xd) + wc, (14)

where wc ∼ CN (0, σ2
cnIN ) represents the noise, and Φi =

AΓCPPiΠ
τi∆νiA

H with τi and νi given by

τi =

⌊
i− 1

2νm + 1

⌋
, (15)

νi = 〈i− 1〉2νm+1 − νm. (16)

To estimate the effective channel Heff , we employ the pilot
signal to obtain the complex gain of each possible path. By
denoting α=

[
α1, α2, · · · , αLm

]T
, (14) can be rewritten as

y =
(
Ψp + Ψd

)
α + wc = Ψpα + ŵ, (17)

where Ψp =
[
Φ1xp,Φ2xp, · · · ,ΦLm

xp

]
∈CNc×Lmand Ψd =[

Φ1xd,Φ2xd, · · · ,ΦLmxd

]
∈ CNc×Lm , while ŵ , Ψdα +

wc defines the effective noise with the covariance matrix Cŵ.
Using the minimum mean square error (MMSE) algorithm
yields the estimated complex gain vector:

α̂ =
(
ΨH

p C−1
ŵ Ψp + C−1

α

)−1

ΨH
p C−1

ŵ y, (18)

where Cα = E
{
ααH

}
= diag

([
σ2
α1
, σ2
α2
, · · · , σ2

αLm

]T)
is

the covariance matrix of α. We define a path indicator vector
b =

[
b1, b2, · · · , bLm

]T
, where bi indicates whether the i-th

path exists or not, i.e.,

bi =

{
1, if, α̂i > ε,

0, otherwise,
(19)

in which ε is a predefined threshold. Then the estimated
effective channel is given by

Ĥeff =

Lm∑
i=1

biα̂iΦi. (20)

The communication data are demodulated using the estimated
channel. The channel estimation and data demodulation can be
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Fig. 3. Transceiver model of the AFDM-enabled ISAC system, where the signal reflected by the target is received by the receiving end at the BS for sensing
purposes, and the signal through the downlink communication channel is received by the receiving end at the UE.

iteratively operated to reduce the mutual interference between
the data and pilot signals, thereby enhancing the channel
estimation accuracy and data detection performance [28].

C. Target Sensing

Assume that the transmit signal is reflected by a point target
with the distance R and relative radial velocity V. The received
echoes at the BS can be expressed as

rs(t) = βs(t− µ̄)ej2πf̄t + ws(t), (21)

where µ̄= 2R
c and f̄ = 2V fc

c with fc and c being the carrier
frequency and the speed of light, respectively, β is the complex
gain, and ws(t)∼CN (0, σ2

s ) denotes the thermal noise plus the
clutters. After passing through the analog-to-digital converter,
the received signal is sampled with the period Ts, yielding

rs[n] = rs(nTs) = βs(nTs − µ̄)ej2πν̄n/Nc + ws[nTs], (22)

where ν̄ = f̄/∆f is the normalized Doppler shift. After
the CPP removal, the target sensing can be performed using
detection algorithms, such as cyclic correlation method [31],
2D-FFT [32] or MUSIC schemes [33]. To simultaneously
obtain the distance and velocity information of the target, we
consider a Doppler compensation-based correlation method,
which yields the range-Doppler function (RDF) written as

E(τ, ν) =

Nc−1∑
n=0

r∗s [n]s[n− τ ]ej2πνn/Nc , (23)

where τ ∈ [0, τm] is the index of the correlation function
and ν ∈ [−νm, νm] is the normalized frequency offset for
Doppler compensation. Based on the RDF, the target can be
detected via the hypothesis test. Let the test threshold be γ.
The hypothesis can be expressed as

H1 :
|E(τ, ν)|2

N(τ, ν)
> γ, H0 :

|E(τ, ν)|2

N(τ, ν)
< γ, (24)

where H1 and H0 represent the presence and absence of the
target, respectively, N(τ, ν) denotes the average noise power at
point (τ, ν), which can be calculated by averaging |E(τ, ν)|2
in the whole or local region in the delay-Doppler domain [34].

If the hypothesis H1 holds true at point (τ̂ , ν̂), i.e., (τ̂ , ν̂)
corresponds to a target, then the distance and velocity of the
target can be derived as

R̂ =
cτ̂Ts

2
, τ̂ = [0,∆τ, 2∆τ, · · · , τm], (25)

V̂ =
cν̂∆f

2fc
, ν̂ = [−νm, · · · ,−∆ν, 0,∆ν, · · · , νm], (26)

where ∆τ and ∆ν, are the resolutions for delay and Doppler
shift estimations, respectively. According to (23), ∆τ can
be reduced by oversampling rs[n] and s[n], and ∆ν can be
reduced with a finer-grained Doppler shift compensation.

III. THEORETICAL FRAMEWORK FOR AFDM-ENABLED
ISAC

The schematic diagram of the transceiver for the proposed
AFDM-enabled ISAC system is depicted in Fig. 3. To investi-
gate the sensing capability of the AFDM waveform, we derive
its CRBs for distance and velocity estimations, and analyze its
advantage over classical OFDM and OCDM.

A. Sensing CRBs Analysis

Let θ = [β, τ̄ , v̄]T be the unknown parameters for target
sensing. According to (22), by denoting s̄[n] = βs(nTs −
τ̄Ts)e

j2πν̄n/Nc , the received echo signal in matrix form can
be expressed as

rs = s̄ + ws, (27)

where s̄ = [s̄[0], · · · , s̄[Nc−1]]T, rs = [rs[0], · · · , rs[Nc−1]]T

and ws = [ws[0], · · · , ws[Nc−1]]T∼CN (0, σ2
s INc). The log-

likelihood function of rs with respect to θ is defined by

log p(rs,θ) = − 1

σ2
s

(rs − s̄)H(rs − s̄)− C1, (28)

where C1 =Nc log(
√

2πσs) is a constant term. To obtain the
Fisher information matrix (FIM), denoted as FI, we calculate
the expectation of the partial derivatives of the log-likelihood
function with respect to the elements of θ as follows

FI [i, j] = −E

{
∂2 log p(rs,θ)

∂θi∂θ∗j

}
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=
2

σ2
s

<

{
E

{(
∂s̄

∂θj

)H(
∂s̄

∂θi

)}}

=
2

σ2
s

<

{
E

{
Nc−1∑
n=0

(
∂s̄[n]

∂θj

)∗(
∂s̄[n]

∂θi

)}}
, (29)

where θi = θ[i]. The derivatives with respect to β, ν̄ and τ̄
can be deduced respectively as

∂s̄[n]

∂β
= s(nTs − τ̄Ts)ej2πν̄n/Nc , (30)

∂s̄[n]

∂ν̄
= β(j2πn/Nc)s(nTs − τ̄Ts)ej2πν̄n/Nc , (31)

∂s̄[n]

∂τ̄
≈ βej2πν̄n/Nc

√
Nc

Nc−1∑
m=0

(
− j2πFm(n− τ̄)

)
x[m]

× ej2π(gm(nTs−τ̄Ts)+c2m2), (32)

where Fm(n − τ̄) =
(

2c1(n−τ̄)+ m
Nc

)
−
⌊
2c1(n− τ̄)+ m

Nc

⌋
represents the fractional part of 2c1(n−τ̄)+m

Nc
. The derivations

of ∂s̄[n]
∂β and ∂s̄[n]

∂ν̄ are straightforward. The derivation of ∂s̄[n]
∂τ̄

can be found in Appendix A.
Substituting (30)–(32) into (29) yields the approximate FIM

for θ (33), as shown at the bottom of the page where Pm =
E{|x[m]|2} is the allocated power on the m-th subcarrier and
Pt =

∑Nc−1
m=0 Pm is the total power of one AFDM symbol.

The derivation of FI is given in Appendix A.
The CRBs of τ̄ and ν̄, denoted as CRBτ̄ and CRBν̄ , can be

derived by calculating the inverse of FI, which are given in
(34) and (35), as shown at the bottom of the page, respectively.
Specifically, by substituting Pm = E{|xd[m]|2} and Pm =
|xp[m]|2 +E{|xd[m]|2} into the expression of sensing CRBs,
we can obtain the sensing CRBs for full data ADFM signals
and pilot-assisted AFDM signals, respectively. Accordingly,
the CRBs of distance R and velocity V can be obtained as

CRBR =

(
cTs
2

)2

CRBτ̄ , (36)

CRBV =

(
c∆f

2fc

)2

CRBν̄ . (37)

Fig. 4. Comparison the PDFs of CRBτ̄ for AFDM, OCDM and OFDM.

The above expressions for the CRBs are applicable not only
to AFDM but also to OFDM and OCDM by choosing c1 =0
and c1 = 1

2Nc
, respectively, in (36) and (37).

Based on the above results, we investigate the robustness
of the sensing CRBs for different waveforms to dynamic
subcarrier power allocation strategies during communications.
We focus on CRBτ̄ . A similar conclusion can be drawn for
CRBν̄ by using the same method, which therefore is omitted.
To characterize the sensitivity of CRBτ̄ to the power variation
of each subcarrier, we define the sensing weight of the m-th
subcarrier as the partial derivative of CRBτ̄ with respect to
Pm under equal power allocation, which is given by

δm =
∂CRBτ̄
∂Pm

∣∣∣
(P0,P1,··· ,PNc−1)=( PtNc ,

Pt
Nc
,··· , PtNc )

. (38)

When the sensing weights of subcarriers are similar and close
to zero, the importance of each subcarrier to target sensing
becomes approximately equal. In this case, the impact of the
subcarrier power allocation variation on the sensing perfor-
mance can be considered negligible. Conversely, if the weights
differ significantly among subcarriers, their importance to
target sensing varies greatly, making the sensing performance
more sensitive to the subcarrier power allocation strategy.
The left section of Fig. 4 illustrates the subcarrier weights
for AFDM (c1 = 2νm+1

2Nc
), OCDM (c1 = 1

2Nc
) and OFDM

(c1 = 0), where the number of subcarriers is set to Nc = 16.
It can be observed that AFDM achieves the most balanced
subcarrier weights with values closest to 0, while OFDM

FI ≈
2

σ2
s


Pt
Nc

0 0

0 β2 (2π)2

Nc

∑
n

∑
m Pm(Fm(n−τ̄))2 β2 (2π)2

Nc

∑
n

∑
m Pm(−Fm(n− τ̄))

(
n
Nc

)
0 β2 (2π)2

Nc

∑
n

∑
m Pm(−Fm(n− τ̄))

(
n
Nc

)
β2 (2π)2

Nc

∑
n

∑
m Pm

(
n
Nc

)2

 . (33)

CRBτ̄ ≈
σ2
sNc

8π2β2

∑
n

∑
m Pm

(
n
Nc

)2

(
∑
n

∑
m Pm(Fm(n− τ̄))2)

(∑
n

∑
m Pm

(
n
Nc

)2
)
−
(∑

n

∑
m Pm(Fm(n− τ̄))

(
n
Nc

))2
, (34)

CRBν̄ ≈
σ2
sNc

8π2β2

∑
n

∑
m Pm(Fm(n− τ̄))2

(
∑
n

∑
m Pm(Fm(n− τ̄))2)

(∑
n

∑
m Pm

(
n
Nc

)2
)
−
(∑

n

∑
m Pm(Fm(n− τ̄))

(
n
Nc

))2
. (35)

Authorized licensed use limited to: UNIVERSITY OF SOUTHAMPTON. Downloaded on February 06,2026 at 21:09:25 UTC from IEEE Xplore.  Restrictions apply. 



316 IEEE JOURNAL ON SELECTED AREAS IN COMMUNICATIONS, VOL. 44, 2026

exhibits the largest fluctuations in weight factors. This means
that CRBτ̄ of AFDM maintains a relatively stable value even
under significant variations in power allocation. Therefore,
AFDM demonstrates more robust sensing performance in the
scenarios with flexible power allocation, such as multi-user
scenarios with dynamic demands.

To further explain the above conclusion, the right section
of Fig. 4 presents the probability density function (PDF) of
CRBτ̄ . The PDF is obtained by calculating and statistically
analyzing the values of CRBτ̄ under various random subcarrier
power allocation strategies. It can be seen that although the
mean values of CRBτ̄ for the three waveforms are similar,
their variances differ significantly. OFDM exhibits the highest
tail probability due to its largest variance, which increases
the likelihood of degraded sensing performance. In contrast,
AFDM has a negligible tail on the PDF curve, which makes
it more likely to maintain the desired level of sensing perfor-
mance.

B. Ambiguity Function Analysis

The CRB only provides a theoretical lower bound of sensing
deviation. To explore the inherent characteristics of AFDM
waveform in terms of both sensing and communication capa-
bilities, we derive the ambiguity function of the pilot-assisted
AFDM waveform and analyze its statistical properties.

Ambiguity function is defined as the two-dimensional corre-
lation function in the delay-Doppler domain, which is essential
for evaluating the sensing performance of various waveforms.
Ambiguity functions can be classified into continuous and
discrete ones, where the latter is considered as a sampled
version of the former at integer points. For simplicity, this
paper mainly investigates the discrete ambiguity function
χ(τ, ν) of the N-length sequence s(n), calculated as [35]

χ(τ, ν) =

N−1∑
n=0

s∗[n]s[n− τ ]ej2πνn/N , (39)

where τ and ν denote the integer delay and Doppler indices,
respectively. Since the CPP part only introduces a constant
multiplicative factor in the derivation of ambiguity func-
tion, we omit it for brevity. Comparing (39) with (23), the
RDF E(τ, ν) is equivalent to χ(τ, ν) shifted by (τ̄ , ν̄) and
multiplied by a constant without consideration of noise. As
we focus on the region ΩR = [0, τm]× [−νm, νm] in the
RDF, we only consider the region in χ(τ, ν) that can be
shifted by (τ̄ , ν̄) into the ΩR, which can be expressed as
ΩA =[−τm, τm]×[−2νm, 2νm].

By taking the expression of a single AFDM symbol into
(39), the ambiguity function can be derived as

χ(τ, ν)

=
1

Nc

Nc−1∑
n=0

(
Nc−1∑
m1=0

x∗[m1]e−j2π(c1n2+
m1n
Nc

+c2m1
2)

)

×

(
Nc−1∑
m2=0

x[m2]e
j2π

(
c1(n−τ)2+

m2(n−τ)
Nc

+c2m2
2
))

ej2πνn/Nc

= C2

Nc−1∑
m1=0

Nc−1∑
m2=0

x∗[m1]x[m2]S(τ,ν)(m1,m2)e−
j2πm2τ
Nc , (40)

where C2 = ej2πc1τ2

/Nc, and S(τ,ν)(m1,m2) is the inter-
ference coefficient between the m1-th and m2-th subcarriers
given by

S(τ,ν)(m1,m2),
Nc−1∑
n=0

ej2π(c2(m2
2−m1

2)−(2c1τ+
m1
Nc
−m2
Nc
− ν
Nc

)n).

(41)
For simplicity, we assume that 2c1Nc is always an integer
[23]. Then S(τ,ν)(m1,m2) can be further calculated as

S(τ,ν)(m1,m2)=

{
Nce

j2πc2(m2
2−m1

2), if 〈m2−m1〉Nc= loc(τ,ν),

0, otherwise,
(42)

where loc(τ,ν) = 2c1τNc − ν denotes the subcarrier offset
incurred by τ and ν.

Based on the aforementioned results, several theorems are
provided to reveal the statistical properties of the ambiguity
function of the considered AFDM waveform.

Theorem 1: The ambiguity function of the pilot-assisted
AFDM waveform can be expressed as

χ(τ, ν)

= χp(τ, ν) + χd(τ, ν)

+ C2

(Nc−1∑
m1=0

Nc−1∑
m2=0

x∗d[m1]xp[m2]e−j2πm2τ
Nc S(τ,ν)(m1,m2)

+

Nc−1∑
m1=0

Nc−1∑
m2=0

x∗p[m1]xd[m2]e−j2πm2τ
Nc S(τ,ν)(m1,m2)

)
, (43)

where χp(τ, ν) and χd(τ, ν) are the ambiguity functions of
pilot and data signals, respectively.

Proof: See Appendix B. �
For brevity, we denote the third and forth terms of (43) as

χdp(τ, ν) and χpd(τ, ν), and thus χ(τ, ν) can be expressed as

χ(τ, ν) = χp(τ, ν)+χd(τ, ν)+χdp(τ, ν)+χpd(τ, ν). (44)

To derive the expectation and variance of χ(τ, ν), we first
present the following assumptions.

1) The constellation diagrams considered have at least three
distinct phase values, and all the constellation points
are symmetrically distributed with respect to the center,
leading to

E{xd[m]} = 0, m = 0, 1, · · · , Nc − 1, (45)

E{x2
d[m]} = 0, m = 0, 1, · · · , Nc − 1. (46)

Except for binary phase shift keying (BPSK), most com-
mon modulation formats, such as quadrature phase shift
keying (QPSK) and 16-quadrature amplitude modulation
(16)-QAM), satisfy assumption 1.

2) The symbols modulated on different subcarriers are
independent and identically distributed, resulting in

E{xd[m1]x∗d[m2]} = 0, m1 6= m2. (47)

Based on these two assumptions, the expectation of χ(τ, ν) is
given by

E{χ(τ, ν)} = χp(τ, ν) + E{χd(τ, ν)}
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=

{
Pt, if (τ, ν)=(0, 0),

χp(τ, ν), otherwise,
(48)

while the variance of χ(τ, ν) can be calculated as

σ2
χ(τ,ν) =

{
2σ2

dσ
2
p+(E{|x[0]|4}−σ4

d)Nc, if(τ, ν)=(0, 0),

2σ2
dσ

2
p+σ4

dNc, otherwise.
(49)

The derivation of E{χ(τ, ν)} is straightforward, and the
derivation of σ2

χ(τ,ν) is given in Appendix C.
Theorem 2: Given the number of subcarriers Nc, pilot power

σ2
p and total data symbol power Pd = Ncσ

2
d, the ambiguity

function variance σ2
χ(τ,ν) of constant-modulus modulation

schemes (e.g., QPSK) is always no larger than that of non-
constant modulus modulation counterparts for arbitrary (τ, ν).

Proof: See Appendix D. �
Theorem 3: Given the pilot power σ2

p and total data power
Pd, when employing constant modulus modulation schemes,
σ2
χ(τ,ν) converges to zero as the number of subcarriers

approaches infinity:

lim
Nc→∞

σ2
χ(τ,ν) = 0. (50)

Proof: See Appendix E. �
Remark 1: The inherent data randomness results in fluc-

tuated mainlobe and sidelobes for the ambiguity function
of AFDM-enabled ISAC signals, leading to possible missed
detection or false alarms of targets. To reduce σ2

χ(τ,ν) for
sensing performance enhancement, we can employ constant
modulus modulation schemes and increase the number of
subcarriers according to Theorems 2 and 3.

IV. PILOT DESIGN FOR SENSING AND COMMUNICATION
PERFORMANCE ENHANCEMENT

In addition to the variance, the expectation of the ambiguity
function is also crucial for the target sensing performance.
To minimize the false alarm probability, an ideal ambiguity
function should have a prominent peak at (0, 0) and zero value
at other grid points within ΩA, i.e.,

χ(τ, ν) =

{
Pt, if (τ, ν) = (0, 0),

0, if (τ, ν) ∈ ΩA 6= (0, 0).
(51)

As can be seen from (48), the expectation of the ambiguity
function for the pilot-assisted AFDM signal is equal to the
total power of the signal at (0, 0), while the values at other grid
points are determined by the ambiguity function of the pilot
signal. This phenomenon necessitates tailored design for the
pilot sequence of the AFDM-enabled ISAC waveform. Before
elaborating on the design, the following theorem validates
that the AFDM pilots with an ideal ambiguity function can
guarantee desirable communication performance level.

Theorem 4: When 2c1Nc is an integer, the pilot sequence
with an ideal ambiguity function can achieve the optimal chan-
nel estimation performance by minimizing the mean squared
error E{‖α̂−α‖2}.

Proof: See Appendix F. �
To ensure an ideal ambiguity function for the pilot sequence,

existing studies insert sufficient zero guard samples between
adjacent non-zero pilots in the DAFT domain. Specifically,

according to (42), to ensure the interference coefficient
between two adjacent non-zero pilots is always zero within
ΩA, the neighboring pilot spacing Q should satisfy Q >
maxτ,ν loc(τ,ν). Since ΩA =[−τm, τm]×[−2νm, 2νm], the sub-
carrier offset loc(τ,ν) ∈ [−2c1τmNc − 2νm, 2c1τmNc + 2νm],
and the ambiguity function of the pilot sequence becomes ideal
when the adjacent non-zero pilot spacing Q satisfies:

Q ≥ 2c1τmNc + 2νm + 1. (52)

For example, in [28], Q is set to 2c1τmNc + 2νm + 1 and
the number of non-zero pilots is chosen to be Np =

⌊
Nc
Q

⌋
.

Inversely, when the pilot spacing Q is fixed, the maximum
range of sensing and channel estimation is limited by

τm ≤
Q− 2νm − 1

2c1Nc
. (53)

According to (53), small Q limits the capability boundary
of both target sensing and channel estimation. On the other
hand, the margin τm can be expanded by enlarging Q, which
however sacrifices the number of non-zero pilots within a
single AFDM symbol, causing degraded channel estimation
accuracy. This dilemma makes the pilot assignment for AFDM
rather challenging.

To overcome this challenge, we propose a novel pilot design
in Theorem 5, which includes the choice of the parameter
c1 and the pilot spacing configuration as well as the pilot
sequence design. The proposed pilot sequence features an ideal
ambiguity function with the spacing Q independent of τm. As
a result, our design enables simultaneous channel estimation
and long-range target sensing both with superior accuracy.

Theorem 5: Consider an AFDM symbol with Nc=2p sub-
carriers, where p is a non-zero integer. When c1 = 2q

2Nc
with the

integer q satisfying 2q−1<2νm + 1 ≤ 2q , Q= 2c1Nc2
r with

r=0, 1, · · · , p−q, and Np =Nc/Q, the pilot signal satisfying
the following equation has an ideal ambiguity function:

xp[m]=


√
σ2

p

Np
z
[
m

Q

]
ej2πψ[m], m = 0, Q, · · · , (Np−1)Q,

0, otherwise,
(54)

where ψ[m] =
(
m22r

2QNc
− c2m2

)
, and z[k] denotes any Np-

length CAZAC sequence [36], such as the Zadoff-Chu (ZC)
sequence [37].

Proof: See Appendix G. �
Remark 2: The advantage of the proposed pilot design lies

in the fact that Q is independent of the maximum delay τm.
As shown in Theorem 4, Q can be as small as 2c1Nc, where
c1 depends solely on the maximum Doppler shift. Therefore,
as τm increases, it is unnecessary to reduce the number of
non-zero pilots, thus maintaining accurate channel estimation.
In the following, we will give a specific example to illustrate
how to obtain a pilot sequence based on Theorem 5. Firstly, an
appropriate Np-length CAZAC sequence should be chosen as
the base sequence. Let us take the Np-length ZC sequence as
an example. According to Theorem 5, Np is an even number,
and thus theNp-length ZC sequence can be written as

z[n] = e−
jπun2

N , n = 0, 1, · · · , Np−1, (55)
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TABLE I
SIMULATIONS PARAMETERS

where uis an integer satisfying gcd(Np, u) = 1. Next, by
substituting (55) in (54), the pilot signal can be expressed as

xp[m]=


√
σ2

p

Np
e
− jπum2

NQ2 ej2πψ[m], m = 0, Q, · · · , (Np−1)Q,

0, otherwise,
(56)

Finally, we superpose the pilot signal on the data as (1) to
obtain the transmit signal.

It should be noted that the proposed pilot design method-
ology is not equivalent to directly transforming the CAZAC
sequence into the DAFT domain. CAZAC sequences ensure
perfect auto-correlation property only when the Doppler
shift is zero, and their autocorrelation performance deterio-
rates significantly under large Doppler shifts. Consequently,
the sequence derived from directly transforming a CAZAC
sequence cannot guarantee an ideal ambiguity function. In
contrast, our proposed pilot is designed by exploiting the
unique characteristics of AFDM. Due to its inherent mul-
tipath separation capability, interference between non-zero
pilot symbols arises only from specific combinations of delay
and Doppler shifts. We identify these critical delay-Doppler
pairs and introduce appropriate phase shifts to the CAZAC
sequences, enabling them to maintain ideal auto-correlation
properties even under substantial Doppler shifts.

V. NUMERICAL RESULTS

Consider an AFDM system with Nc = 128 subcarriers,
where each subcarrier carries a symbol modulated using
QPSK. The key simulation parameters are summarized as
Table I. We consider both the large-range scenario (τm =
15) and the small-range scenario (τm = 2). The maximum
normalized Doppler frequency shift is set to νm = 2. The
communication channel consists of L = 3 paths, with the
normalized delay and Doppler shift of each path randomly
selected from [0, τm] and [−νm, νm], respectively. The chan-
nel coefficient for each path follows a complex Gaussian
distribution CN ∼ (0, 1/L). For the sensing purpose, we
consider a single-target model, where its normalized delay
and Doppler shift are uniformly distributed within the ranges
of [0, τm] and [−νm, νm], respectively. Numerical results are
provided to validate the feasibility and superiority of the
proposed pilot design in terms of both communication and
sensing performance.

Fig. 5. Comparison of channel estimation performance between the proposed
pilot design and existing designs under the scenario of τm=2.

Fig. 6. Comparison of channel estimation performance between the proposed
pilot design and existing designs under the scenario of τm=15.

A. Communication Performance

Figs. 5 and 6 depict the channel estimation performances as
the functions of the data signal-to-noise ratio SNRd =σ2

d/σ
2
cn

for the proposed pilot design and two existing designs under
the scenarios of τm = 2 and τm = 15, respectively. The total
power of pilot and noise signals are set as σ2

p = 20 dB and
Ncσ

2
cn = 21 dBm, respectively. The mean square error (MSE)

is utilized to evaluate the channel estimation performance. It
can be obtained by calculating the Frobenius norm of the
difference between the channel matrix and its estimated value,
which can be expressed as

MSE =

Niter∑
i=0

||H(i)
c − Ĥ

(i)
c ||

Niter
. (57)

Here H
(i)
c and Ĥ

(i)
c denote the channel matrix and its esti-

mated value for the i-th simulation run, and the results are
averaged over Niter = 10000 simulation runs. In the single
pilot design [38], there is only one non-zero pilot in the DAFT
domain, which is put in the first subcarrier. The traditional SPI
pilot denotes the superimposed pilot in [28] with Np =8 non-
zero pilots. For the proposed pilot design, as shown in (54),
we consider Np =8 and Np =16. For a fair comparison, all the
schemes adopt the same AFDM parameters with c1 = 4/Nc
and c2 =π−3.

It can be seen from Fig. 5 that as the data power
increases, the equivalent noise power in channel estimation
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Fig. 7. BER comparison between the proposed pilot design and existing
designs under the scenario of τm=2.

Fig. 8. BER comparison between the proposed pilot design and existing
designs under τm = 15.

also increases, resulting in higher MSE for all the schemes.
For the small-range scenario of τm = 2, both the proposed
pilot design and the traditional SPI pilot with Np = 8 non-
zero pilots achieve more accurate channel estimation results,
with a 7 dB improvement in MSE compared to the single
pilot scheme. This is because, when τm is relatively small,
both the proposed pilot and traditional SPI pilot designs can
realize the optimal channel estimation with no inter-pilot
interference. Moreover, since the number of non-zero pilots in
these designs is greater than that in the single pilot scheme, the
UE can utilize more subcarriers for channel estimation, thereby
achieving higher channel estimation accuracy. As expected,
the proposed pilot design with Np = 16 outperforms the
same design with Np = 8. On the other hand, for the large-
range scenario of τm = 15, the traditional SPI pilot with
Np = 8 no longer satisfies the requirements of (52). The
received responses of two non-zero pilot symbols may overlap
in the DAFT domain after passing through the channel, which
leads to severe pilot interference and prevents the channel
estimation from achieving the minimum mean square error
performance. In contrast, the proposed pilot design maintains
an ideal ambiguity function and ensures the optimal channel
estimation with the similar MSEs in the both scenarios, as can
be observed from Figs. 5 and 6.

Figs. 7 and 8 investigate the BER performance of the
proposed pilot design and two existing designs under τm = 2
and τm = 15, respectively. Since the channel estimation
performance of the single pilot design is considerably inferior

Fig. 9. ROC curve comparison between the proposed pilot and traditional
SPI pilot designs under τm=15 and given two different receive SNRs.

to those of the proposed pilot and traditional SPI pilot designs,
its BER is much larger than those of the other two designs.
As for our pilot and traditional SPI pilot designs, generally,
for SNRd < 18 dB, the BER reduces as SNRd increases but
for SNRd > 21 dB, the BER increases as SNRd increases.
This is because for SNRd < 18 dB, the channel estimation
is relatively accurate, and increasing the data power improves
the data demodulation performance. On the other hand, for
SNRd>21 dB, as SNRd increases, the equivalent noise power
for the channel estimation increases, leading to a decline in
channel estimation accuracy and a corresponding rise in the
BER. By comparing Figs. 7 and 8, it can be seen that as the
maximum delay spread increases, the BER of the traditional
SPI pilot increases significantly due to the degradation of its
channel estimation performance. The proposed pilot design by
contrast does not suffer from this performance degradation.

B. Sensing Performance

The ROC curves of the proposed pilot and traditional SPI
pilot designs are illustrated in Fig. 9 under the large-range
scenario of τm = 15, where the receive SNR at the ISAC
receiver is set to 0 dB or −10 dB. Both the proposed pilot
and traditional SPI pilot designs have Np = 8 non-zero
pilots. To obtain the ROC curve, we vary the threshold γ
in (24) and record the corresponding probabilities of false
alarm and missed detection, as shown in Fig. 9. We define
a missed detection event as either failing to detect the peak
corresponding to the target or when the difference between the
estimated normalized delay (or normalized Doppler shift) and
the true value exceeds 1. Since the traditional SPI pilot cannot
ensure an ideal ambiguity function under τm = 15, its ROC
curve is much inferior to that of the proposed pilot design,
i.e., the probability of missed detection of the traditional SPI
pilot is much higher than that of the proposed pilot at the same
false alarm probability. Due to its ideal ambiguity function, the
performance of the proposed pilot design is not limited by high
sidelobes but is primarily determined by the receive SNR. As a
result, when the SNR increases, the proposed scheme exhibits
a significant improvement in sensing performance.

Figs. 10(a) and 10(b) compare the simulated distance
root MSE (RMESR) and velocity root MSE (RMESV ) with√

CRBR and
√

CRBV , respectively, where the carrier fre-
quency is set to fc= 28 GHz and the sensing range is set to

Authorized licensed use limited to: UNIVERSITY OF SOUTHAMPTON. Downloaded on February 06,2026 at 21:09:25 UTC from IEEE Xplore.  Restrictions apply. 



320 IEEE JOURNAL ON SELECTED AREAS IN COMMUNICATIONS, VOL. 44, 2026

Fig. 10. Comparison of the simulated RMSE and the square root of CRB.

τm =15. Specifically,
√

CRBR and
√

CRBV are calculated by
averaging CRBR and CRBV for any possible τ̄ , respectively,
and deriving the square root of the results. It can be seen from
Fig. 10(a) that as the sampling period decreases, the distance
estimation error reduces, which agrees with (36). From Fig.
10(b), it can be seen that as the subcarrier spacing decreases,
the velocity estimation error reduces, which agrees with (37).
Moreover, it can be observed that both RMESR and RMESV
are close to the square roots of derived CRBs, demonstrating
that the proposed pilot design enables high-precision sensing.

VI. CONCLUSION

In this paper, we have presented a theoretical framework
for AFDM-enabled ISAC systems and introduced a novel
pilot design for pilot-assisted AFDM waveforms to enhance
both communication and sensing performance. Specifically,
we derived closed-form CRB expressions for target sensing
in AFDM, offering helpful guidelines for system design and
insights into the advantages of AFDM over existing alterna-
tives. Furthermore, we have formulated the ambiguity function
of the pilot-assisted AFDM waveform for the first time and
analyzed its statistical properties. To overcome the sensing
range limitations imposed by pilot spacing, we have also
proposed a novel superimposed pilot design, which has been
analytically proven to achieve an ideal ambiguity function and
optimal channel estimation simultaneously. Numerical results
have been provided to validate the theoretical derivations and
demonstrate the superiority of the proposed pilot design.

APPENDIX

A. Derivation of FIM

First we provide a detailed derivation of ∂s̄[n]
∂τ̄ :

∂s̄[n]

∂τ̄
= β

∂s̄(nTs − τ̄Ts)
∂τ̄

ej2πν̄n/Nc

=
βej2πν̄n/Nc
√
Nc

Nc−1∑
m=0

(
j2π

∂gm(nTs − τ̄Ts)
∂τ̄

)
x[m]

× ej2π(gm(nTs−τ̄Ts)+c2m2). (58)

We note
∂gm(nTs−τ̄Ts)

∂τ̄
= −Ts

∂gm(t)

∂t
|t=nTs−τ̄Ts , (59)

with

∂gm(t)

∂t
=

2c1t

T 2
s

+
m

NcTs
−qm

(
t

Ts

)
1

Ts
−
∂qm

(
t
Ts

)
∂t

t

Ts
. (60)

Since qm

(
t
Ts

)
=
⌊
2c1

t
Ts

+ m
Nc

⌋
,
∂qm( t

Ts
)

∂t takes the value
of 0 in most cases, and it can be dropped from (60) for
approximation. Therefore, we have

∂gm(nTs−τ̄Ts)
∂τ̄

≈ −2 c1(n−τ̄)− m

Nc
+
⌊
2 c1(n−τ̄)+

m

Nc

⌋
, −Fm(n− τ̄). (61)

Substituting (61) into (58) yields (32).
Based on the above calculation results, we can compute FI.

Take FI [1, 1] as an example, which can be derived as

FI [1, 1] =
2

σ2
s

<

{
E

{
Nc−1∑
n=0

∣∣∣s(nTs − τ̄Ts)ej2πν̄n/Nc
∣∣∣2}}

=
2

σ2
sN

2
c

<

{
Nc−1∑
m1=0

Nc−1∑
m2=0

E
{
x[m1]x∗[m2]

}
×

(
Nc−1−τ̄∑
n=−τ̄

ej2π(ηm1 [n]−ηm2 [n])

)}
. (62)

Since
∑Nc−1−τ̄
n=−τ̄ ej2π(ηm1

[n]−ηm2
[n]) = 0 for m1 6= m2, (62)

can be further simplified as

FI [1, 1] =
2

σ2
sN

2
c

R

{
Nc

Nc−1∑
m1=0

E
{
|x[m1]|2

}}
=

2Pt
σ2

sNc
,

(63)
where Pm=E{|x[m]|2} and Pt=

∑Nc−1
m=0 Pm. Other elements

of FI can be calculated using similar approaches, which are
omitted for brevity. By combining all the elements, we obtain
the FIM (33).

B. Proof of Theorem 1

Proof: By substituting x[m]=xp[m] + xd[m] into (40), we
have

χ(τ, ν)

= C2

(Nc−1∑
m1=0

Nc−1∑
m2=0

x∗p[m1]xp[m2]e−
j2πm2τ
Nc S(τ,ν)(m1,m2)
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+

Nc−1∑
m1=0

Nc−1∑
m2=0

x∗d[m1]xd[m2]e−
j2πm2τ
Nc S(τ,ν)(m1,m2)

+

Nc−1∑
m1=0

Nc−1∑
m2=0

x∗d[m1]xp[m2]e−
j2πm2τ
Nc S(τ,ν)(m1,m2)

+

Nc−1∑
m1=0

Nc−1∑
m2=0

x∗p[m1]xd[m2]e−
j2πm2τ
Nc S(τ,ν)(m1,m2)

)
. (64)

According to the definition of ambiguity function, the first
and second terms of (64) are the ambiguity functions of the
pilot (χp(τ, ν)) and data signal (χd(τ, ν)), respectively. This
completes the proof. �

C. Derivation of σ2
χ(τ,ν)

The variance of χ(τ, ν) is given by

σ2
χ(τ,ν) = E{|χ(τ, ν)|2} − |E{χ(τ, ν)}|2. (65)

Given the assumptions E{xd[m]} = 0 and E{x2
d[m1]} =

0, any term of E{|χ(τ, ν)|2} containing E{xd[m]} and
E{x2

d[m1]} is zero. Therefore,

E{|χ(τ, ν)|2} = |χp(τ, ν)|2 + E{|χd(τ, ν)|2}
+ E{|χdp(τ, ν)|2}+ E{|χpd(τ, ν)|2}
+ E

{
2<{χp(τ, ν)χ∗d(τ, ν)}

}
. (66)

According to (48),

|E{χ(τ, ν)}|2 = |χp(τ, ν)|2 + |E{χd(τ, ν)}|2

+ E
{

2<{χp(τ, ν)χ∗d(τ, ν)}
}
. (67)

By substituting (66) and (67) into (65), we obtain

σ2
χ(τ,ν) =σ2

χd(τ,ν)+E{|χdp(τ, ν)|2}+E{|χpd(τ, ν)|2}. (68)

The first term in (68) can be derived as

σ2
χd(τ,ν) =

1

N2
c

( Nc−1∑
m1=0

Nc−1∑
m2 6=m1

σ4
d|S(τ,ν)(m1,m2)|2

+

Nc−1∑
m=0

(
E{|x[m]|4} − σ4

d

)
|S(τ,ν)(m,m)|2

)
. (69)

The second term in (68) is equal to the third term, which can
be expressed as

E{|χdp(τ, ν)|2}

=
1

N2
c

Nc−1∑
m1=0

Nc−1∑
m2=0

σ2
d|xp[m2]|2|S(τ,ν)(m1,m2)|2. (70)

According to (42), |S(τ,ν)(m1,m2)|2 can be calculated as

|S(τ,ν)(m1,m2)|2 =

{
N2
c , if 〈m2−m1〉Nc= loc(τ,ν),

0, otherwise.
(71)

Therefore, when (τ, ν) = (0, 0), we obtain

σ2
χ(τ,ν) = Nc

(
E{|x[m]|4} − σ4

d

)
+ 2σ2

d

Nc−1∑
m1=0

|xp[m1]|2

= Nc
(
E{|x[0]|4} − σ4

d

)
+ 2σ2

dσ
2
p. (72)

When (τ, ν) 6= (0, 0), we have

σ2
χ(τ,ν) =

Nc−1∑
m1=0

σ4
d + 2σ2

d

Nc−1∑
m1=0

∣∣xp[〈m1 + loc(τ,ν)〉Nc ]
∣∣2

= Ncσ
4
d + 2σ2

dσ
2
p. (73)

D. Proof of Theorem 2

Proof: As seen in (49), when (τ, ν) 6=(0, 0), the variance is
irrelevant to specific modulation method. On the other hand,
when (τ, ν) = (0, 0), the variance can be reduced by min-
imizing the fourth moment of the constellation’s amplitude,
i.e., E{|x[0]|4}. According to the Cauchy-Schwarz inequality,
the fourth moment is no less than the square of the second
moment, i.e., E{|x[0]|4} ≥ σ4

d. Furthermore, E{|x[0]|4}= σ4
d

if and only if the constellation points have constant modulus.
Therefore, by employing the constant-modulus modulation,
the ambiguity function variance is minimized for (τ, ν) =
(0, 0). This completes the proof. �

E. Proof of Theorem 3

Proof: By choosing σ2
d = Pd/Nc and E{|x[0]|4} = σ4

d in
(49), the variance can be written as

σ2
χ(τ,ν) =


2
Pdσ

2
p

Nc
, if(τ, ν) = (0, 0),

2
Pdσ

2
p

Nc
+
P 2

d

Nc
, otherwise.

(74)

For (τ, ν) = (0, 0),

lim
Nc→∞

σ2
χ(τ,ν) = lim

Nc→∞
2
Pdσ

2
p

Nc
= 0. (75)

For (τ, ν) 6= (0, 0)

lim
Nc→∞

σ2
χ(τ,ν) = lim

Nc→∞
2
Pdσ

2
p

Nc
+
P 2

d

Nc
= 0. (76)

This completes the proof. �

F. Proof of Theorem 4

Proof: In [28], it has been proved that the minimal E{‖α̂−
α‖2} can be achieved when the column vectors of the matrix
Ψp in (17) are orthogonal with each other. We now prove
that a pilot sequence xp with an ideal ambiguity function
always ensures that any two column vectors of Ψp are
mutually orthogonal. The inner product between the i-th and
j-th columns of Ψp for i 6= j can be expressed as

xH
p ΦH

i Φjxp

= xpA (ΓCPPiΠ
τi∆νi)

H
ΓCPPjΠ

τj∆νjA
Hxp

= xpA∆−νiΠ
Nc−τiΓH

CPPiΓCPPjΠ
τj∆νjA

Hxp. (77)

When 2c1Nc is an integer, ΓCPPi = INc . According to the
definitions of Πτi and ∆νi , Πτi∆νi = e−j2πνiτi/N∆νiΠ

τi .
Based on these properties, xH

p ΦH
i Φjxp can be simplified as

xH
p ΦH

i Φjxp = xpA∆−νiΠ
τj−τi∆νjA

Hxp

= e−j2πνi(τj−τi)/NxpA∆νj−νiΠ
τj−τiAHxp. (78)
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(78) can be interpreted as the cross-correlation between the
pilot sequence with its corresponding echo obtained with a
time delay of τ̂ = τj−τi and Doppler shift of ν̂ = τj−τi, which
is aligned with the ambiguity function definition. Therefore,
(78) can be equivalently rewritten as

xH
p ΦH

i Φjxp = e−j2πνiτ̂/Nχp(τ̂ , ν̂). (79)

Since (τi, νi), (τj , νj) ∈ ΩR, we have (τ̂ , ν̂) ∈ ΩA. Further-
more, (τ̂ , ν̂) 6= (0, 0) for i 6= j. According to the definition of
ideal ambiguity function, xH

p ΦH
i Φjxp =0. �

G. Proof of Theorem 5

Proof: The ambiguity function of the proposed pilot
sequence can be expressed as

χp(τ, ν) = C2

Np∑
k1=0

Np∑
k2=0

x∗p[k1Q]xp[k2Q]e−j2π k2QτNc

× S(k1Q, k2Q, τ, ν). (80)

According to (42), S(k1Q, k2Q, τ, ν) is non-zero if and only if
〈k2Q− k1Q〉Nc = loc(τ,ν). Based on this property, we discuss
the value of χp(τ, ν) in the following two cases.
Case 1: When Q cannot divide loc(τ,ν), there do not exist val-

ues of k1 and k2 that satisfy equation 〈k2Q− k1Q〉Nc =
loc(τ,ν), since 〈k2Q − k1Q〉Nc is always a multiple
of Q. Therefore, S(k1Q, k2Q, τ, ν) is always zero and
χp(τ, ν) = 0.

Case 2: When Q can divide loc(τ,ν), there exists an integer k̂
satisfying loc(τ,ν) = k̂Q. By recalling the expressions of
loc(τ,ν) and Q, we obtain

2 c1Nc2
rk̂ = 2 c1τNc − ν. (81)

Based on the multipath separation ability of AFDM in
the DAFT domain, i.e., if τ1 6=τ2 or ν1 6=ν2, loc(τ1,ν1) 6=
loc(τ2,ν2), the only solution of (81) is (τ, ν) = (2rk̂, 0).
By substituting this solution into the (80), the expression
is simplified as

χp(τ, ν)=χp(2rk̂, 0)=C3

Np∑
k1=0

x∗p[k1Q]xp[〈k1Q+ k̂Q〉Nc ]

× e−j2π (k1Q+k̂Q)2rk̂
Nc ej2πc2Q2(2k1k̂), (82)

where C3 =C2Nce
j2πc2Q2k̂2 . Using xp[m] of (54) in (82)

leads to

χp(2rk̂, 0) = C4

Np∑
k1=0

z∗[k1]z[〈k1 + k̂〉Np
], (83)

where C4= C2Nc
σ2
p

Np
e−j2π k̂

22rQ
2Nc . Since z[k] is a CAZAC

sequence, we have χp(2rk̂, 0) = 0 when k̂ 6= 0, which
means χp(τ, ν) = 0 when (τ, ν) 6= (0, 0). By combining
the conclusions of Case 1 and Case 2, the value of
χp(τ, ν) is non-zero only at (τ, ν)=(0, 0). Therefore, the
proposed pilot design, which satisfies (54), can ensure an
ideal ambiguity function. �
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