
Communi
ation Group S Chen

Comparative Study on Finite-Pre
ision ControllerRealizations in Di�erent Representation S
hemes

Jun Wuy, Sheng Chenz and Jian Chuyy National Key Laboratory of Industrial Control Te
hnologyInstitute of Advan
ed Pro
ess ControlZhejiang University, Hangzhou, 310027, Chinaz S
hool of Ele
troni
s and Computer S
ien
eUniversity of Southampton, Southampton SO17 1BJ, U.K.E-mail: sq
�e
s.soton.a
.uk

Presented at CACSCUK'2003, Luton, U,K., 20 September, 2002The authors wish to thank the supports of the U.K. Royal So
iety (KC Wong fellowship RL/ART/CN/XFI/KCW/11949)
1

Communi
ation Group S ChenMotivation


 Finite word length e�e
tsdegrade designed 
losed-loop performan
e, even 
ause loss of
losed-loop stability
 Uni�ed approa
h to di�erent representation formats�xed point, 
oating point, blo
k 
oating point
 Dynami
 range and pre
ision 
onsiderations
losed-loop stability robustness with respe
t to total bit length
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ation Group S ChenNumber Formats
 Fixed-point of bit length � = 1 + �g + �f : 1 sign bit, �g bits integer part, �f bitsfra
tional part. If no over
owQ1(x) = x+ Æ1; jÆ1j < 2�(�f+1)
 Floating point of bit length � = 1 + �e + �w: 1 sign bit, �e bits exponent, �w bitsmantissa. If no over
ow/under
owQ2(x) = x+ xÆ2; jÆ2j < 2�(�w+1)
 Blo
k 
oating point of bit length � = 1+�h+�u: 1 sign bit, �h bits blo
k exponent,�u bits blo
k mantissa (in �xed-point). If no over
ow/under
owQ3(x) = x+ r(x)Æ3; jÆ3j < 2�(�u+1)r(x) = 2�i; if x 2 Si and �i = maxy2Si fjyjgDynami
 range bit length �r (�g, �e or �h); Pre
ision bit length �p (�f , �w or �u)
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Communi
ation Group S ChenClosed-LoopPlant � x(k + 1) = Ax(k) + Be(k)y(k) = Cx(k)Controller � v(k + 1) = Fv(k) +Gy(k) +He(k)u(k) = Jv(k) +My(k)
 Controller realizations (F;G; J;M;H) in�nite many. Let (F0;G0; J0;M0;H0) be arealization designed by some standard pro
edure, all realizations form set:SC 4= f(F;G; J;M;H) : F = T�1F0T;G = T�1G0;J = J0T;M = M0;H = T�1H0gT being nonsingular. All are equivalent if implemented in in�nite pre
ision
 Di�erent realizations have di�erent degrees of robustness against FWL e�e
tAlternatively, realization presented as w = [w1 � � �wN ℄T 4= �wTF wTG wTJ wTM wTH�Twith wF = Ve
(F); � � � ;wH = Ve
(H)
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ation Group S ChenDynami
 Range Consideration
 Dynami
 range measure

(w; �) 4= 8><>: kwkmax; � = 1 (�xed point)log2 4kwkmax�(w) ; � = 2 (
oating point)log2 4kz(w)kmax�(z(w)) ; � = 3 (blo
k 
oating point)with kwkmax 4= maxj2f1;��� ;Ng jwjj; �(w) 4= minj2f1;��� ;Ngfjwjj : wj 6= 0g;z(w) 4= [�F �G �J �M �H℄TProposition: Realization w 
an be represented in format � of �r dynami
-range bit lengthwithout over
ow and/or under
ow, if 2�r � 
(w; �)
 Let �minr (w; �) be minimum dynami
 range bit length that guarantees no over
owand/or under
ow. 
(w; �) provides an estimate of �minr (w; �):^�minr (w; �) 4= dlog2 
(w; �)e with ^�minr (w; �) � �minr (w; �)where d�e is 
eiling fun
tion
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ision Consideration
 By design, 
losed-loop eigenvaluesj�i(w)j < 1; 8iBut w 
annot be implemented exa
tly (in�nite pre
ision)
 Assume suÆ
ient large �r (no over
ow and/or under
ow). Sin
e �p is �nitew ) w + r(w; �) Æ�where x Æ y 4= [xjyj℄ is Hadamard produ
t of two same-dimensional ve
tors x and y,r(w; 1) = [1 1 � � � 1℄T , r(w; 2) = w, r(w; 3) = 2[�F � � � �F �G � � � �H � � � �H℄T , andperturbation ve
tor � is bounded: k�kmax < 2�(�p+1)
 With �, 
losed-loop eigenvalues�i(w) �! �i(w + r(w; �) Æ�)If j�i(w + r(w; �) Æ�)j � 1 for some i, 
losed-loop be
omes unstable
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ation Group S ChenRobustness of Closed-Loop Stability
 Assuming suÆ
ient �r, pre
ision or stability measure:�(w; �) 4= mini2f1;��� ;m+ng 1� j�i(w)j


 �j�ij�� ����=0


1where 


�j�ij�� 


1 4= NPj=1 ����j�ij�Æj ��� and �j�ij�� ����=0 = r(w; �) Æ �j�ij�wProposition: Under mild 
onditions, if k�kmax < �(w; �), thenj�i(w + r(w; �) Æ�)j < 1; 8i
 Let �minp (w; �) be minimum pre
ision bit length that guarantees 
losed-loop stability.�(w; �) provides an estimate of �minp (w; �):^�minp (w; �) 4= �blog2 �(w; �)
 � 1 with ^�minp (w; �) � �minp (w; �)where b�
 is 
oor fun
tion
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 Combined FWL measure: �(w; �) 4= �(w; �)=
(w; �)Let �min(w; �) 4= �minr (w; �)+�minp (w; �)+1 be minimum required total bit length.�(w; �) provides an estimate of �min(w; �):^�min(w; �) 4= �blog2 �(w; �)
+ 1
 Given w0, optimal realization problem:

maxw2SC �(w; �) = maxT2Rm�mdet(T)6=0
0B� mini2f1;��� ;m+ng 1� j�i(w0)j


r(w; �) Æ �j�ij�w 


1 
(w; �)
1CA

Optimization algorithms based on fun
tion values only 
an be used to solve this problemWith Topt(�) ) optimal 
ontroller realization wopt(�)
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ation Group S ChenAn ExamplePlant A = 2664 3:7156e + 0 �5:4143e + 0 3:6525e + 0 �9:6420e � 11 0 0 00 1 0 00 0 1 0 3775B = [1 0 0 0℄T ; C = [1:1160e � 6 4:3000e � 8 1:0880e � 6 1:4000e � 8℄Initial designed 
ontroller
F0 = 2664 2:6963e + 2 �4:2709e + 1 2:2873e + 1 2:6184e + 22:5561e + 2 �4:0497e + 1 2:1052e + 1 2:4806e + 25:6096e + 1 �8:5715e + 0 5:2162e + 0 5:4920e + 1�2:3907e + 2 3:7998e + 1 �2:0338e + 1 �2:3203e + 2 3775

G0 = 2664 �4:6765e + 1�4:5625e + 1�9:5195e + 04:1609e + 1 3775 ; J0 = [�2:5548e + 2 � 2:7185e + 2 � 2:7188e + 2 2:7188e + 2℄ ;M0 = [0℄ ; H0 = [0 0 0 0℄T :

MATLAB routine fminsear
h.m used to solve optimization 9

Communi
ation Group S Chenw0 wopt(1) wopt(2) wopt(3)�(w; 1) 1:2312e� 10 1:2003e� 6 1:0580e� 7 1:1321e� 6^�min(w; 1) 34 21 25 21Fixed �(w; 1) 3:3474e� 8 2:3082e� 4 9:6673e� 5 2:2287e� 4point ^�minp (w; 1) 24 12 13 12
(w; 1) 2:7188e+ 2 1:9231e+ 2 9:1370e+ 2 1:9687e+ 2^�minr (w; 1) 9 8 10 8�(w; 2) 2:9062e� 11 7:6826e� 6 9:5931e� 6 8:5778e� 6^�min(w; 2) 37 18 18 18Floating �(w; 2) 2:2389e� 10 9:5628e� 5 1:5229e� 4 1:1822e� 4point ^�minp (w; 2) 32 13 12 13
(w; 2) 7:7038e+ 0 1:2447e+ 1 1:5875e+ 1 1:3782e+ 1^�minr (w; 2) 3 4 4 4�(w; 3) 1:4347e� 11 3:2975e� 6 3:6938e� 7 3:5012e� 6Blo
k ^�min(w; 3) 38 20 23 20
oating �(w; 3) 6:5127e� 11 2:7666e� 5 2:9985e� 6 3:0083e� 5point ^�minp (w; 3) 33 15 18 15
(w; 3) 4:5395e+ 0 8:3902e+ 0 8:1176e+ 0 8:5923e+ 0^�minr (w; 3) 3 4 4 4Values of various measures and 
orresponding estimated bit lengths for four realizations inthree di�erent formats
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ation Group S ChenRealization Representation s
heme measure � �min �minp �minrw0 �xed-point 1:2312e� 10 31 21 9wopt(1) �xed-point 1:2003e� 6 19 10 8w0 
oating-point 2:9062e� 11 33 29 3wopt(2) 
oating-point 9:5931e� 6 13 8 4w0 blo
k-
oating-point 1:4347e� 11 33 30 2wopt(3) blo
k-
oating-point 3:5012e� 6 16 12 3Comparison of true minimum required bit lengths for w0 in three representation s
hemeswith those of �xed-point implemented wopt(1), 
oating-point implemented wopt(2) andblo
k-
oating-point implemented wopt(3)


 Any realization w 2 SC implemented in in�nite pre
ision (unlimited �r and in�nite�p) will a
hieve exa
t performan
e of in�nite-pre
ision implemented w0, whi
h is designed
ontroller performan
eIn�nite-pre
ision implemented w0 is referred to as ideal 
ontroller realization wideal
11
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ation Group S ChenUnit impulse response of y(k) for wideal, and 18-bit �xed-point implemented wopt(1), 
oating-point implemented wopt(2)and blo
k-
oating-point implemented wopt(3)
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Communi
ation Group S ChenUnit impulse response of y(k) for wideal, 19-bit �xed-point implemented wopt(1), 
oating-point implemented wopt(2) andblo
k-
oating-point implemented wopt(3)
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ation Group S ChenCon
lusions

� Uni�ed true 
losed-loop stability measure for FWL implemented
ontrollers in di�erent representation formatsComputationally tra
table, taking into a

ount both dynami
 range andpre
ision of arithmeti
 s
hemes� Formulate and solve optimal 
ontroller realization problemDesign provides useful quantitative information regarding �nite pre
ision
omputational properties, namely robustness to FWL errors and estimatedminimum bit length for guaranteeing 
losed-loop stability� Designer 
an 
hoose an optimal 
ontroller realization in an appropriaterepresentation s
heme to a
hieve best 
omputational eÆ
ien
y and
losed-loop performan
e
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