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Abstract—As a superior multicarrier technique utilizing chirp
signals for high-mobility communications, affine frequency divi-
sion multiplexing(AFDM) is envisioned to be a promising
candidate for sixth-generation (6G) wireless networks. AFDM is
based on the discrete affine Fourier transform (DAFT) with two
adjustable parameters of the chirp signals, termed the pre-chirp
and post-chirp parameters, respectively. Whilst the post-chirp
parameter complies with stringent constraints to combat the
time-frequency doubly selective channel fading, we show that
the pre-chirp counterpart can be flexibly manipulated for an
additional degree of freedom. Therefore, this paper proposes
a novel AFDM scheme with the pre-chirp index modulation
(PIM) philosophy (AFDM-PIM), which can implicitly convey
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extra information bits through dynamic pre-chirp parameter
assignment, thus enhancing both spectral and energy efficiency.
Specifically, we first demonstrate that the subcarrier orthogonal-
ity is still maintained by applying distinct pre-chirp parameters to
various subcarriers in the AFDM modulation process. Inspired by
this property, we allow each AFDM subcarrier to carry a unique
pre-chirp signal according to the incoming bits. By such an
arrangement, extra bits can be embedded into the index patterns
of pre-chirp parameter assignment without additional energy
consumption. We derive asymptotically tight upper bounds on
the average bit error probability (BEP) of the proposed schemes
with the maximum-likelihood detection, and validate that the
proposed AFDM-PIM can achieve full diversity under doubly
dispersive channels. Based on the derived result, we further
propose an optimal pre-chirp alphabet design to enhance the
bit error rate (BER) performance via intelligent optimization
algorithms. Simulation results demonstrate that the proposed
AFDM-PIM outperforms the classical benchmarks.

Index Terms—Index modulation (IM), affine frequency division
multiplexing (AFDM), discrete affine Fourier transform (DAFT),
doubly dispersive channel.

I. INTRODUCTION

HE beyond fifth-generation (B5SG) and sixth-generation

(6G) wireless networks are envisioned to deliver ultra-
reliable, high data rate, and low-latency communications for
high—speed mobile scenarios, including low-earth-orbit (LEO)
satellite, high-mobility railway, autonomous aerial vehicles
(AAV) and vehicle-to-vehicle (V2V) communications [2], [3],
[4], [5]. These scenarios inevitably suffer from severe Doppler
shifts, which can cause time-frequency doubly selective fading
(i.e., doubly dispersive channel) by involving the multi-path
effects. This makes the existing modulation formats, like
the main-stream orthogonal frequency division multiplexing
(OFDM) in 4G/5G standards, no longer suitable for next-
generation networks [6]. Consequently, it is crucial to develop
new waveforms for next-generation communication networks
to adapt to the doubly selective channel.

To date, several novel modulation techniques have been
designed to combat the time-frequency doubly selective fad-
ing, such as orthogonal time-frequency space (OTFES) [7],
[8], [9] and orthogonal chirp-division multiplexing (OCDM)
[10], [11], [12]. OTFS modulates information in the delay-
Doppler (DD) domain using the inverse symplectic finite
Fourier transform (ISFFT), which enables the transmission
symbols to be multiplexed across the entire time-frequency
domain [13], [14], [15]. OCDM utilizes a series of orthogonal
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chirp signals whose frequency varies with time to modu-
late information, which achieves better performance than the
OFDM technique under doubly dispersive channels. However,
the two-dimensional representation of the DD channel in
OTFS incurs significant pilot overhead, and the diversity gain
that OCDM can obtain depends on specific channel profiles.

Against this background, affine frequency division multi-
plexing (AFDM) has been proposed based on the discrete
affine Fourier transform (DAFT) [16], which can also com-
bat the time-frequency doubly selective fading, and more
importantly has less complexity to implement than OTFS
since it requires only one-dimension transformation. DAFT is
defined as a generalized discrete form of the discrete Fourier
transform (DFT) with a chirp-like basis specified by dual
adjustable parameters, termed pre-chirp and post-chirp param-
eters, respectively. In AFDM, data symbols are multiplexed
onto chirp-like subcarriers through DAFT and inverse DAFT
(IDAFT), which can separate the doubly dispersive channel
into a sparse, quasi-static channel with a comprehensive
DD channel representation by appropriately setting the chirp
parameters. Therefore, AFDM achieves similar performance
to OTFS, and demonstrates superior performance over OFDM
and OCDM under doubly selective channels [17], making
AFDM a promising waveform for future mobile communi-
cation systems [18].

There has been preliminary literature on AFDM [19], [20],
[21], [22], [23], [24]. A low-complexity embedded pilot-aided
diagonal reconstruction (EPA-DR) channel estimation scheme
was proposed in [19], which calculates the AFDM effective
channel matrix directly without estimating the three channel
parameters, eliminating the inherently severe inter-Doppler
interference. In [20], the authors investigated the AFDM-
empowered sparse code multiple access (SCMA) systems to
support massive connectivity in high-mobility environments.
An AFDM-based integrated sensing and communications
(ISAC) system was studied in [21], demonstrating that the
AFDM-ISAC system can maintain excellent sensing perfor-
mance even under significant Doppler shifts. In [22], the
authors proposed a bistatic sensing-aided channel estimation
(SACE) scheme, which illustrates the capacity of AFDM to
attain optimal sensing resolution and communication perfor-
mance under reasonable parameter selection. A DFT-based
modulation and demodulation technique for AFDM was stud-
ied in [23], with the potential to facilitate the adoption of
AFDM for future deployments. The authors in [24] showed
that utilizing a single pilot symbol achieves nearly the same
sensing performance as employing the complete AFDM frame
and proposed a low-complexity self-interference cancellation
scheme for monostatic radar. The existing literature mostly
explored the channel estimation, multiple access and ISAC
issues under the classical AFDM architecture, whilst studies
regarding further optimization/enhancement of the AFDM
waveform are still at their infancy.

One promising research direction is to incorporate the
index modulation (IM) philosophy for spectral and energy
efficiency improvement [25], [26], which conveys energy-free
bits through the activation patterns of transmit entities, e.g.,
subcarriers [27], time slots [28], pulse positions [29], antennas
[30], constellation modes [31], etc. IM-aided systems provide
unique advantages, including flexible system architectures,
high spectral efficiency (SE), and low hardware complexity, by
leveraging additional energy-free information bits compared to
conventional modulation systems.
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In [32] and [33], Tao et al. presented an IM-assisted
scheme, which conveys energy-free information bits through
the activation patterns of the subsymbols in the DAFT-domain,
verifying that index bits have stronger diversity protection than
modulation bits. A multicarrier system using the activation
patterns of AFDM chirp subcarriers as indices was devel-
oped in [34], which indicates the potential of IM-assisted
AFDM technology in enhancing bit error rate (BER) and
energy efficiency performance. However, existing research has
concentrated on post-chirp parameters in AFDM, with little
attention paid to the considerable flexibility and degrees of
freedom (DoFs) that the pre-chirp parameter offers. Although
the methods of index modulation based on the value of the
pre-chirp parameter were discussed in [35], it focused more
on reducing the complexity of the demodulation algorithm at
the receiver, and no complete design method for the value of
different pre-chirp parameters was proposed in this study.

Distinctively, this paper proposes a novel AFDM scheme
with the pre-chirp-domain index modulation (AFDM-PIM) to
enhance both spectral and energy efficiencies. Furthermore,
performance evaluation of the proposed AFDM-PIM struc-
ture, including pairwise error probability (PEP) analysis and
diversity analysis, is performed, and the numerical selection of
the pre-chirp parameters is analyzed and optimized. The main
contributions of this work are highlighted as follows:

e We prove that the subcarrier orthogonality is maintained
by applying distinct pre-chirp parameters to different sub-
carriers during the AFDM modulation process. Based on
this property, each AFDM subcarrier is constructed with
a unique pre-chirp signal corresponding to the incoming
bits. This configuration allows for the embedding of addi-
tional bits into the index patterns of pre-chirp parameter
assignment without additional energy consumption.

e We derive the input-output relationship of the proposed
AFDM-PIM scheme in the DAFT domain, and the
asymptotically tight upper bounds on the average bit error
probability (BEP) with the maximum likelihood (ML)
detection based on the PEP analysis. Furthermore, we val-
idate that the proposed AFDM-PIM scheme can achieve
full diversity order under doubly dispersive channels.

e We propose an optimal pre-chirp alphabet design to
enhance the BER performance via particle swarm opti-
mization (PSO) algorithm. It is verified via extensive
simulations that the optimized pre-chirp parameter alpha-
bet results in a much better BER performance than the
heuristic selection of pre-chirp parameter values. Our
results also demonstrate that the proposed AFDM-PIM
scheme is superior to classical AFDM and IM-aided
OFDM algorithms in terms of BER performance.

The rest of the paper is organized as follows. In Section II,
the AFDM system model is introduced. Section III details the
proposed AFDM-PIM scheme. The performance analysis of
AFDM-PIM under doubly dispersive channels is presented in
Section IV, which includes the PEP and diversity analysis. The
pre-chirp parameter optimization is provided in Section V. The
simulation results and discussions are offered in Section VI,
and Section VII draws the conclusions. The notations adopted
in this paper are listed in Table I.

II. AFDM SYSTEM MODEL

The general system model of AFDM is presented in Fig. 1.
For clarity, we provide a concise review of the fundamen-
tal concept of AFDM [17]. The transmitted bit stream is
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TABLE I
MATHEMATICAL NOTATIONS
Notation Description
[-] Integer floor operator.
s ~ CN(0,02) Random variable s follows a complex Gauss;an

distribution with zero mean and variance o~.
z* Conjugate of the complex number x.

alb b is divisible by a without leaving a remainder.
max (a, b) Maximum value of a and b.
min (a, b) Minimum value of a and b.

a Number of ways to choose b elements from a set
( ) of a elements.

Modulo N operation.
Transpose and Hermitian operations of X,

XT, xH .
’ respectively.
[IX]| Frobenius norm of X.
In N x N identity matrix.
Tail distribution function of the standard Gaussian
Q) distribution.
E() Expectation operator.
I Set of irrational numbers.
R(x) Real part of the complex number .
j=+-1 Imaginary unit (imaginary axis).

I Product operator, representing the multiplication
of a sequence of terms.

Tr[] Trace operator.
bit stream N bs
it &
— o

Splitter Do Add

CPP

Doubly Selective
Channel

bit stream .
<—1 Detection DAFT [<— &

sip

Fig. 1. The block diagram of AFDM system.

initially mapped onto a symbol vector, denoted as x4 =
[24[0],2a[1],...,24[N —1]]" € CN*1, comprising N M-
ary amplitude/phase modulations (APM) symbols in the DAFT
domain. The resulting signals are then converted to time-
domain representations with an N-point IDAFT, formulated
as

1 N-1

- \/Nm:O

where s4[n] is the time domain signal, and m,n €
{0,1,..., N —1}, while ¢; and ¢y are the post-chirp and pre-
chirp parameters of the DAFT, respectively.

Similarly to OFDM, AFDM also necessitates the insertion
of prefix to address the multi-path problem. By leveraging the
inherent periodicity characteristic of DAFT, a chirp-periodic
prefix (CPP) is inserted to serve the function analogous to the
cyclic prefix (CP) in OFDM, which is given by

SA[H] Z‘A[W]€j2ﬂ(61n2+c2m2+%), (1)

_1’
2

sa[n] = sa[N + n]e‘jhcl(NQJFQN”)7 n=—Lep,...

)

where L, is the length of the CPP.
Under high-mobility scenarios, the transmitted signals
may experience time-frequency doubly dispersive channel
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attributed to the severe Doppler shift and multi-path effects,
which can be modeled as

P
h(r,v) = Z hpd (T —1)0(v — 1), 3)
p=1

where P is the number of the paths, v, and 7, are the
Doppler shift and delay of the p-th path, respectively, while
hy ~ CN(0,1/P) is the p-th path’s channel coefficient. The
normalized delay and Doppler shift are given by d, = 7,Af
and o, = NTuv,, respectively, where Af is the AFDM
subcarrier spacing and 7 is the sampling interval with TA f =
1. Furthermore, o, € [—Qmax, Omax] and dp € [0, dmax),
where auyax and dyax denote the maximum Doppler shift and
maximum delay, respectively [32]. For simplicity and without
loss of generality, we mainly consider integer values of a, in
this paper.

At the receiver, by discarding the CPP, the received time
domain symbols can be expressed as

P
raln] = Z hpsaln — dple ™" 4 ap[n], 4)
p=1

where w[n] ~ CN (0,Ny) is the additive white Gaussian
noise (AWGN). After the N-point DAFT, the received AFDM
signals in the DAFT domain can be expressed as

N-1
1 —i2n(c1n?+com?+nim
pab] = = 37 ralnle et /)

n=0

m=0,1,....N—1, (5

where m are the indices in the DAFT domain. In matrix form,
the received AFDM signals can be further written as

P
ya=y hyATcer, A, TI" Ay +w,  (6)

p=1

where the diagonal matrix A, =
diag (e 12mr 0 e=i2mrp-l ., e 2 (N=1D)  represents
the Doppler effect, A is the DAFT matrix, and w is the noise
vector, while IT represents the forward cyclic-shift matrix
given by

0 0 1
1 0 0

I = ; (7
0 -~ 1 0

NXN

and I'cpp, = diag (Wp,07 Wp,15 - -
matrix for CPP with

. ,prV) is the N x N diagonal

67j27rcl(N272N(dp7n))7 n < d,

8
1u nde ()

Wp,n =

Upon receiving the signal y4, the ML detector can be
employed for signal detection.

III. PROPOSED AFDM-PIM SCHEME

We first analyze the orthogonality of AFDM subcarriers and
then derive the proposed AFDM-PIM framework. The input-
output relation and parameter settings of the AFDM-PIM are
also presented.
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bbits I 2 | | |
<_| v _I c ) | RA
|| M-ary APM | _|
é |5 | Demapper | I cpp | Y o
-¢— Detection | | | Céz) -t A la—| FFT (a— Aq 4——:- &
| . | . S/P
1 |
bbiss | &) L . |
— ]
| [Meary apm | g | ! ,'
Ts | Demapper | 1\ s
| NS —— N —_— e e e = —
Index Demapping Demodulation
Fig. 2. Transceiver structure of the proposed AFDM-PIM scheme.
A. Orthogonality Analysis of AFDM Subcarriers TABLE 11

Following the modulation process of AFDM, (1) can also
be expressed as

=

where ¢,,(m) denotes the m-th chirp-like subcarrier given by

_ i j27r(cln2+¢:2m2+"}v")
dn(m) Wi e .

The following Theorem demonstrates the flexibility of the
pre-chirp parameter co assignment for different subcarriers.

Theorem 1: Applying distinct co to different subcarriers
in the AFDM modulation process will still preserve their
orthogonality.

Proof: The inner product between two subcarriers of
AFDM, which utilize the same post-chirp parameter c;
but distinct values of pre-chirp parameter cs, designated as
¢ " (m) and ¢y, (m), respectively, is given by

(10)

N-1
S ggen (ma) (6522 (ms))
n=0
1 ( , ;) N-1
= — e i2m(ezami—co,oms Z e*jzﬁw(ﬂnfmg)n
N n=0
—jon N (e
_ 1 pr(caami-caam2) 1 € jer N (52 )
N 1 — e i2n(™5"2)
13 mi = My,
- i 11
{0, otherwise. (1T)

It is evident that the orthogonality among AFDM subcarriers
is maintained when different values of ¢, are employed. W

Inspired by Theorem 1, we design the AFDM-PIM scheme,
as shown in Fig. 2, which utilizes the flexibility of cy assign-
ment to convey additional information bits.

MAPPING RULE BETWEEN THE INDEX BITS AND THE PCPS IN THE CASE
OF No. =4 AND A =4

PCPs for Each Group

Index bits subcarrier 1 subcarrier 2 | subcarrier 3 | subcarrier 4

0000 cél) 652) cgs) ch)

001 e 2 @ 3
80(1)0 c%l) c§3> C%Q) 0%4)
0011 cgl) cé?’) 054) 622)
0100 cél) Cé4> 0%2) C;B)
0101 cél) cgl) cza) 052)
0110 052) cél) céB) cé4)
0111 C;Q) cgl) cg4) cég)
1000 c§2) c(23> cgl) 0;4)
1001 C;Q) 0(23> cg4) cél)
1010 C;Q) 0(24) cgl) C;S)
1011 céQ) cé4) cgs) cél)
1100 cés) cél) céQ) cé4)
1101 cés) cgl) c§4) céz)
1110 3 2 ey @
1111 cgs) c§2> c§4) cgl)

B. Transmitter

Consider the same AFDM symbol vector comprising N M-
ary constellation symbols in the DAFT domain as in Section II.
At the transmitter, unlike classical AFDM, the N AFDM
subcarriers are divided into G groups, with each group com-
prising N. = N/G chirp subcarriers. The total B information
bits are split into G parallel streams of b = B/G bits for
each subcarrier group. Each b-bit stream is further segmented
into b; symbol bits and b, index bits, i.e., b = by + bs.
Within the g-th group (1 < g < G), the by = N log,(M)
symbol bits are conveyed by N. M-ary symbols, denoted
as x9 = [29[0],29[1],...,29[N. — 1]]T € CNe*!. On
the other hand, each subcarrier is assigned with a unique
co value from a finite alphabet of A legitimate co real-
izations (corresponding to the ‘co Bank’ in Fig. 2), i.e.,
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P. = {cgl),cgz),.. cg/\)}. Specifically, the pre-chirping

pattern (PCP) of the cy values in the g-th group, denoted
by P9, = [c2,N,(g-1) C2,N.(g—1)+1+ - - - C2,Nog—1] € CNex1
is determined by the by index bits according to the pre-
defined relationship between the index-bit stream and the
permutations of NN, elements from P., where ca,, € P
represents the pre-chirp parameter of the m-th subcarrier.
P., = [PL,P2,...,PC] represents the PCP for all the
groups (PCPG) and all the possible PCPGs are combined into
a set, termed S,. Table II exemplifies the mapping rule in the
case of N, = 4 and A = 4. Every b, index bits correspond
to one row in Table II. Hence, aside from the APM bits,
additional b, information bits can be implicitly conveyed by

the indices of P§2, and
[logs (Ca,n. N ] A >N,
ba = { Llogy()] 2, A< N AN, (12)
{1og2(C,\7Nc)\!/\(NC_A))J, otherwise,
where Cy , is defined as
I

For ease of design and subsequent optimization, we typically
select the case of A = N, which implies by = [log,(N.!)].

After the mapping for all the groups, the time-domain
transmitted signals can be generated through N-point IDAFT
operation, expressed as

s TL e]27r cin +02 mm +nm/N) (14)
- e X
The matrix form of (14) can be formulated as
s=A"x=AlFIAlx (15)
T
where x = (xl)T, (xz)T, ceey (XG)T} , and A., and

A, represent the pre-chirp and post-chirp diagonal matrices,
respectively, expressed as
=0,1,... (16)

A, = diag (e_j2”°'2~mm27m ,N — 1),

A, = diag (6_12’“1”27n —0,1,...,N — 1), (17)
while F denotes the DFT matrix with elements F(m,n) =
e 2mmn/N /N m,n=0,1,...,N — 1.

Like classical AFDM, our proposed AFDM-PIM also
requires the CPP to mitigate the effects of multi-path prop-
agation effectively. Without loss of generality, the length of
the CPP is assumed to be greater than the maximum channel
delay spread.

C. Receiver

At the receiver, considering the doubly dispersive channel
in (3), the received time-domain signals after removing the
CPP can be written as

n] = Z hpsin — dyle

_j27'(l/p71 + Wy [n]’ (18)
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where w;[n] ~ CN(0
(18) is given by

, No) is the AWGN. The matrix form of

P
r=Hs+w= Z hpI‘cpppAl,pHdps + W,
p=1

19)

where w, = [w.[0],w,.[1],...,w.[N — 1]]T is the time-
domain noise vector. As given in Section II, A, represents
the Doppler effect, Il is the forward cyclic-shift matrix with
% modeling the delay extension, and I'cpp, is the effective
CPP matrix.

By applying the DAFT operation, the received DAFT-
domain symbols are obtained as

*J2‘ﬂ' cin®+ez,mm +nm/N)

ylm] ;o (20

- o
which can also be grouped into a vector as
P
y =Ar = Z hpATcpp, A, I Aflx + Aw,

p=1

= Hegx + w, 1)

where H. is the effective channel matrix in the DAFT-domain
and w = Aw,.

The time-frequency doubly dispersive channel can be esti-
mated through pilot-aided channel estimation algorithms [19],
[36], [37]. This paper will not provide further elalgoration
on this subject for brevity. Given the estimated H.g for
the effective channel matrix Hs, the ML data detection is
formulated as the following optimization
(22)

. 2
()A(,PCQ> = arg mm Hy HCHXH .

X co

D. Input-Output Relation and Parameter Settings

Substituting (14) and (18) into (20), the input-output relation
of AFDM-PIM can be obtained as

P N-1
Z Z hpg(pmm pmrn)m[ ]+w[m]7 (23)
p 1 m=0
where
Epmm) = eJ’%(NcZ,mm2,]\rcz,mﬁﬁ,mal,,+Nc1d§)7 (24)
N-1
T](PWL m) = Z 7j2ﬁ((m7m+ap+2NCldp)n)
n=0
—j2m(m—m+ap+2Necidy) _ 1
- 671%(m7m+ap+2Ncldp) -1 (25)
In matrix representation, (23) can be rewritten as
P
y = Z hyHx 4w, (26)
p=1
where the elements of H,, are given by
_ 1
Hp[mam] = Nf(p,m,m)n(p,m,m)
— g(p,ﬁ?,,m)v m = (m + IOCp)N7 @7)
0, otherwise,
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loc, loc, loc,

Fig. 3. Example of the effective channel matrix of a three-path channel.

where loc, = (a, + 2Nc1d,)N. Since the range of loc, is
[—@max + 2Nc1dp, Amax + 2Nc1d,], we define loc, € K,
with K, = {—amax + 2Ncidp, . . ., tmax + 2N c1d, }.

It can be seen from (27) that for the two chirp parame-
ters of AFDM-PIM, only the post-chirp parameter exerts an
influence on the positions of non-zero entries in the matrix
H,, determined by loc,, which is independent of the pre-chirp
parameter. Therefore, like classical AFDM, full diversity order
can be obtained by the proposed AFDM-PIM under doubly
dispersive channels by adjusting ¢y to avoid possible overlap
between non-zero elements of H; and H; (i # j). Specifically,
this requires that the intersection between the corresponding
ranges for loc; and loc; is empty, i.e.,

K; NK; = 0. (28)
Without loss of generality, assume that d; < d;. Then the
constraint (28) can be transformed into

2amax
_ 29
2N (dj —d;) 29
Since the minimum value of (d; — d;) with i # j equals one,
it can be concluded that ¢; can be set as:

2amax +1

9N (30)

Cc1 =

Following the configuration (30) and (dmax+1)(20tmax+1) <
N, the channel paths with different delays or Doppler shifts
can be distinguished within the DAFT domain, as illustrated
in Fig. 3, which shows an example of the effective channel
matrix of an AFDM-PIM system under a three-path channel.
The rigorous diversity analysis will be provided in Section I'V.
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IV. PERFORMANCE ANALYSIS

We first derive the average BEP (ABEP) upper bounds for
our AFDM-PIM scheme with the ML detection. Then we
analyze the diversity order achieved by the system.

A. Error Performance Analysis

To facilitate the analysis, the received DAFT-domain signal
(26) can be rewritten as

y = ®(x)h + w, 31

where ®(x) = [Hix,Hyx,...,Hpx] € CV*F and h =
[h1,ha,...,hp]T € CP*!. The conditional PEP (CPEP)
between ®(x) and its estimate ®(%) can be calculated as
(32), shown at the bottom of the page,,where y = w'! (<i>(§<) —

®(x))h + ht (‘i>(5<) - <I>(x))Hw. Since x follows Gaussian

distribution with variance 2No||(® (%) — ?_ the CPEP
can be expressed as
Pr ([x, ®] — [%,®]|h) = Q 0 (33)
) ) 2N0 )
2
where § = H <I>(x))hH — hi%h with ¥ =

(®(x) — ®(x )) (<I>( ) — ®(x)). According to [38], Q-
function can be approximated as

i67z2/2 + le’2$2/3.

R 34
Q) ~ 3 : (34)
Hence the CPEP can be approximated as
1 1
P P — h 7§15 = <20
rﬂx, | = & @]h) = e+ e (39)
with ¢y = 3~ and ¢ = 5 N . Consequently, the unconditional

PEP (UPEP) ‘can be calculated as

Pr ([x, ®] — [%, ®]) = E(Pr (x, ®] — [%, <i>]|h))

+oo
1 1
~ =10 | = =20
/0 (126 + 46 >p5

where ps(§) denotes the probability density function (PDF) of
J. Noting ps(6) = 0 for 6 < 0 and utilizing the definition of
the moment-generating function (MGF) M, (s) = E(e®") =
f:fj e*"'p,(n)dn, we can calculate the UPEP (36) as

Pr ([x, ®] —

(0)dd,
(36)

1
—M —Ms(—<2).
M=)+ Mo(—2)

Theorem 2 ([39]): For an N x N Hermitian matrix Q
and an N x 1 zero-mean complex-valued random vector v

%, ®]) ~ 37)

Px([x, ®] — [, $]|h)
= Pr (Tr [(y — @MW) (y -

:Pr(Tr[hH( ~$(x) )(

= Pr(|ly — ®(%)h|? < |ly — ®(x)h]?)
(x)h) —

(v = 2CR)y - B(x)h)| <0)

(®)")h] - € <0) =Pr (x> |(8x%) - @),

(32)
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with covariance matrix L, the characteristic function of the
quadratic form f = viQv can be expressed as

1
1—j- A’

K

ert)=T—j-tLQI™ =]

=1

(38)

where )\ELQ) is the i-th non-zero eigenvalue of matrix LQ,
and k denotes the number of the non-zero eigenvalues, i.e.,
the rank of LQ. Using the relationship My (s) = os(—j- s),
the MGF of f is given by

1
My(s) = _—
/ £[1 1-— SAELQ)

(39)

Since h is a zero mean complex vector with the covariance
matrix %I p and ¥ is a Hermitian matrix, according to
Theorem 2, the UPEP (37) can be further expressed as

R 1~ 1 11 1

Pr([x,®]— [x,®]) ~ 7Hﬁ+71—[ﬁ7

2y 4/\151\10 = 3>}5N0
(40)

where we assume that the rank of W is k.
Moreover, based on the UPEP (40), the ABEP upper bound
for the proposed AFDM-PIM scheme can be calculated by

Pragep < 5 ZZZZPT ([Xv ?| — [&»‘i)])
X X ® &

X

x 7([x, ®] — [%, ®]),
41)

where 7 ([x, ®] — [%, ®]) represents the number of error bits
caused by the corresponding pairwise error event.

B. Diversity Analysis

At the high signal-to-noise ratio (SNR) region, the approx-
imation of (40) can be simplified as

Pr ([x, ®] — %, ®])

1 ﬁ 4PNy 117 3PNy
- 12 =1 )‘E‘Il) 4 =1 >\E‘I’)
—1
= 4P)" P)*s
~ H AP <() + (3)) SNR™", (42)
o 12 4

where SNR is defined as 1/Ny. As a result, the diversity order
1 of the proposed AFDM-PIM scheme equals to the minimum
value of k, i.e.,

w4 = min rank(P). (43)

Since the eigenvalues of Hermitian matrix ¥ can be calculated

as the square of the singular values of (é(x) - ®(x)),
rank(¥) = rank(@(&) — ®(x)) and the diversity order p
can also be expressed as

4 = min rank (<i>(5<) - <I>(X)). (44)
Defining ®(6) = ®(%) — ®(x), the full diversity order
analysis for the AFDM-PIM can be transformed into the full
rank analysis of @(5) as stated in Theorem 3 below.

Theorem 3: The proposed AFDM-PIM scheme is capable
of achieving the full diversity order if the following two
conditions are met.
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Condition 1: The number of the paths satisfies

P < (dinax + 1) (20max + 1) < V. (45)

Condition 2: The pre-chirp parameters in P. take the
irrational numbers.

Proof: See Appendix A. ]

C. Spectral Efficiency Analysis

This subsection examines the SE of the proposed AFDM-
PIM scheme. Classic AFDM and IM-assisted AFDM (referred
to as AFDM-IM) are utilized as benchmarks to highlight the
superiority of the proposed approach.

The SEs of the classic AFDM [17] and AFDM-IM [34] are
given by

Sarpm = log, (M) (46)

and
Nc
{log2 (™ )J + alogy(M)
N, ’
where N, and a represent the numbers of subcarriers in
each group and activated subcarriers at each transmission,
respectively, for the AFDM-IM scheme.

Based on the description in Subsection III-B, the SE of the
proposed AFDM-PIM can be calculated as

[logy (NVe!)]
Ne

As can be seen from the above analysis, the proposed
AFDM-PIM demonstrates a higher SE than AFDM, due to
the presence of index modulation. Furthermore, in contrast
to AFDM-IM, which employs inactive subcarriers at each
transmission, AFDM-PIM exhibits a higher SE, attributed
to the capacity of all subcarriers to carry modulated data.
In summary, compared with classic methods, the proposed
AFDM-PIM scheme offers an enhancement in terms of SE,
without incurring any additional hardware cost.

SAFDM-IM = (47)

SAFDM—PIM = + log, (M). (48)

V. PARAMETER OPTIMIZATION

In this section, we establish an optimization problem for
the optimal co alphabet design, where the PSO algorithm is
employed to enhance the BER performance.

A. Problem Formulation

For tractable analysis, the pre-chirp alphabet design is
investigated based on the optimal BER detector [40], i.e., the
ML detector based on the signal model (31), expressed as

(%, 15@2) = argvm%)n ly — ®(x)h|?. (49)
%,Pey

To achieve the optimal co alphabet, the minimum Euclidean
distance (MED) between different realizations of ®(x) should
be maximized. The Euclidean distance between two realiza-
tions of ®(x) is formulated as

R
T s 2
Orj(Pe) =Y |[(@r(x) = ®j(x)],  (50)
x/,x r=1
where j and k represent the indices of S,, and the corre-
sponding PCPGs are expressed as Pg) =[c21,¢2,2,---,CoN]

and Pg;) = [c5,1,Ch 95+ -+, Ch ], Tespectively, while r is the
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index of delay and Doppler selection. Specifically, each r
corresponds to a specific combination of P paths with different
delays and Doppler shifts under doubly dispersive channels
with a maximum delay d,,.x and a normalized Doppler shift
Qmax, and the maximum value of r is R = (P max), where
Pmax = (dmax + 1)(2anlax + 1)

According to Theorem 3 and the periodicity brought by 27
in (16), co is an irrational number with a principal value range
of [0, 1]. To enhance the BER performance of the proposed
AFDM-PIM, we formulate the following problem to maximize
the MED with optimal cy alphabet design:

I%%Xk,jg[ligbz] Ok,;(Pe), (51a)
st j 4k, (51b)
ey € 10,1], (51c¢)
co €1 (51d)

To derive the objective function, consider the elements of
/ ! :
x’ and x, Tloe, 4n and Tioc,+n, Which can be expressed as

: .
= rpynewp’" and Zige,4n = 7, eV».n . Define

/
xlocp—&-n p,n

2 2
Gn =27 (CQ,IOCP+7L (IOCP + n) — C2nN ),

(52)
0!, =2n (C’Q,IOCPHL (loc, + n)? — C/z,n”2>-
and
F,n= ’f‘p nt ’f‘p =2, nrp ncos (07, — 0, + Ypn), (53)
where ¢, = ¥, — Upn. Then the objective function

Ok,j(P.) can be expressed as
R P N-1

=222 Fun

x’,x r=1 p=1 n=0

Ok,;( (54)

The derivation of (54) is given in Appendix B.

B. Problem Transformation

1) Transformation of x' and x: Consider the constant
modulus constellation using phase shift keying (PSK) as an
example. Since x{oc 4 and Tioc, 4 take values from the M-
PSK constellation, r, ,, = r =1, and v, , is given by

21k

Ypn =57 k=—(M—1),...,=1,0,1,.... M —1,

(55)
where each possible value is assigned with equal probability,

i.e., ¢, » follows a discrete uniform distribution. For the case
where x’ # x, Oy, ;(P.) can be expressed as

R P N-1

=220 ) (

x'#x r=1p=1 n=0

On))
R P N-1 M-—1 oIk
:ZZZ( Z cos(-i-@;l—@n))
r=1p=1 n=0 \k=1-M M

=0. (56)

Therefore, for the objective function Oy, ;(P.), it is sufficient
to consider the case of x’ = x. In this case, Yp.n = 0 for all

O,(;;#x) —cos (Ypn + 0, —

n=20,1,...,N —1, and Oy ;(P.) can be expressed as
R P N-1
Ori(Pe) =D Y > (1—cos(0), —0,). (57

r=1p=1 n=0
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For non-constant modulus constellations, take quadrature
amplitude modulation (QAM) as an example. Then x{ocp in
and Tjoc,+n take values from the M-QAM constellation and
the constellation diagram is symmetric with respect to the
origin. Hence, for each pair of :v{ocp 4+n and ZTioe,+n With
phase difference 1)), ,, = 7y, there exist a pair of corresponding
constellation points with phase difference ¥y, = v + 7.
Therefore, for the case of x’ # x, we can obtain

R P N-1

Z Z Z Z (’r}’)a"T;m Cos (efn - en + %,n))
x'#x r=1p=1 n=0
R P
=22,

+cos(y+m+ 6, —Gn))
(58)

Consequently, it is sufficient to focus on the case of x’ = x for
the objective function Oy ;(P.). Under this condition, 7, , =
Tpn and Py, = 0, and Oy j(P.) can be expressed as

R P N-1

=22 2.2 .0

x/,x r=1p=1 n=0

Oy, ( —cos (0, —6,)),
(59)
where signal amplitudes 7, ,, are unrelated to optimization.
In summary, for both constant modulus and non-constant
modulus constellations, the optimization problem (51) can be
transformed into

R P N-1
max min (1 —cos(0, —06,)), (60a)
Pe k,je[1,2b2] ;;nz% ))
(51d), (51¢), (51d). (60b)

2) Transformation of ng) and Pg’;) : In the problem (60),
each pair of indices of PCPGs, i.e., each pair of j, k, corre-
sponds to a specific set of Pg) and ng). By substituting (52)

into the objective function of (60), O ;(P.) becomes

R P N-1
Orj(Pe) =33 > (- (61)
r=1p=1 n=0
where
O’ = cos (27r (Acmocp+n(locp +n)? — Acz,nn2))7
/
ACQ,locern = 02,100p+n — C2]locp+n>s
Acap = Cy = Cop-
(62)

It can be observed that in the case of j # k, i.e., Pg) #*
ng), as the discrepancy between Pg) and Pgl,f) diminishes,
the number of zero values in O’ increases. Therefore, for the
problem (60), it is sufficient to consider the case where ||P¢(;2) —
Pg’;) Ho = 2. Hence, the optimization problem can be further
expressed as

R P N-1
rrgix D;?ljn ; pz:; ,LZ::O (1 —cos (6, —6,)), (63a)
st j#k, (63b)

P2 P, =2 30
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C2 € (07 1)7
co €1

(63d)
(63e)

C. Problem Solver

The optimization (63) is a non-convex problem, and it is
challenging to obtain a global optimal solution. To this end,
the PSO-based algorithm is invoked to obtain a suboptimal
solution, attributed to its rapid convergence and exemplary
global searching capabilities.

First, a population of N, particles with velocities and
positions are initialized. The velocities of the particles are
represented by V(©) = {v(o) ol . v(o)} which is indica-

1 » Y2 » YN, bl
tive of the extent of change occurring Zzluring the iterative
process. The positions of the particles are denoted by P(©) =
(0) (0 (0) s ;
1,Ps ,...,DN. . where each position represents a poten
tial solution for the pre-chirp alphabet, i.e.,

_ J (0,1) (0,2) (0,)
= {02’% 1Com s o (s

in which n, denotes the index of particle. As an initial
solution, the first particle pgo) is initialized as a heuristic pre-
chirp alphabet, where the elements in P, are evenly distributed
within the interval [0, 1], and the remaining particles are
randomly initialized.

Subsequently, the fitness value of each particle is evaluated
per the specified utility function. In light of the constraints
imposed by (63b) and (63c), a brick wall penalty factor is
introduced, and the utility function in the i;..-th iteration is
defined as

(0) — p(0)

pnp c,ny

(64)

if pﬁf;‘””) is feasible,

F ( (im)) _Je
P\Pn, —1, otherwise,

where € = miny, ; O ;j(Pe) and Oy ;(P.) is calculated by
(61). Then the particle with the greatest fitness value is
considered to be the initial global optimal position Py,
and the local optimal position p,, ;... Of each particle is

initialized as pﬁfﬁ .

Each particle conveys its local optimal position to other
particles during the iteration. The velocity and position of each
particle are updated according to

(65)

irer) _ irer—1 irer—1
’Ugl;e' = ’W’U,EL;‘W ) + T10l0cal (pnp,local - p%;er ))

+ 720g10bat (Pgiobal — pg,f”_l))’ (66)
pgll;)m‘) — pg’f;m‘_l) 4+ vgli;”‘% (67)

respectively, where @ is the inertia weight, 0giopai and 0jocai
denote the global and local updating coefficients, respectively,
while r; and r9 are two random values drawn within the
interval [0, 1]. The particle velocity is constrained to the range
between —vmax and vy,.,. Afterward, the fitness values of all
the particles are evaluated, and the global and local optimal
o N,
pOSitions, P ; o5, and {pnplocal}n _,» are updated. The above
update process is repeated until the maximum number I max Of
iterations is reached. The particle with the highest fitness value
corresponds to the optimization result P.. The procedure of
the proposed PSO-based algorithm is outlined in Algorithm 1.
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Algorithm 1 PSO-Based Algorithm for co Alphabet Design

Input: N,, @, 0giobals Qlocal> Vmax> Imax> A and all other
parameters required to evaluate fitness function;
Output: P,;
1: Set ¢, = 0 and initialize IV, particles with positions PO
and zero velocities V(9);
2: Calculate fitness values of all particles by (65), Fp (p%?),
np=1,2,...,Np;

3: Initialize local optimal position of each particle
— 2O aleul . .
Pn,local = Pn,, calculate global optimal position
0
pglobal = arg1<rrrllra<XN’ (‘Fp(pglp)))’
4: while iye, < Iax do
5 for n, =1to N, do
6: Update velocity v,(f;“") according to (66);
7 for i =11t A do
8 if vgf;”)[i] > Umax then
9: U'E:;er)[i] < Umax>
10: else if vgf;”)[i] < —Umax then
11: ’ngl;”) [Z] <~ —Umax
12: end if
13: end for '
14: Update position pSZ;e"> based on (67);
15: Calculate fitness value Fp (pgf;”)) using (65);
» it Fo (pg;”)) > Fp (pnp,local) then
17: pnp,local — pg:;”)’
18: end if
19: if Fp (pEZ;”)) > Fp (pglobal) then
20: pglobal — pglz;w);
21: end if

22: end for

23: lter < Uter + 1;

24: end while

25: Obtain global optimal position Pe <= Pyjopars
26: return P,.

VI. SIMULATION RESULTS AND ANALYSIS

In this section, we carry out simulations to evaluate the
performance of the proposed AFDM-PIM schemes, and con-
duct the BER performance comparison between the proposed
AFDM-PIM scheme and other existing counterparts. The
accuracy of the PEP-based theoretical derivation is also inves-
tigated in comparison with the Monte Carlo simulation results.
In simulations, the carrier frequency is set to f. = 8GHz,
and the subcarrier spacing in the DAF domain is set to
fs = 1.5kHz. Two distinct simulation scenarios are conducted,
namely, when the full diversity condition (45) is satisfied and
when it is not satisfied. The maximum normalized Doppler
shifts for these two scenarios are set t0 amax = 1 and
Qmax = 2, corresponding to the high-speed scenarios with
the maximum speed of mobile station v, = 202.5km/h and
the ultra high-speed scenarios with the maximum speed of
mobile station v, = 405km/h, respectively.! The Doppler shift
of each path is generated according to Jakes Doppler spectrum

I'The relationship between speed and normalized Doppler shift is shown in
Appendix C.
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TABLE III
SIMULATION PARAMETERS
Parameter Description Value
c Speed of light in free space 3 x 10% m/s
fe Carrier frequency 8 GHz
fs Subcarrier spacing 1.5 kHz
Ve Maximum speed of mobile station 202.5/405 km/h
Umax Maximum particle velocity 0.05
Alphabet of co realizations 10.20, 0.60}
Pe for A = 2/3/4 {0.29, 0.62, 0.93}
- {0.01, 0.20, 0.41, 0.80}
w Inertia weight 0.5
Np Number of particles 200
Tnax Maximum iteration value 300
Qglobal Global updating coefficients 2
Olocal Local updating coefficients 2
10° w
=== P = 3, Initial solution
=O== P =3, Algorithm 1
—&0— P =2, Initial solution
10 E —6— P - 2, Algorithm 1
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\5
()
108 . . . .
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Fig. 4. BER Performance comparison between the co alphabet designed by
Algorithm 1 and the initial co solution, given two different numbers of paths.

approach as o, = Qunax €0s(0p,q), Where 6, 4 € [—m, 7] (for
integer Doppler cases, the Doppler shift is | max cos(6p.q) ).
We set the pertinent parameters of Algorithm 1 as vp.x =
0.05, @ = 0.5, N, = 200, Inax = 300, 0giobar = 2 and
Olocal = 2. The adopted simulation parameters are listed
in Table III. Unless otherwise specified, the ML detector is
employed for both the proposed AFDM-PIM and the classical
benchmarks.

A. Effectiveness of Algorithm 1

We first validate the effectiveness of the proposed co
alphabet design with Algorithm 1. Fig. 4 compares the BER
performance achieved by the co alphabet designed by Algo-
rithm 1 and that attained by the initial solution, namely, the
first initial particle pgo) for Algorithm 1, given two numbers
of paths P = 2 and 3. Binary PSK (BPSK) is employed as
the modulation scheme for the data bits, and the parameter
settings are (IV, G, A\, dmax, @max) = (6,2,3,1,1). Since the
full diversity order condition is satisfied, the BER performance
improves with the increase in the number of paths. Fig. 4
indicates that the c, alphabet designed by Algorithm 1 exhibits
superior performance by about 3 dB in SNR than the initial
solution at the BER level of 1073, given P = 3. The results
of Fig. 4 demonstrate the effectiveness of Algorithm 1.

B. Performance Comparison With Existing Benchmarks

Fig. 5 compares the BER performance achieved by the
proposed AFDM-PIM and the OFDM-IM [27] under a doubly
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Fig. 5. Performance comparison between the proposed AFDM-PIM scheme
and the OFDM-IM scheme given two different spectral efficiencies.
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Fig. 6. Performance comparison between the proposed AFDM-PIM scheme
and the classical AFDM scheme given two different spectral efficiencies.

dispersive channel with P = 4 and given two SEs of 2 and 3
bit/s/Hz. For the proposed AFDM-PIM, (N, G, A, dmax, @max)
are set to (8,2,4,0,1), and BPSK and quadrature PSK
(QPSK) are employed to reach the SEs of 2 and 3 bit/s/Hz,
respectively. For the OFDM-IM scheme [27], each group
comprises n subcarriers, with a subcarriers activated at each
transmission. To reach the SEs of 2 and 3 bit/s/Hz, (n,a) =
(4,2) and (n,a) = (8,7) are employed, respectively, and 8-
PSK is utilized. It can be seen from Fig. 5 that at the BER level
of 102, our AFDM-PIM attain the SNR gains of about 5 dB
and 4 dB over the OFDM-IM for the cases of SE = 3bits/s/Hz
and 2 bits/s/Hz, respectively. This enhanced performance is
attributable to the intrinsic advantage of AFDM-PIM, which
can achieve full diversity order on doubly dispersive channels.

Fig. 6 compares the BER performance of our AFDM-
PIM with that of the classical AFDM scheme [17] under the
same doubly dispersive channel with P = 4. The proposed
AFDM-PIM employs BPSK and QPSK to achieve the SEs
of 2 and 3 bit/s/Hz, respectively. The other parameters are as
(N, G, A\, dimax, Omax) = (8,2,4,2,2). To reach the same SE
levels in the classical AFDM [17], the number of subcarriers
is set to 8, and QPSK and 8-PSK are utilized correspondingly.
The both schemes do not satisfy the full diversity order
condition. Specifically, the proposed AFDM-PIM does not
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Fig. 7. Performance comparison between the proposed AFDM-PIM scheme
and the AFDM-IM scheme given two different spectral efficiencies.

satisfy Condition 1 in Theorem 3, while the AFDM does not
satisfy Theorem 1 of [17]. It can be seen from Fig. 6 that
the AFDM-PIM demonstrates an about 2 dB gain in the SNR
compared to the AFDM scheme at the BER level of 1073, This
is because the AFDM-PIM allows lower order constellations
to reach the same SE as the AFDM. The results of Fig. 6
indicates that the AFDM-PIM offers a viable alternative for
communication under doubly dispersive channels.

In Fig. 7, we evaluate the BER performance of the proposed
AFDM-PIM and the AFDM-IM [34] under a doubly dispersive
channel with the number of paths P = 3 and given two
SEs of 2 and 3 bit/s/Hz. For the proposed AFDM-PIM,
(N, G, \, diax, max) are set to (8,2,4,1,2), and BPSK and
QPSK are employed to reach the SEs of 2 and 3 bit/s/Hz,
respectively. For the AFDM-IM scheme [34], each group
comprises n subcarriers, with a subcarriers activated at each
transmission. To reach the same SE levels for the AFDM-IM,
(n,a) = (4,2) and (n,a) = (8,7) are employed, respectively,
and 8-PSK is utilized. Note that the both schemes do not meet
the full diversity order condition. It can be seen from Fig. 7
that our AFDM-PIM scheme yields better BER performance
than the AFDM-IM scheme, with an SNR gain of more than
2 dB at the BER level of 1073, The enhanced performance
is attributable to the capability of our AFDM-PIM to employ
lower order constellations than the AFDM-PIM, while reach-
ing the same SE as the AFDM-IM.

C. Accuracy of PEP-Based Theoretical Analysis

Fig. 8 presents a comparison of the theoretical ABEP upper
bound and the simulated BER of the proposed AFDM-PIM
scheme over a doubly dispersive channel with the number
of paths P = 3. The spectral efficiency of 1.5 bit/s/Hz is
considered, (N, G, A, dmax) are set to (4,2,2,0) and BPSK
is employed as the modulation scheme. Besides, the maxi-
mum normalized Doppler shifts are set to amax = 1 and
Qmax = 2, corresponding to the high-speed and ultra high-
speed scenarios, respectively. It can be seen from Fig. 8
that in the both cases, the theoretical ABEP results deviate
from the simulated results in the low-SNR region. This is
because the theoretical ABEP upper bound is subject to several
approximations, which inevitably becomes inaccurate when
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Fig. 8. Comparison of the theoretical ABEP upper bound and the simulated
BER of the proposed AFDM-PIM given two different Doppler shifts.

the noise is dominant. On the other hand, the theoretical results
closely match the simulated BER curves at sufficiently high
SNRs, which demonstrates the validity of the PEP analysis for
the AFDM-PIM presented in Subsection IV-A.

VII. CONCLUSION

In this paper, we have proposed the novel AFDM-PIM
scheme to combat time-frequency doubly selective channel
fading. In our proposed scheme, the pre-chirp parameters
on subcarriers are no longer fixed but are selected from
a predefined alphabet. This enables additional bits to be
transmitted through indexing the specific pre-chirp parame-
ter values on subcarriers, thereby enhancing both spectrum
and energy efficiency. The PEP-based theoretical BER upper
bound for the proposed AFDM-PIM scheme with the ML
detection has been derived and verified through simulations,
and the full diversity order conditions of the proposed AFDM-
PIM under doubly dispersive channels have been derived.
Furthermore, we have presented a PSO-based optimization
algorithm to design the pre-chirp parameter alphabet. Both
analytical and simulation results have demonstrated that the
proposed AFDM-PIM exhibits enhanced spectral efficiency
and superior error performance in comparison to classical
multi-carrier modulation schemes.

APPENDIX

A. Proof of Theorem 3

Proof: First, we show that Condition 1 is necessary for the
AFDM-PIM to achieve the full diversity order. Assume that
Condition 1 is not met, i.e.,

P> (dmax + 1)(20max + 1). (68)

Under this assumption, according to the definition of loc, =
(ap +2Nerdy) N, the following situation must be true

Ja,b € [1,...,P],a # b, such that loc, = locy. (69)

The corresponding two columns in the matrix ®(J) can be
expressed as (70) and (71), shown at the bottom of the next
page, where H(,[]&(y and H(,[]x( represent the corre-
sponding elements in ® (%) and ®(x), respectively.
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Based on (27), the positions of the non-zero entries in the
matrices H,, H,, H and H, are consistent. In the instances,
such as when both ®(x) and ®(x) contain only a single
non-zero element at the same position, (70) and (71) are
linearly correlated. Therefore, ®(§) cannot be full rank, i.e.,
the assumption (68) is false.

Besides, when ®(0) achieves the full diversity order, the
channel paths with different delay values or distinct Doppler
frequency shifts are distinguished within the DAFT domain,
as illustrated in Fig. 3, ie., (dmax + 1)(20max + 1) < N.
Therefore, Condition 1 is a prerequisite for achieving the full
diversity order.

Next we prove that Condition 2 can ensure that ®(J)
has the full rank. ®(5) can be expressed as ®(J) =
®(x) — ®(x) = [v1,--,7Yps-- -2 Yp)s Where v, € CV!
with the entries v, [n] = H, [n, (loc, + 1) | Z(oc,+n),, —
H, [n, (loc, 4+ n) | Tlocyin)ys P = L,2,...,P, n =
0,1,...,N—12 A

Given constants ¢,, ,,,, Hy, [n,loc, 4+ n] can be expressed as
H,n,loc, +n] = Ly [n loc, +n]. According to (27), the
entries of -y, are given by

Yplnl = Hp[n,loc, +nlpn.m

— el2m[e2i0c,+n (locp+n)? —ca nn’]

< [—(10Cp-i-n)-|-01df)]pn’m7 (72)

where p, m = (xlonJrn — €m7naﬁlocp+n). Now assume that a
set of numbers {f3,}, that are not all zero satisfy

P
Z BpYp = 0.
p=1

Without loss of generality, 5, is assumed to be the non-zero
number, b € {1,2,..., P}. The relationship for any index n

(73)

2For the convenience of typesetting, we use loc, + n to represent
(locp 4 n) 5 throughout the following text.
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can be obtained as

Zﬁp')’p Z ﬁp’Yp = 0

From (74), it is not difficult to obtain

vn. (74)

pamn Y Gl

n,b — —

’ H,[n,loc n
p=1,p#b B p
e_]2ﬂ32,locblocbejﬁﬂ(Ncl(_db"'lOdeb))

P
« Z J27T (62 locp+n (locy+n) +Cld2 locpdp) ﬁp
p=L,p#b Bo
X - (75)

Since pg p is a signal error term unrelated to ¢y ,,, the phase of
%(m # b) must contain 27 (2 10¢,10¢; — 2 10c, +n (10c, +1)?)
to eliminate the influence of irrational numbers. On the other
hand, if (75) holds, there exists another non-zero 3, (a # b).
Similar to the derivation process of (75), the phase of g—p (m #
Ca —C2,10c,+n (loc, +1)?). Hence,

and 22 can be obtained as Ze -
Ba B

a) must contain 27 (c3,joc, lo
the relationship between %Z
By _ .

A = 1, ie.,

ej27r02.locb 1OC§ 6_127rc2,10ca +n (10C0,+n)2

i27¢a 10, loc2  —j2me 1 loce+n)%2.q
X e] 2,locq ae J 2 oca+n( a ) 19 — 1’

Vn, (76)

where ¢ is a complex number whose phase does not contain
c2,n. Given that all the ¢y ,, are irrational numbers, the phase
on the left-hand side of (76) cannot be an integer multiplying
27. This implies that the imaginary part is not zero, and (76)
does not hold. Consequently, the assumption of (73) is invalid,
which means that the column vectors of the matrix ®(¢) are
linearly independent, i.e., the rank of ®(d) is P. Combining
this result with the definition of diversity order (44), it is
concluded that the AFDM-PIM can achieve the full diversity
order. |

[ H, [0,10¢q]Z10e, — Hal0,locs]Z10e,
Ha[]-v (IOCa + ]-)N]i'(loca—i-l)N - Ha[]-v (IOCa + ]-)N]x(loca—i-l)]\; (70)
_ﬁa[N -1, (IOCa + N — 1)N}j"(loca+N71)N - Ha[N -1 (IOCa +N - 1)N]x(locaJerl)N
[ . f{b [O, IOCb]i’locb — Hb [O, IOCb]xlocb
Hy[1, (locy + 1) N]Z(10c,+1)x — Hb[1, (locy + 1) N]Z(10c,+1) an
L[N — 1, (locy, + N = 1) N|Z (0,48 —1)x — H[N — 1, (locy + N = 1) N2 (100, 4N —1) x
P N
&7 (x') — @7 (x))| = H' [n,] / — H,[n,1 ’
||( k(%) ](X))HF = Z Z » [n,1oc, +n Llocy+n p [0, 1ocp + 1] Tioc, 4n
p=1n=1
P N i2m | N 1 2_N / 2
p=1n=1 !
(30)
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B. Derivation of Oy, ;(Pc) (54)

Substituting ®’(x) = [Hix,...,
Hix/,..., ’Px’f into (50) leads to

DR

x/,x r=1p=1

Hpx] and @) (x') =

O (P (77)

HpXH2

According to (27), the elements of H,x can be expressed as

pr[n} =H, [’I’L, IOCp + n] Lloc,+n

_ ej27r (czylocﬁn(locp—&-n)z—CQ,andp)

( (1ocp+n)+c1d )

X 6 xloc “+n- (78)

Moreover, the elements of H;x’ — Hx can be expressed as
(H,x" — Hpx) [n]

oyt

= Hp

— H, [n,1oc, + n] Tioc,+n

or 2
— (6 W(ch locp +n(locp +n)? —Ncj ,n )LL'/

[TL, IOCP + ’ﬂ] x{ocern

loc, +n

s 2w 2 2
_eJﬁ(Ncmocp +n(loc, +n)"=Necann >Z‘locp +n>

« ej%‘ (7(locp +n)dp+Nc1di) )

(79)
Therefore, the norm of ||(®}, (x') || in (50) can
be calculated as (80), shown at the bottom OF the previous
page, where a:loc in and x1oc, 1, are the elements of x’ and
X, respectively. We define Tioc, 1n = Tpn€’ p.n and zloc n=
r; eI

Utilizing the formula

pn

la—b|?=|a|* —2R(ab")+ | b |?, (81)

where a and b are any complex numbers, (80) can be expressed
as

(@)~ 256

2

1
Mw
Mz

o’ 1 0.
’eJ nxlocp+n - eJ xlocp+n

=
Il
el
3
Il
_

I
M~
] =

(‘$10Cp+n’2 + ‘xiocp+n

_9m (xiocp+n(xlocpm)*e"(";“’”)) )

i~
I
-
3
I
—

P N
2 /2
=33 (b
p=1n=1
(6. =049  —Opn
-2 rp»nrp nm (eJ( " =V, ))>7 (82)

where 6/, and 6,, are given by (52).
According to Euler’s formula, we further simplify (82) as

||F ZZFP n

p=1n=1

[|(®h(x) — @] (x (83)

where F), ,, is given by (53). Substituting (83) into (50) leads
to Oy ;(P.) of (54).
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C. Relationship Between Speed and Normalized Doppler
Shift

Let the maximum speed of the mobile station be v., the
carrier frequency be f., and the speed of light be denoted by
c. Then the maximum Doppler frequency vp.x iS given by

Vinax = ”ecf c. (84)

As established in Section II, the maximum normalized Doppler
shift is obtained through the process of normalization as

Vmax U@ fC

fo cfs’

where f, represents the subcarrier spacing.

(85)

Qmax = NTVmax =
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