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We develop an orthogonal forward selection (OFS) approach to construct radial basis function (RBF)
network classifiers for two-class problems. Our approach integrates several concepts in probabilistic
modelling, including cross validation, mutual information and Bayesian hyperparameter fitting. At each
stage of the OFS procedure, one model term is selected by maximising the leave-one-out mutual infor-
mation (LOOMI) between the classifier’s predicted class labels and the true class labels. We derive the
formula of LOOMI within the OFS framework so that the LOOMI can be evaluated efficiently for model
term selection. Furthermore, a Bayesian procedure of hyperparameter fitting is also integrated into the
each stage of the OFS to infer the [>-norm based local regularisation parameter from the data. Since each
forward stage is effectively fitting of a one-variable model, this task is very fast. The classifier construc-
tion procedure is automatically terminated without the need of using additional stopping criterion to
yield very sparse RBF classifiers with excellent classification generalisation performance, which is par-
ticular useful for the noisy data sets with highly overlapping class distribution. A number of benchmark
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examples are employed to demonstrate the effectiveness of our proposed approach.
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1. Introduction

Model evaluation in terms of good generalisation performance
is essential in the development and analysis of data-based learning
algorithms for the construction of object classifiers. A fundamental
concept in the evaluation of model generalisation capability is
that of cross validation [1]. For example, in regression application,
leave-one-out (LOO) cross validation is often used to estimate
generalisation error by choosing amongst different model architec-
tures [1]. In general, cross validation is required in most algorithms
for model generalisation evaluation, and this often contributes
significantly to computational cost for many model paradigms.
Luckily for the linear-in-the-parameters models, the LOO cross
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validation can be exercised without actually splitting the training
data set and estimating the associated models, by making use of
the Sherman-Morrison-Woodbury theorem [2].

Moreover, for the linear-in-the-parameters models, the ortho-
gonal least squares (OLS) based forward selection algorithm can
efficiently construct parsimonious models [3,4], and has been a
popular learning tool for associative neural networks, such as radial
basis function (RBF) networks [5], fuzzy and neuro-fuzzy systems
[6,7] as well as wavelets neural networks [8,9]. The OLS algorithm
for RBF network learning [5] has also been utilised in a wide range of
engineering applications, including aircraft gas turbine modelling
[10], fuzzy control of multi-input multi-output nonlinear systems
[11], power system control [ 12], fault detection [13], electric arc fur-
nace load modelling [14], macromodelling of nonlinear digital I/O
drivers [15], real-time power dispatch [16], fine tracking of NASA'’s
70-m-deep space network antennas [17], identification of urinary
tract infection [ 18], stent reendothelialization [19], taxonomy and
remote sensing of leaf mass per area [20], and many more.

For regression applications, regularisation methods based on
a penalty function on [2-norms of the model parameters are
developed to carry out parameter estimation and model struc-
ture selection simultaneously [21-27]. From the powerful Bayesian
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learning viewpoint, it can be shown that for linear-in-the-
parameters models this parameter regularisation is equivalent to a
maximised a posterior probability (MAP) estimate of the parameters
by adopting a Gaussian prior for the model parameters [22,24-28].
Furthermore, a regularisation parameter is equivalent to the ratio
of the related hyperparameter to the noise parameter, lending to an
iterative evidence procedure for solving the optimal regularisation
parameters [24-28]. Note that, with the OLS algorithm, the evi-
dence procedure for updating regularisation parameters becomes
particularly efficient [22,25-27].

In information theory, the mutual information (MI) between
two random variables is a quantity that measures the mutual
dependence of the two variables [29,30]. The MI measure, as a fun-
damental measure in communications, has also been extensively
used inregression applications, such as nonlinear system modelling
[31,32], and pattern recognition applications, such as the feature
selection [33], the registration of medical images [34]| and gene
classifications [35]. Note that in the existing literature MI crite-
ria are normally used for training regression models or classifiers.
Naturally if the Ml is used as model structure selection metrics for
classifier design, there is still the need to address model generali-
sation issue.

Against this background, in this work we propose to construct
two-class RBF classifiers using the orthogonal forward selection
(OFS) scheme, which selects one model term at each stage of the
construction procedure by maximising the leave-one-out mutual
information (LOOMI) between the classifier’s predicted class labels
and the true class labels, as well as incorporates a Bayesian
procedure of hyperparameter fitting to efficiently derive the regu-
larisation parameters. The paper contains two elements of novel
contribution. Firstly, an original derivation of analytically eval-
uating the LOOMI efficiently is introduced, which facilitates the
automatic model structure selection process with no need of using
a predetermined error tolerance to terminate the forward selection
process. Secondly, a novel Bayesian framework of calculating local
regularisation parameters is designed specifically for the forward
selection process, which leads to a very sparse classifier. Classifi-
cation results for a number of benchmark examples demonstrate
that our proposed approach efficiently construct very sparse RBF
classifiers with excellent generalisation performance.

It is worthy emphasising that our contributions are significant.
In the existing literature, the Ml is used for training regression mod-
els and classifiers, but not used for model structure selection by
optimising model generalisation capability. Instead of focusing on
the usual training performance, to the best of our knowledge, our
work is the first one that applies the MI for the effective model
structure determination by introducing the novel LOOMI to incre-
mentally maximise the classifier’s model generalisation capability
directly. Bayesian regularisation is also a well-known and widely
used technique, e.g. in the support vector machine (SVM) and
the relevance vector machine (RVM) [24] as well as in our previ-
ous orthogonal forward selection (OFS) based learning algorithms
[22,25-27]. All these existing Bayesian regularisation approaches
however involve an iterative procedure for updating the set of
regularisation parameters. Specifically, given the values of all the
regularisation parameters, model selection is carried out, and the
resulting model is then used to update the set of regularisation
parameters. This procedure iterates until both the selected model
and the set of regularisation parameters converge. In this study,
we introduce a novel Bayesian analysis for local regularisation
parameter selection effectively nested within the OFS step. More
particularly, each OFS stage also effectively fits one regularisation
parameter from the data and this task is computationally very fast.
Thus there is no need for iteratively performing the model selection
and fitting the regularisation parameters several times. This paper
is organised as follows. Section 2 introduces the two-class classifier

construction using the OFS procedure and the concept of mutual
information. In Section 3, we introduce model selection based on
fast computing of the LOOMIL. In Section 4, we carry out a Bayesian
analysis for local regularisation parameter selection nested within
the forward selection step. Section5 presents the complete OFS
algorithm that integrates joint parameter estimation with Bayesian
regularisation and LOOMI model term selection. In Section 6, exper-
imental results are employed to demonstrate the effectiveness of
our proposed approach. Our conclusions are given in Section 7.

2. RBF classifier and mutual information

Consider the N labelled training data samples that belong
to an approximately balanced two-class data set, denoted as
Dy = {x(k), y(k)}N_;, where x(k)= [x1(k)xa(k)-- -xm(k)]" € R™ are
m-dimensional feature vectors, and y(k)e{£1} is the class type
of x(k). We use the data set Dy to construct a RBF classifier of the
form

JM(k) = sgn(F™M(k)),

M
M (k) = FM(x(k)) = >~ Oigpi(x(K)),

i=1
where

-1, y=<0,

2
1, y=>0, @

sgn(y) = {

FM)(k) is the estimated class label for x(k) based on the M-term
RBF model output M)(k), and M is total number of regressors or
model terms, while 0; are the model weights, and the regressor ¢;(
x) takes the form of Gaussian basis function given by

_ .12
$i(x) = exp (—“"“') (3)

T

in which ¢;=[cycp;- - - cm;]" is the centre vector of the ith RBF unit
and 7>0 is a RBF width parameter. We assume that each RBF unit
is placed on a training data, namely, all the RBF centre vectors c;
are selected from the training data {x(k)}’,:’:l, and the RBF width t
has been predetermined, for example, using cross validation.
Denote eM)(k) = y(k) — M)(k) as the M-term modelling error
for the data point x(k). Over the training data set Dy, further
denote  y=[y(1)y(2)- Y(N)I", e = [eM)(1)eM(2).. M(N)]',
and @y =[¢h16hy - u] with ¢;=[i( x(1)pi( %)) B *N)I,

1 <l<M. We have the M-term model in the matrix form of
y= ¢M0M + e(M). (4)

Here 0y;=[016,---0u]". Let an orthogonal decomposition of the
regression matrix @), be

Dy = WyAy, (5)
where
1 a1 -+ aim
01 .o
Ay = (6)
’ . apm-1,m
0 0 1
and
Wy = [wiw;- - -wy] (7)
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with columns satisfying w;.rwj =0, if i # j. The regression model
(4) can alternatively be expressed as

¥ =Wygy +eM, (8)

where the “orthogonal” model’s weight vector gy =[g122---gu]"
satisfies the triangular system Ay6@p = gy, which can be used to
determine the original model parameter vector 8y, given Ay and
gMm.

Further consider the following I2-norm regularised orthogonal
least squares criterion for the model (8)

Le(Am, 8m) = Iy — WhngnmlI* + 8 Angu, 9)

where Ay =diag{}1, A2, ---, Am}, Which contains the local regu-
larisation parameters A; >0, for 1 <i<M. The solution for gy is
obtained by solving dL./d gy =0, yielding

T
®_ _WiWi  as) 10
&i wiw; + A & (10)

with the usual least squares solution given by gELS) =wly/wiw

The approach taken in this study is to construct a classifier in
a forward selection manner, i.e. ¢;( X) is selected from a pool of
candidate set and added one at a time to the classifier with some
objective that is directly related to the classification performance,
such as the misclassification rate [36] or the area under curve (AUC)
of receiver operating characteristics (ROC) [37]. For example, by
defining the M-term signed decision variable as

s — sgn(y(k)IM(k) = y(k)y™M(k), (11)

the misclassification rate over the training data set Dy can be eval-
uated according to

sz(s“v” (12)

where the indication function Z; is defined as

MR(y, ™™

s<0

1

Alternatively, in this study, the MI between the two binary vari-
ables y(k) e { 1} and M)(k) € {£1} is used, and this is defined by

Mi(y, 7 =Y~y " ply(k), 7 (k)
(k) (M) (k)

p(y(k), yM)(k))

P, VX)) 14
PP (14)

log,

where p(e) denotes the associated probabilities and p(e, o) denotes
the associated joint probabilities, respectively. Over the training
data set Dy, these probabilities can be specifically calculated as

NZId (15)

p(y(k )—1)—1fp(y(k) -1),

p(y(k) =

y4Pk)

N
PO =1, 7900k = 1) = 12 ((1 - T(s") (y”‘); ! )) :
PY(K) = 1, 7M(k) = ~1) NZ(I(s"“ ( ))

et (16)
PO = ~1,70(k) = 1) = %Z (fd“(km’ (]_Ty(k))) ’
k=
py(k) = — NZ(]_Id s(M)y < Z(k)))
and
PO () = =1) = py(k) = 1.FM(k) = 1) + ply(k) = ~1.FM(k) = ~1),
pFM(k) = 1) =1 - p(FM(k) = -1).
(17)

However, note that both the criteria (12) and (14) measure the
classifiers’ performance on the training data set only. In order to
measure the model’s generalisation capability, the expected classi-
fication performance over a fresh data set that has not been used in
training should be employed. For the classifier construction based
on the misclassification rate, this can be achieved based on the LOO
misclassification rate [36]. Similarly, it is possible to develop the
leave-one-out MI (LOOMI) by combining the concept of LOO cross
validation with the MI. This is derived in the following section.

3. Model term selection based on LOOMI

When building a classifier, the ultimate goal is the best classifi-
cation performance over unseen data. In our case, at each forward
selection stage, we are faced with the task of model term selec-
tion aimed incrementally at this goal. The concept of leave-one-out
(LOO) cross validation is often used to estimate generalisation error
by choosing amongst different model architectures [1]. In the fol-
lowing, we develop the concept of LOOMI measure specifically for
a forward selection stage.

At the Ith forward selection step, where [> 1, the proposed algo-
rithm selects the Ith RBF unit based on a fast calculation of the
LOOMI as detailed in this section. Consider the forward selection
process at the stage where this [-unit model is produced. Let us
denote the [-unit classifier, identified using the entire training data
set Dy, as f( x). The modelling error of this I-term classifier for the
kth data point 1s given by

e(k) = y(k) — fO(x(k)) = y(k) — §D(k). (18)

If we “remove” the kth data point from the training data set and
use the remaining (N — 1) data points to identify the [-unit classi-
fier instead, then the “test” error of the resulting model, which is
denoted as f{’~%)( x) for notational convenience, can be calculated
on the data pomt removed from training. Specifically, the test out-
put of this [-unit classifier at the kth data point not used in training
is computed by

= fE7(x(k)), (19)

and the associated predicted label is given by

R (k) = sgn(GP(k)). (20)

The test error at the kth data point, referred to as the LOO modelling
error, is denoted as

el k) = y(k) - 91+ (k), (21)
and the associated LOO signed decision variable is then defined by

sg ) =gt (k). (22)
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N
Denote the set S0 = {sg”k)}kzl. The LOOMI is defined as the MI
between the two binary variables y(k) € { +1} and - =%)(k) e {1},
and is a functional of S, given by

= MI(SD) FE=R(k))

pIPIL

y(k) glh=k) (k)

ply(k), 31 (k))

—_— e T 23
P00 (23)

log,

in which the associated probabilities are calculated based on (15)
as well as (24) and (25) given below

py(k)=1,5-"B(k) = 1) =

py(k) =1, 5k = -

pO/(k) = 1,3k = 1) =

p(K) = 1, 7 R(k) = -

p( (k) ) =py(k) =1,57H(k) = -1) + ply
p(FE Rk = 1) =1 - p(F*+R(k) = -1).

For linear-in-the-parameters models, the LOO metrics, such as
the LOO mean square error (LOOMSE) [26] and the LOO misclas-
sification rate [36], can be generated without actually splitting
the training data set and estimating the associated models, by
making use of the Sherman-Morrison-Woodbury theorem [2].
Similarly, the LOOMI can also be obtained analytically without actu-
ally splitting the training data set and estimating the associated
models. Specifically, we point out that the evaluation of the LOOMI
given by (23) makes use of (15), (24) and (25), in which only the
signed variable sg{"fk) and the class label y(k) are needed. Since

st=K) can be analytically generated, the LOOMI of (23) can also be

analytically computed. Clearly this helps computational efficiency
significantly. Moreover, we show how the recursive computation
as a consequence of orthogonal decomposition contribute further
to computational efficiency in the model construction procedure
based on maximising the LOOMI.

Specifically, let us represent the I-unit model identified using
the entire training data set as

I

300 =Y “gPwih),

i=1

(26)

where w;(k) is the kth element of w; and glFR) is given in (10). Fol-
lowing the concept of LOO cross validation discussed above, it can
be shown that the LOO modelling error at the kth data point is given
by [2]

(27)

%EN: ((1 — Zy(s8 ) (y(k)2+ ! )) ,

where e()(k) is the I-term modelling error defined in (18) and n(l)
is referred to as the LOO error weighting, which can be calculated
by [26,36]

M = Z L (28)
i=1

where k; = wfw;. Eq. (27) is equivalent to

y(k) - R gy = YR =TT (%(D(k) (29)

7/}k
(24)
(k) =-1),
(25)

Multiplying the both sides of (29) with y(k) and applying y2(k)=1
yield

1 - y(k)y"(k)

(,—k) _
1-s5, = 0 (30)
nk
that is,
l K (R) (k) — [ 2(k Y Q)]
(,-k) _ Zi:]y( k)g; " wi(k) Z, Jwik)/ (ki +24)) Yy, 31
ST 0) =5 GD
nk nk

It follows that the signed variable s (=k) of (31)for 1 <k<Ncan be
obtained very efficiently via the recurswe formula

w2(k
v =y g Pwitk) - i), (32)
+A,
2
wm_ o Wik
nk _nk Kl+)‘l. (33)

Hence the LOOMI J; defined in (23) can be calculated efficiently.

3.1. Initialisation

The initial condition of the forward selection is referred to as
the forward selection step one when the classifier (1) has only one
term. It is noted that at this stage the predicted class labels for all
the data samples are identical to be either 1 or —1, dependent only
on the sign ofggR) = 04, regardless of which candidate regressor is
selected. Hence for the first step of forward selection, we select the
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first regressor ¢, based on minimising the LOOMSE [26], defined
as

NZ ell—=k) k

Since at the first stage w
(k) = y(k) — 2P (K,

NONPES P2 (k)
ko K1 +)\.1,

Z(e k)
=l U8

= ¢;, we have

where ¢q(k) is the kth element of ¢y, =¢¥¢1 and ggR) =

(B1y/(c1 +11).
4. Bayesian local regularisation

The regularised OFS algorithm has two essential elements,
model term selection and parameter estimation. Based on the 2
regularisation, the closed-form solution of (10) can be interpreted
as a maximum a posterior probability (MAP) estimate of the param-
eters with a Gaussian prior. It is known that the regularisation
parameter is equivalent to the ratio of the related hyperparame-
ter to the noise parameter within Bayesian framework, and can
be optimised by maximising the marginal probability (evidence)
as detailed below. In this section, we link the Ith forward regres-
sion step to Bayesian learning framework and then derive the local
regularisation parameter by maximising the evidence. Specifically
consider the OFS modelling process that has produced the (I—1)-
node RBF model. Let us denote the constructed (I—1)-column
regression matrixas W,_; = [w{w5---w;_;]. The model output vec-
tor of this (I — 1)-node RBF is given by

Zg w;,

and the corresponding modeling error vector can be obtained as
el-1) —y _ " The Ith stage forward regression step is aimed at
forming a I-node RBF model by adding the Ith model column w;.
Clearly this step can be represented by

A(l 1) (34)

el = gw, + e, (35)

In a standard Bayesian two-level inference framework, the first
level of inference infers the model parameters according to the

s \M2 [h el Dy’
Bthoe) =(55) 3/ omexp (-0

N/2 gyllel-1)?

( ) B 2
_ (g)”/z o [ et
- 2 8’K1+h1 p 2

principle of MAP estimation [28]. Specifically, consider (35) where
w; is assumed to be known, and the prior over g; is assumed to be
Gaussian

AL h 5
p(gilh) =/ 5 exp (—jg,>,

with h;>0 denoting the hyperparameter. The optimal g(R) i
obtained by maximising the posterior probability of gj. The pos-
terior probability of g; is given by

(36)

(I-1)
p(gile!=D h,e) = ple” . &y, &)
p(e=Dihy, &) (37)
_ p(elVig, e))p(glhy)
p(el-Dihy, ;)
where the likelihood is assumed to be Gaussian
g \N/2 £ 2
plel Vg, &) = (ﬁ) exp (—jllle(”” —gw| ) . (38)

and &; >0 denotes the inverse of the noise variance in the target.
Maximising log p(g;| e(=1), h;, £;) with respect to g; is equivalent

to minimising the following Bayesian cost function

(39)

2
Lg(hy, &1, 8) = elle=" —wygI” + hyg?.

It can easily verified that the criterion (39) is equivalent to (9) with
the relationship A; = hy/¢,.

In order to infer from the data which value of A; is more plausible
given the data, the second level inference with Bayesian framework
is, for a given model basis vector wj, to evaluate the evidence p(
el=V|h;, &) given by

El(ht,81)=P(e(1_”|h1,81)=/P(e(l_]),gl\hl,&)dg/, (40)
where
- (-1 N/2
p(e=V, gihy, &) = p(e Vg, e)p(gilh) = (27‘()
[ h _ hig
X \| 57 €XP ( Hyjet-1 ngl“ - 2’) . (41)

(R)

Noting «;=w'w; and g =

1 1
(e /(&1Kp + h,g( s))) the evidence is derived in Eq. (42):

=w/el "D/, as well as g

) [ (-5 (o )
I
2( 5(LS)?
exp er(g™")
2(eik; +hy)
) (8,2(g,
exp
2
N/2 o _8”‘8(14)”2 o &™) (e + y)
81K1+hl p 2 P 2 ’

=t

2 o e +h,)/2)

2
(LS)
gk +h 18
et I ) dg;
(42)

LS))2K12
2(eik; + hy)

The log evidence is given by

N, g 1 1
log Ei(hy, &) = > log ﬁ + 5 loghy — 5 log(eyk + hy)

2
~eled-Dy* N (™) (eer + hy)

3 5 (43)
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Setting dlog E;(h;, £;)/0;=0 and recalling A, = h;/¢; yield

2
dlogEhe) _ N e (5"
831 - 2e; 2(ek+hy) 2 2
ag(R)
+ (81/(1 + hl)gl( 3 =0 (44)
€l
so that

£ = N — (k1 /(1 + A1) _ (45)

2
let-D* (g (e + 22

By setting (0logE(h;, &;))/0h; =0, we have

(R)2 (R)

8E,(h,, 8,) 1 1 (gl (R) 8gl
- _ h
ah, 2hl 2(81/(1 + hl) + 2 + (SIKI + l)g ah
-0, (46)
yielding
hy = R+ (47)
(&) (i + )

(45) and (47) constitute the recalculation formula for maximising
the log evidence for a given w;. The above algorithm is simply fit-
ting one regularisation parameter to one stage of the OFS, which
selects a single term for the regression model in an orthogonal
space. Therefore, it is computationally very efficient. Note that this
regularisation parameter fitting is very different to all the exist-
ing regularisation based OFS algorithms [22,25-27] which involve
an iterative procedure between the OFS model selection and the
updating of all the regularisation parameters. Our proposed novel
approach is computationally much more attractive. Similar to any
Bayesian approach, the question as to whether the Gaussian prior is
suitable can be argued. Indeed the convergence of the solution, (45)
and (47), is data dependent. When e('~1) appears as random noise,
the regularisation parameter will be driven to a high value and this
yields a zero-value associated model parameter, leading to sparse
models. On the other hand, this may be undesirable for some cases.
For example, some low noise data sets with a complicated deci-
sion boundary requires little regularisation. Otherwise, the data
sets may become ill-conditioned causing numerically instability for
(45) and (47). Hence in our algorithm, at any stage if A; diverges or
is above a very high value, it is reset as a small number, e.g. 106,
to allow the OFS to continue. This strategy proves to be useful for
the overall numerically stability of the algorithm. Note that the ter-
mination of model selection is determined entirely by the LOOMI,
unrelated to this strategy.

5. The proposed algorithm

The complete algorithm is presented below integrating (i) the
model term selection criterion based on maximising the LOOMI,
(ii) Bayesian local parameter regularisation, and (iii) the modified
Gram-Schmidt orthogonalisation procedure [3]. Since every train-
ing data point is considered as a candidate centre, the candidate
regression matrix @y € RN*N, Define

o5 = wiwy w979y (48)

with @5° = @y. If some of the columns in @5'~! have been inter-
changed, this will still be referred to as ¢<l ! for notational
simplicity.

Initialisation. As explained at the end of Section 3, denote the first
selected model term based on the LOOMSE minimisation as ¢;. Set

=¢,. Given a very small positive value A; (e.g. 10-%), perform
the following Bayesian iteration procedure for a predetermined
number of times (e.g. 10):

R) _ wiy
T K1+ M ’
e = N — (k1/(k1 + A1)
Iyli? — (g“”) (k1 +201)
B = ——
. :
&) (k1 + 1)
PO
1=

Then recalculateg(R) 1y/(K] +Xq),setel) =y — ggR)w1 ,and for

1 <k <N calculate

$3(k)

K1 -i-)q7

Yt = y(kg®e (k) -

) @2 (k)
"k =1- P s
1+M

where ¢1(k) denotes the kth element of ¢;.

5.1. The lth stage of selection procedure

At the beginning of the Ith selection stage, we have the regres-
sion matrix given in (48). Perform the following steps:
Step 1): Set A; to a very small positive value (e.g. 10-%). For

I <j <N, denote the kth element of¢<’ Tas ¢J"‘1(l<), and compute
: T
o =7 ¢
. 4T .
gl = (971 eV (] + ),
2

(¢<’ (k)
w(l)[l I/j(l 1)+y(k)glR) [l¢<1 1(’() - i
K; +A
-1
NONE I (@ (k)
k k Kl[l—i-)nl
M.l
bl Vi
D,lj°
‘ NOxT

for 1 <k <N. Then calculate

‘=2 3 o

l —k), U(k)

), 7 ~R-ik))
(k1K)
(49)

Y(k), 5 RH1i(Kk)) x log, ‘Z(y(g

in which the associated probabilities p(e), p(e, o) are calculated
basedon(15),(24)and (25), respectively, w1thsl k) being replaced

(L=k.U a5 appropriate. Here j-—k):li(k) is conceptually used to

by s
denote the LOO predicted class label. Note that only sg‘_k)’[i are
required in the calculation of the LOOMI (49).

Step 2): Find
Ji=gie=max {jf.1<j <N}. (50)

Then the jith column and the Ith column of ¢<' ! are interchanged.
The jjth column and the Ith column of Ay are interchanged up to
the (I - 1)th row. This effectively selects the resulting Ith regressor
¢! in the subset model.
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Step 3): Setw; = ¢I<H ,and perform the following Bayesian iter-

ation procedure for a predetermined number of times (e.g. 10)

o) _ wiy
[ K|+ )x[ ’
o = N — (k1/(k1 + Ap))
_ ! ,
=112 — (g (ky + 22)
h—_ K
1 ®) P} B
(g7) (ki +A)
)\.l = E.

&

A; will be reset as 1076 if it diverges or larger than a threshold

(e.g. 106). Then set e() = e(l-1) —g,(R)w,. Calculate w;{') and ng) for
(L—k) _
k -
w;{')/ng{l) for 1 <k <N. This is followed by updating the value of the
LOOMI J; accordingly.

Step 4): Use the modified Gram-Schmidt orthogonalisation pro-

cedure [3] to derive the Ith row of Ay and to transform ¢,§l‘l into

<l
¢N

1<k<N using (32) and (33), respectively, and compute s

<l-1
w =9 ,

W}'¢gl—l

J .

aj=——=—, l+1<j<N,

Wl w

<l <l-1 .

¢j =9; —ajwy, I+1<j<N.

Termination. The selection procedure is terminated with the subset
model of the M significant regressors when the following condition
is detected

Ivsi <Jm, 1<i=<p, (51)

subject to a minimum model size, where p is a preset number of
steps.

Similar to any model selection, the model construction using
forward selection deals with a tradeoff between overfitting and
underfitting. The underfitting occurs if the model is too simple to
handle a complex problem. The overfitting scenario is related to
fitting a model to noisy training data by overly increasing model
complexity. This overfitted model however is unlikely to have good
classification performance for the unseen data. Since the LOOMI is
based on cross validation, provided there is a sufficient number of
model terms, Jy; will be monotonically increasing until it reaches a
global maximum, indicating that a suitable model size M has been
achieved.

Since generally M « N, we can approximately estimate the com-
putational cost of the proposed algorithm and conclude that it has a
similar computational complexity to our previously proposed LOO
cross validation based OFS algorithms, e.g. [36,37,38]. These algo-
rithms have a computational complexity at O(N2), scaled by a small
number of variables used in the algorithms. This is because at each
OFS stage, there are also O(N) candidates for model term selection
in our algorithm, and the operations at each stage are based on vec-
tor operation with the size N. Thus, each OFS stage has a complexity
of O(N?). The total cost of the algorithm is therefore O(N?) scaled
by M which is far smaller than N.

6. Experimental results
6.1. Synthetic data set
The two-dimensional synthetic two-class problem [39] has 250

training data samples and 1000 test data samples. The Gaussian ker-
nel function ¢;( ) =exp(— || X — ¢; || 2/t) was employed, using all the

1.4 T T T

121

0.8r

0.4r

0.2r

Fig. 1. Decision boundary produced by the proposed algorithm for synthetic data
set, where stars and dots represent two-class data points, respectively, while circles
are the selected centres.

250 training data samples as the candidate centres c; with the ker-
nel width t=0.06. The proposed algorithm was applied and a very
sparse 4-centre RBF model was found. The classification boundary
of the resulting RBF classifier was plotted in Fig. 1 together with
the training data set. The misclassification rate over the test data
set for this model was 9.7%, which is similar to 9.3% and 10.6% for
the 4-term RVM and the 38-term SVM, respectively, reported in
[24].

6.2. Benchmark data sets

Nine data sets, Breast Cancer, Diabetes, German, Heart, Flare
Solar, Titanic, Banana, Waveform and Thyroid data, taken from
[40,41], were used in our experiment. Each data set contains 100
realisations, and each realisation has N training patterns and Niest
test patterns. The feature space dimension m as well as the values
of the training samples N and test samples Niest for each data set
are summarised in Table 1.

The Gaussian kernel function ¢;( x)=exp(—| x— ¢;|2%/7) is
employed in the experiment. For each data set, models are
constructed over the 100 training data realisation sets and generali-
sation performance is evaluated using the average misclassification
rate of the corresponding models over the 100 test data realisation
sets. For each realisation of all the nine benchmark data sets, the
full training data set of N samples were used as the candidate RBF
centres c; to form the candidate regressor set. A common kernel
width value T was predetermined to derive individual models for all
the 100 training realisations. Specifically, for the first training real-
isation data set, we evaluated the LOOMI performance of several
kernel width values and chose the value that yielded a satisfactory

Table 1

Description of the benchmark data sets used.
Data set m N Neest
Breast Cancer 9 200 77
Diabetes 8 468 300
German 20 700 300
Heart 13 170 100
Flare Solar 9 666 400
Titanic 3 150 2051
Banana 2 400 4900
Waveform 21 400 4600
Thyroid 5 140 75
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Table 2
Average test misclassification rate in % and model size over 100 realisations of the
Breast Cancer data set.

Table 5
Average test misclassification rate in % and model size over 100 realisations of the
Heart data set.

Algorithm Test misclassification rate Model size Algorithm Test misclassification rate Model size
RBF 276 £ 47 5 RBF 17.6 £ 3.3 4

Adaboost with RBF 304 + 4.7 5 Adaboost with RBF 203 +£34 4
AdaBoostgeg 26.5 + 45 5 AdaBoostgeg 16.5 £ 3.5 4
LPgeg-AdaBoost 26.8 + 6.1 5 LPgeg-AdaBoost 175 +£ 3.5 4
QPreg-AdaBoost 259 + 4.6 5 QPgeg-AdaBoost 172 £ 34 4

SVM with RBF kernel 26.0 + 4.7 Not available SVM with RBF kernel 16.0 + 3.3 Not available
Proposed algorithm 26.1 + 4.7 37+14 Proposed algorithm 162+ 34 3.7+£0.9

Table 3
Average test misclassification rate in % and model size over 100 realisations of the
Diabetes data set.

Algorithm Test misclassification rate Model size
RBF 243 +19 15
Adaboost with RBF 26.5+23 15
AdaBoostgeg 238+ 1.8 15
LPgeg-AdaBoost 241 +19 15
QPgeg-AdaBoost 254 4+ 2.2 15

SVM with RBF kernel
Proposed algorithm

235+ 17
237+19

Not available
3.7+0.8

Table 4
Average test misclassification rate in % and model size over 100 realisations of the
German data set.

Algorithm Test misclassification rate Model size
RBF 247 £24 8

Adaboost with RBF 275+ 25 8
AdaBoostgeg 243 4+ 2.1 8
LPgeg-AdaBoost 248 + 2.2 8
QPgeg-AdaBoost 253 + 2.1 8

SVM with RBF kernel 23.6 £ 2.1 Not available
Proposed algorithm 24.7 £ 2.1 49+14

modelling performance. This kernel width value T was then used in
constructing the models for the other 99 training realisation data
sets. We point out that the SVM results presented in [40,41] were
also obtained with a same common kernel width for all the 100 real-
isations. As both the SVM and our method belong to the same class
of fixed kernel models which choose training data points as kernel
centres and use a single common kernel width for every kernel, we
also use a same common kernel width for all the 100 realisations,
for a fair comparison with the SVM results given in [40,41|. Alterna-
tively, different kernel width values could be chosen for individual
training realisation data sets, which would potentially result in bet-
ter classification performance at the cost of increasing modelling
complexity.!

The performance achieved by our proposed algorithm for the
nine benchmark data sets are summarised in Tables 2-10, respec-
tively, in comparison with those of the six existing algorithms
quoted from [40,41]. The classification performance of the pro-
posed approach is shown to be similar to the other existing
state-of-the-arts methods. We point out that, in the work [40], the
model size for the first five methods listed in Tables 2-10 are preset
for each data set, and this model size has to be determined sepa-
rately by some other means, e.g. cross validation. In other words,

1 In fact, we also performed the same experiments with our method by using the
LOOMI based cross validation to determine the kernel width for individual train-
ing realisation. The results obtained were slightly better than those obtained with
a same kernel width for all the 100 training realisations, in terms of both model
size and test misclassification rate. For a fair comparison with the SVM results, we
only used the results obtained with the same kernel width for all the 100 training
realisations.

Table 6
Average test misclassification rate in % and model size over 100 realisations of the
Flare Solar data set.

Algorithm Test misclassification rate Model size
RBF 344+ 2.0 4

Adaboost with RBF 357 +1.8 4
AdaBoostgeg 342 + 2.2 4
LPreg-AdaBoost 347 £ 20 4
QPgeg-AdaBoost 36.2+ 1.8 4

SVM with RBF kernel 324+ 1.8 Not available
Proposed algorithm 338+ 25 3.9+1.0

Table 7
Average test misclassification rate in % and model size over 100 realisations of the
Titanic data set.

Algorithm Test misclassification rate Model size
RBF 233+ 13 4

Adaboost with RBF 226 +£1.2 4
AdaBoostgeg 226 +1.2 4
LPgeg-AdaBoost 240 + 44 4
QPgeg-AdaBoost 227 +1.1 4

SVM with RBF kernel 224 +1.0 Not available
Proposed algorithm 227 +£09 3.3+09

Table 8
Average test misclassification rate in % and model size over 100 realisations of the
Banana data set.

Algorithm Test misclassification rate Model size
RBF 10.8 £ 0.6 18
Adaboost with RBF 123 £ 0.7 18
AdaBoostgeg 109 £ 04 18
LPgeg-AdaBoost 10.7 £ 04 18
QPeg-AdaBoost 109 £ 0.5 18

SVM with RBF kernel
Proposed algorithm

115+ 0.7
10.8 + 0.6

Not available
40.2+£0.6

Table 9
Average test misclassification rate in % and model size over 100 realisations of the
waveform data set.

Algorithm Test misclassification rate Model size
RBF 10.7 £ 1.1 10
Adaboost with RBF 10.8 + 0.6 10
AdaBoostgeg 9.8 +£0.38 10
LPgeg-AdaBoost 105+ 1.0 10
QPreg-AdaBoost 10.1 £ 0.5 10

SVM with RBF kernel
Proposed algorithm

99 £+ 04
10.5+ 0.6

Not available
50.1+0.3

Table 10
Average test misclassification rate in % and model size over 100 realisations of the
Thyroid data set.

Algorithm Test misclassification rate Model size
RBF 4.5 £ 2.1 10
Adaboost with RBF 44 +22 8
AdaBoostgeg 46 +£22 8
LPreg-AdaBoost 46 +£22 8
QPgeg-AdaBoost 44 +22 8

SVM with RBF kernel
Proposed algorithm

48 +22
48 + 2.4

Not available
100+£0.2
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Table 11

Total recorded running time used in training and evaluation.
Data set Breast Cancer Diabetes German Heart Flare Solar Titanic Banana Waveform Thyroid
Running time (s) 7.88 32.8 86.3 6.75 63.99 6.78 130.52 227.72 51.85

all these five algorithms cannot perform model structure selection
automatically. By contrast, our proposed algorithm automatically
determines the appropriate model size. The sixth algorithm used
for comparison, the SVM, is capable of automatically determining
an appropriate model size. However, the models produced by the
SVM are in fact not very sparse, and no average model size was
given for the SVM in [40,41]. Our experience suggests that typical
model size produced by the SVM is likely to be in the range of tens
to hundreds, much much larger than the model size determined by
our algorithm.

The results shown in Tables 2-7 demonstrate that our proposed
algorithm can automatically construct very parsimonious classi-
fiers with comparable classification accuracy to those benchmark
algorithms investigated in [40,41] for these data sets. We point
out that during the OFS procedure for these first six examples,
the Bayesian local regularisation via hyperparameter fitting works
in full in the sense that regularisation parameters are not being
reset to small values. Note that these six data sets are very noisy,
as shown by their relatively high achievable test misclassification
rates. By contrast, the results shown in Tables 8-10 show that our
models are not as sparse as the models produced by the first five
approaches. Note that these three data sets are less noisy compared
with the previous six data sets, as shown by smaller achievable
test misclassification rates. For the fixed kernel modellings, such as
the SVM and our method, these data sets require larger oversized
models for all the training realisation data sets in order to avoid
underfitting. Our model size is determined by the LOOMI together
with the constraint of a minimum model size. For these three data
sets, the regularisation parameter is often reset to a small value as
the model size grows during the OFS procedure. Finally we list the
total running time of the training and evaluation for each data set
using Matlab on a computer Intel®Core(™)2 CPU 6400@2.13 GHz
in Table 11, which confirms that the run time of our algorithm is
clearly very low.

7. Conclusions

An OFS algorithm for automatically constructing RBF classifiers
has been proposed based on a new model-term selection criterion
that maximises the leave-one-out mutual information between the
classifier’s predicted class labels and the true class labels. Integrated
within each OFS step, a Bayesian procedure of hyperparameter fit-
ting has been introduced to infer the I2-norm local regularisation
parameter from the data. In our algorithm, model terms are selected
by directly optimising the classifier’s generalisation performance,
and Bayesian evidence procedure for fitting the local regularisation
parameter significantly enhances the sparsity of the constructed
RBF classifier. Consequently, our RBF classifier construction pro-
cedure automatically terminates without any additional stopping
criterion to yield very parsimonious RBF classifiers with excel-
lent classification generalisation performance. Several benchmark
examples have been employed to demonstrate the effectiveness of
our proposed approach, in particular the ability of constructing very
sparse models automatically with similar good generalisation per-
formance as some well-known existing state-of-the-arts methods
reported in the literature.

Our future work will further investigate this sparse classi-
fier construction algorithm using other real-life benchmark data
sets. For the challenging class of high-dimensional classification
problems, where the feature space dimension is extremely large,

in thousands or even tens of thousands, but the sample size is
extremely small by comparison, in hundreds or even in tens,
efficient feature selection becomes essential. We are currently
investigating suitable feature selection techniques for integrating
with the proposed algorithm in order to tackle this type of chal-
lenging high-dimensional classification problems effectively.
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