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Optimal Controller Realisations

Jun Wu, Sheng Chen,

Abstract— An approach is proposed to design optimal finite
word length (FWL) realisations of digital controllers imple-
mented in fixed-point arithmetic. A minimax-based search
procedure is first used to obtain an optimal controller real-
isation that optimises an FWL closed-loop stability measure.
Since this FWL closed-loop stability measure is solely linked
to the fractional part or precision of fixed-point format, the
resulting realisation may not have the smallest dynamic range.
A measure is derived to indicate the dynamic range of a
realisation. Based on an orthogonal transformation of this
dynamic range measure for the optimal precision controller
realisation, a numerical optimisation method is developed to
make the controller realisation having the smallest dynamic
range without sacrificing FWL closed-loop stability robustness.

I. INTRODUCTION

The detrimental finite word length (FWL) effect on a fixed-
point implemented digital controller is particularly serious
due to a reduced precision. Many works have focused on
the FWL effect on closed-loop stability and have consid-
ered the design of optimal fixed-point digital controller
realisations that optimise various FWL closed-loop stability
measures [1]-[13]. We point out a limitation of these pre-
vious approaches in designing optimal fixed-point controller
realisations. The FWL closed-loop stability measures used
in these works are only linked to the fractional part of
fixed-point representation. Optimising these measures, while
minimising the bits required for the fractional part, may
actually increase the integer part or dynamic range of fixed-
point representation. Thus, the resulting “optimal” controller
realisations are not necessarily true optimal ones in terms of
the robustness to the FWL effects.

In a fixed-point implementation, the total available bits
have to accommodate the dynamic range first to avoid over-
flow, and the remaining bits left are then used to implement
the fractional part. Therefore, a better approach is to con-
sider both a precision or FWL closed-loop stability measure
and a dynamic range measure together. We adopt a “two-
step” approach to tackle this multi-objective task. Firstly,
we optimise the FWL closed-loop stability measure of [4]
to obtain an optimal realisation using the efficient search
algorithm of [13]. Secondly, we optimise a dynamic range
measure for this optimal realisation. The value of the FWL
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with the Smallest Dynamic Range

Gang Li and Jian Chu

closed-loop stability measure is invariant under orthogonal
transformation of controller realisation [2]. We exploit this
extra freedom of realisation to minimise the dynamic range
of the controller realisation. The final realisation obtained in
our two-step design has both the maximum FWL stability
robustness and the smallest dynamic range, and thus it is a
true optimal realisation for fixed-point implementation. The
proposed approach is established in a unified framework for
both the shift and delta operators to enable a comparison for
the FWL closed-loop stability characteristics of the optimal
controller realisations using these two operators.

II. NOTATIONS AND THE PROBLEM FORMULATION

Let e; be the ith real coordinate vector, and for any z € C™
define Y(z) £ [R(z) S(z)], where R(z) and J(z) denote
the real and the imaginary parts of z, respectively. For a
complex-valued matrix U € C™*™ with elements u;;, we
define the following matrix norms

A
IOl = _max - ugl,

je{1,---,n}

Let Vec(-) be the column stacking operator such that Vec(U)
is an mn-dimensional vector. For a real-valued square matrix
M e R™ ™, let {\;(M), 1 < i < n} denote its eigenval-
ues, and let x;(M) be the right eigenvector corresponding
to A;(M). Define M, 2 [x1(M) x2(M)- - -x,,(M)] and
JAN _
M, = [y1(M) y2(M) -y, (M)] = M, #, where y;(M)
is called the reciprocal left eigenvector related to x;(M).
A discrete-time linear system can be described using either
the shift operator z or delta operator §. The latter is defined

as § 2 (z — 1)/h, where h is a positive real constant
[14],[2]. In this paper, it is assumed that the value of h
in the 0 operator has an exact fixed-point representation
(eg. h = 22 or h = 279) so that the source of FWL
errors comes solely from a finite-precision implementation
of the controller realisation. For the notational conciseness,
we introduce a “generalised” operator p for the discrete-time
system. The state-space description of the general discrete-
time system using the operator p is

{ pxg(k) = Fg px4(k) + Gy pug1(k) + Hy pyug 2(k)

()
Vo(k) = Jg,xg(k) + My ,ug (k)

where all the matrices and vectors are real-valued with
appropriate dimensions. Obviously, p = z and p = J give
rise to the two equivalent representations of the same system,

5018



45th IEEE CDC, San Diego, USA, Dec. 13-15, 2006

with the following relationship

F, .1 G,.. .
Foo=="5— Ggs==1, Jg5=Jg.2

h
Mg,(s = Mg,za Hg,5 = H}L]L’za

where I denotes the identity matrix of appropriate dimension.
With a proper index order, {\;(F,.)} and {\;(F, )} can
be one-to-one mapped with \;(F, ) = 1+ h\(Fy ), Vi.
Since the system (F, ., Gy 2, J,.., My ., Hy ;) is stable if
and only if |A\;(F, )| < 1, Vi, we have the stability condition
for the same system described using § operator.

Theorem 1: The discrete-time system (Fys5,Ggs,Jg5,
M, 5,H, 5) is stable if and only if

3)

1 1 .
)\i(Fg.,(;) -+ h‘ < E, VZ. (4)
Consider the discrete-time closed-loop control system,
consisting of the linear time-invariant plant P and the
generic digital stabilising controller C'. P is completely state

controllable and observable with the state-space description
{ px(k) = A,x(k) + B,e(k)
y(k) = Cpx(k)

where A, € R"*", B, € R"*? and C, € R?*"; and C is
described by the state-space description

{ pv(k) = F,v(k) + Gy (k) + He(k)
u(k) = J,v(k) + M,y (k)

with Fp c R'mxm’ Gp c Rqu, Jp c Rp><m’ Mp c Rqu
and H, € R™*P. C is an output feedback controller if
H, = 0; a full-order observer-based controller if F, =
A,-G,C,, M, = 0 and H, = B,; a reduced-order
observer-based controller, otherwise [15],[16].

The state-space descriptions or realisations (F,, G,
J,,M,,H,) of the controller C are not unique. Let
(F 0, G0, J 0, M0, H0) be a realisation of C' given by
a standard controller design procedure. Then all the realisa-

tions of C' form a realisation set
A _
SP = {(FPa Gy, Jp, M, Hp) :F, = Tp 1Fp0Tpv
G, =T,'Gy,J, =J,07T,,
M, = Mo, H, = T, 'H,0} @)

(&)

(6)

where T, € R™>™ is any real-valued nonsingular matrix.
Any two realisations in S, are completely equivalent if they
are implemented with infinite precision. Define

Vec(F,) Vec(F )

A Vec(G,) Vec(G o)
wy,=| Vec(J,) |, wopo=| Vec(Jp0) |. (8)

Vec(M,,) Vec(M,o)

Vec(H,) Vec(H,yo)

The stability of the closed-loop control system depends on
the eigenvalues of the transition matrix

Aw,) & [ AstBMC, B,J,
L G,C,+HM,C, F,+H,J,
A I 0 |- I o
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where O denotes the zero matrix of appropriate dimension.

Define the stability margin of A\;(A(w),)) as

— 1= Ni(A(w.))], if p=2,

SM(\(A(w,))) £ _
(A {;—pi(A(wé)H;, it p—o.
(10)

It is obvious that all the different controller realisations w, €
S, have exactly the same set of the closed-loop eigenvalues
if they are implemented with infinite precision.

When w, is implemented using a fixed-point processor of
the bit length b, the b bits are assigned as follows: One bit is
used for the sign, b, bits are used for the integer part of the
representation, and the remaining by = b — b, — 1 bits are
used to implement the fractional part of the representation.
In order to avoid overflow in representing w,, b, should be
sufficiently large such that

Iwllar < 2.

Y

|lw,|[as represents the dynamic range of w, in fixed-point
format. Even assuming no overflow, w, is perturbed into
w, + A due to the finite by bits in the fractional part
representation. It can easily be shown that each element of A
is bounded by +2(s+1) that is , ||A[p < 27+, With
the perturbation A, \;(A(w,)) is moved to \;(A(w,+A)).
If an eigenvalue of A(w, + A) crosses over the stability
boundary, the closed-loop system, originally designed to be
stable, becomes unstable. Under the condition of no overflow,
the closed-loop stability depends only on the perturbation A,
that is, the precision of the fractional part representation.

Because the total bit length b is divided between the
dynamic range and precision of fixed-point format, the design
of optimal FWL realisation is a multi-objective optimisation.
Firstly, an optimal realisation should optimise some FWL
closed-loop stability measure, and the value of such a sta-
bility measure only depends on the precision or fractional
part of a realisation. Secondly, a desired realisation should
also have the smallest dynamic range, since this will require
the smallest number of b, bits to avoid overflow and in
turn leaves the most by bits to achieve the highest possible
precision. We will adopt an effective two-step approach to
tackle this multi-objective optimisation problem.

III. OPTIMISING AN FWL CLOSED-LOOP STABILITY
MEASURE

We use \; to replace \;(A(w,)) when doing so does not
cause ambiguity, and we adopt the following FWL closed-
loop stability measure as defined in [4]

A\
|

L_IE 12
(i) SM(\) 12)

2

f(wp)

The measure f(w,) describes the robustness of closed-loop
stability to the FWL perturbation A for the realisation w,
under the condition of no overflow. With this measure, the
optimal FWL realisation problem is given by

JAN .
v= min f(w,).
wpéspf( p)

(13)
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Define

9w, i) & ‘L‘E( SHos (14)

Obviously, the optimisation problem (13) can be viewed as

15)

vV = min max
w,E€S, ie{l,--,m+n}

9(Wp, 1).
The following results [17],[18] on saddle points play an
important role in obtaining global optimal solutions of
minimax- formulation problems.

Definition 1: (w},,i') € S, x {1,---,m+n} is said to be
a saddle point of g(w,,i) if Vi € {1,---,m + n}

g(w),, i) < g(w),i') < g(w,,i'), Yw, €S, (16)
We have the well-known Minimax Theorem in game theory.
Theorem 2: If and only if there exists at least a saddle

point (w,,i") of g(w,, ), then
min max g(w,,i) = max min g(w,,1
w,ES, ie{l,- m+gg P ) i€{l,-,m+n} w,ES, g( P )
= g(w;),i’). 17)
Theorem 3: Let
s 2 min g(wy,i) Vie{l,---,m+n}, (18)
w,ES,
i 2 ar max 7 (19)
gie{l,»--,m+n} lis
A
W= {w,:g(w,,i') =ni,w,€S,}. (20)

Then (w7,,i') is a saddle point of g(w,,) if and only if

w/, € W and
g(W;nZ) < i Vi € {17 e 7m+n} \ {Z/}
A. Optimising single-pole FWL stability measure

21

To attain the single-pole measure 7); defined in (18) for the
eigenvalue )\; is equivalent to solve the minimisation problem
of the single-pole sensitivity

O\
min ! (22)
Tp,eRMXm aW
pllF
det T, #0

Vi € {1,---,m+ n}, partition the eigenvectors of A(w )
xi(A(Wp)) = [i;ﬁiﬁ:iﬁm ’ >
Vi(A (W) = Bﬁmﬁm ’ o

where x;1(A(wy)) € C",
Xi72(A(Wp0)) € C™ and yi72(A(Wp0)) e C™. Let

a? 2 Cxii (A(wpo)|% +
M0 Cxi 1 (A (W,0))d p0i,2 (A (W o)) [ 2,(25)

2 2By, 1 (A(Wp0) + Hyyio (A(w,0)) |3, (26)

72 £ BTy (A(w,0)) + HEyi2(A(w,0))lI%
x||Cpxi 1 (A(Wp0)) 1%, 27)

a 2 xi,2(A(Wy0)), (28)

Z; = Vi2(A(Wp)). (29)
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It can be shown that [13]
)Y ? 8)\ + AN +
ow, || i aJ,

HaM H
IIT,IlquFIIT,fzzIIF + oF | T 2|3 +
BT a3 + 77 (30)

For the different cases of q; and z;, the results on minimising
H % and the related proofs are given in [13]. Based on
these results, all the solutions to (18) can be specified. The
following theorem lists the result for one case of q; and z;.

Theorem 4: Given positive «;, 3; € R, q;,2; € C™ and
det((Y(z;))TY(q;)) > 0, we have

: OA; ’ H 2 222 2
min “N = (zi qi| + i) — i B+ 77, (31)
TpeRM XM 8wp F
det Tp#
O\ 2
and H S5az || achieves the minimum if and only if
F

/
Hl 2 0 :| (32)

T,=Q |:F(H1/2)T Q
where the orthogonal matrix Q can be obtained from the QR
factorisation of Y(z;)

Y11 Y12
0 o2
T(z;))=Q| 0 0 (33)
0 0
with nonzero 711,722 € R,
s Bilm m2|
H 2 Pilm me2 Y(z) Y (q,
2 e )t
—1
cosf sinf | |71 M2
X{—sin@ 0059} [ 0 722 34
5 el 0 sng _
é i . T ] Ccos Sin Y11 V12
T T Q" T(ai) {—sme C080:| { 0 722]
e
" (35)
0 is the solution of
tan § = 221-%12
ai1tazz (36)
a11cosf —ajasing >0
with
a a A
e S ) @), 6
21 Q22

Q € R(m=2)x(m=2) 5 an arbitrary nonsingular matrix, and
V € R™*™ is an arbitrary orthogonal matrix.
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B. Global optimal controller realisations

In Section III-A, the problem of attaining the single-pole
FWL stability measure 7); is solved and hence the index 7’ is

readily given from 7;; = max 7;. Without the loss of
i€{l,--,m+n
generality, assume that )\;s is a complex-valued eigenvalue

and det((Y(zy))TY(qi)) > 0. From Theorem 4, all the
transformation matrices achieving 7;; form the set
A

H!/? 0
T = {Tp T,=Q {F(HUQ)_T Q] V}.
The realisation set VYV defined in (20) is described on the
transformation set 7 as

(38)

Vec(T, 0 'F,0T,)
) _ _ | Vec(T, Gp )
W — Wyt Wy = vyIf)(TP;’_ VGC( pOT )
p € Vee(Myp )
Vec(T ; 00)

(39)
It can readily be shown that g(w,(T,),:) = g(w,(T,V),?)
for any orthogonal V. € R™*™ and nonsingular T, €
R™*™ [2]. This means that V plays no role in computing
g(w,, 1) and hence we can simply set V = I. Therefore
H!/2 0
T,=T,(2)=Q [F(Hl/Q)T Q} (40)
are explored for a nonsingular ., € R(m=2)x(m=2)
such that g(w,(T,(Q0pt)),%) < 7i7,Vi. The subgradient
algorithm detailed in [13] can be used to seek 2qpt.

IV. OPTIMAL REALISATION WITH THE SMALLEST
DYNAMIC RANGE

In Section III, we construct a controller realisation
Woopt = Wp(Tp(Q0opt)) that achieves the minimum value
of the FWL closed-loop stability measure (12). Since the
FWL stability measure (12) is concerned with the FWL
error A that depends only on the fractional bit length by,
an optimal realisation that minimises this precision measure
is not guaranteed to have a small dynamic range. We now
consider how to modify the optimal controller realisation
obtained in Section III to achieve the smallest dynamic range
under the condition that it remains to be a minimum solution
of the optimisation problem (13). Because ||w,,||ss indicates
the dynamic range of w,, it is appropriate to use it as the
dynamic range measure of a realisation, that is,

d(w,) 2 41)

||WpHM~

It is straightforward to prove the following theorem [13].

Theorem 5: For two realisations w,; and w,y (or
equivalently (F,1, Gp1,J,1, M1, Hpp) and (F o, Gpo, I p2,
M,2,H,2)), if there exists an orthogonal transformation
V € R™*™ such that

Fo=V'F,V, Gyu=V'G,, Jo=J,V,
Mp2 = Mpl» Hp2 = Viall, (42)

then f(wpl> = f(wp2)'

FrA12.2

Given Wiopt (that is, (Fpopt, Gpopt, Jpoptr Mpopts
H,.p¢)) obtained in Section III, define

A _

:{(FmGpv‘]p»MmHn) F,=V 1Fp0ptv’
Gp = Vileop‘me = JpoptV7 Mp = Mpoptv
H, =V 'H,p, V€ R™™ VIV =1}. 43)

S popt

Denote the generic realisation in Sjope as Wopt (V). It can
be seen from Theorem 5 that, for any orthogonal V &
R™*™, the realisation W ,op (V) remains to be a minimum
solution of the optimisation problem (13). Thus, we can
search in S,op¢ for an optimal realisation with the smallest
dynamic range. Formally, this is defined by the following
optimisation problem

A .
p= min  d(Wypt(V)). (44)
VER'm,X'm,
vTv=1
In order to remove the constraint VIV = I in the

optimisation problem (44), we can represent an orthogonal
V by its independent parameters based on Givens rotation
parameterisation [19]. Specifically, when m = 2, any orthog-

onal V can be written as
—sin 04 1 0
cos 01 0 x|’

_ |:COS(91
with 6; € [—m,7) and k € {—1,1}. Next, for m = 3, an

sin 6 1 (45)
arbitrary orthogonal V € R3*3 can be represented by

cos 0 —sin 64 0
vV = cosbasinf; cosbycosf; —sinby
sinfysinf;  sinfycosf;  cosby
1 0 0 1 0 0
X |0 cosfs —sinbs 0 1 0], 46)
0 sinf3 cosfs 0 0

with 61,602,005 € [-7,7) and k € {—1,1}. For m = 4, we
have

cos 6

vV - cos 05 sin 64

cos 03 sin 05 sin 6
sin 03 sin 65 sin 67

—sin 01
cos 05 cos 01
cos 03 sin 05 cos 61
sin 03 sin 65 cos 64

0 0
—sin 92 0
cosfzcosfy —sinbs
sinf3 cosfy  cosfs
rl 0 0 0
« 0 cos 0y —sinfy 0
0 cosbssinfy cosfscosfy —sinbs
0 sinfssinf,; sinfscosfy  cosbs
10 0 0 1 0 0 0
0 1 0 0 01 00
X100 cosfs —sinfg| |0 0 1 0]
0 0 sinfg cosbg 0 0 0 k

with 91792763704795796 € [_ﬂ—

m(m—l).

T =

5021

7) and k € {—1,1}. Define
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In general, an arbitrary orthogonal V. &€ R™*™ is pa-
rameterised by 61,---,0, € [-m,7) and K € {—1,+1}.
Following from a simple observation

cosf; —sinb; _
d <Wp°pt ([sin&l cos 6y ])) -
cosf; —sinb; 1 0
d <Wp°pt <[sin91 cos 0 } [0 —1})) » (49

it can be seen that x can be neglected in optimising
d(Wpopt(V)). Thus we can represent an orthogonal V €
R™*™ with only r independent parameters 61, ---,0,.. Let

dy (01, .0,) £ d(Wope (V). (50)

Then the optimisation problem (44) is equivalent to the
unconstrained optimisation problem

d1(917 o '707")'

min

51
01,0 €[—m,m) Gl

M =
This optimisation problem can be solved using a numerical
optimisation algorithm that relies only on the function value
to do search. With the optimal solution €1opt, - -, Oropt, We
can obtain the optimal orthogonal transformation V,p¢ and
hence the optimal realisation W opt1 = Wpopt(Vops) of the
smallest dynamic range.

V. A DESIGN EXAMPLE

An example considered in [2] was used to illustrate the
effectiveness of the proposed design procedure for obtain-
ing optimal FWL fixed-point controller realisations and to
compare the minimum bit lengths required to implement
the optimal realisations with z operator and § operator of
different h. The plant model using z operator was given by

3.7156e +0 —5.4143¢ +0 3.6525¢ + 0
1 0 0
A = 0 1 0
0 0 1
~9.6420e — 1
0 ., B. =110 0 0]",
0
0
C. = [1.1160e —6 4.3000c —8 1.0880¢ — 6
1.4000e — 8].

The initial realisation of the digital controller obtained using
z operator was given by

2.6743e +0 —5.7446e 40 2.5101e + 0
F, 2.8769e —1 —2.7446e —2 —6.9444e —1
8 —3.3773e — 1 9.8699¢ —1 —3.2925e —1
—8.3021e —2 —3.1988e — 3 9.1906e — 1
—9.1782e — 1
—8.9358e — 3
—4.2367e =3 |’
—1.0415e — 3
G.o [1.0959¢ + 6 6.3827e¢+5 3.0262¢ + 5

7.4392¢ +4]"
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Realisation flwz) d(w>) e e
W20 3.9697e + 6 | 1.0959e + 6 20 21 42
W zopt 2.4246e + 3 | 1.9673e + 2 8 8 17
Wzoptl 2.4246e 4+ 3 | 1.1799¢ + 2 8 7 16
TABLE I
COMPARISON OF VARIOUS CONTROLLER REALISATIONS USING z
OPERATOR.
Realisation | f(ws) aws) G [ g | g
Wa0 27712¢ +5 | 1.7956e +10 | 15 | 35 | 51
Wsopt | 3.3740e —1 | 5.1236e+4 | —4 | 16 | 13
Wsopt1 3.3740e — 1 2.5810e + 4 —4 15 12
TABLE II

COMPARISON OF VARIOUS CONTROLLER REALISATIONS USING §
OPERATOR WITH h = 2714,

J.o = [1.8180e—1 —2.8313¢e—1 5.0006e—2 ,
6.1722¢ — 2],
M., = 0, Ho=[0 0 0 0]".

The procedure described in Section III was applied to
obtain an optimal transformation matrix T.,p¢, and this
led to a global optimal realisation in z operator W,op; =
w,(Topt) that minimised the FWL closed-loop stability
measure (12). To obtain an optimal realisation in z operator
with the smallest dynamic range, the optimisation problem
(51) was formed given the dimension » = 6. The MATLAB
routine fininsearch.m was used to solve this optimisation
problem numerically, which yielded the solution W,,pi1 =
Wopt (Vopt ). Table I lists the values of the FWL stability
measure f(w,.) and the dynamic range measure d(w)
together with the related minimum bit lengths b™", bg‘i“ and
bj{““ for the realisations w ., W opt and w1, respectively.

Similarly, the optimal realisation problems in the § oper-
ator with different values of h were constructed and solved.
For example, given h = 274, the discrete-time plant model
using & operator, As, Bs and C;y, as well as the initial
realisation of the digital controller using the é operator, Fsg,
G0, Jso, Mo and Hgp, were specified. The procedure of
Section III was applied to obtain a Tsqpt, Which led to the
controller realisation wsopt = We(Tsopt) as a global optimal
realisation in § operator that minimised the FWL closed-loop
stability measure (12). The optimisation problem (51) was
next solved to yield the solution Wsopt1 = Wsops(Vopt)s
which was a global optimal realisation with the smallest
dynamic range. Table II compares the values of the FWL
stability and dynamic range measures and related minimum
bit lengths for the controller realisations Wsp, Wsopt and
Wsopt1- For the ¢ operator with sufficiently small A, b}nin can
be negative. This simply means that the roundoff is allowed
to occur into the integer part of fixed-point representation,
and the perturbation error ||A|p; can be larger than 1. In
this case, the minimum bit length ™" = bfq“in + b;}lin +1
required for fixed-point representation can be smaller than
b;ni“ that defines the dynamic range of the representation.
As an example, “—4 fractional bits” means that the entire
fractional part and the first lowest 4-bit integer part in fixed-
point representation are omitted.
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h f(wéoptl) d(w§opt1) bmm bglln bmm
210 2.4825¢ +6 | 3.6871le +0 18 2 21
29 1.2413e +6 | 5.2144e+0 17 3 21
28 6.2063¢ +5 | 7.3743e + 0 16 3 20
27 3.1032¢ +5 | 1.0429¢ + 1 15 4 20
26 1.5516e +5 | 1.4749¢ + 1 14 4 19
25 7.7579%¢ +4 | 2.0858¢ + 1 13 5 19
24 3.8790e +4 | 2.9497e + 1 12 5 18
23 1.9395e +4 | 4.1715e+1 11 6 18
22 9.6977¢ + 3 | 5.8994e + 1 10 6 17
21 4.8490e + 3 | 8.3431le +1 9 7 17
20 2.4246e + 3 | 1.1799¢ + 2 8 7 16
2-1 | 1.2125e +3 | 1.6686e + 2 7 8 16
272 | 6.0639¢+2 | 2.3598e + 2 6 8 15
273 | 3.0335e+2 | 3.3372e+ 2 5 9 15
2=4 | 1.5183e+2 | 4.7195¢ + 2 4 9 14
275 | 7.607le+1 | 6.6744e + 2 3 10 14
2=6 | 3.8190e+1 | 9.4391e + 2 2 10 13
2=7 | 1.9248¢ +1 | 1.3349¢ + 3 1 11 13
278 | 9.7758¢+0 | 1.8878¢ + 3 0 11 12
279 | 5.036le+0 | 2.6698¢+3 | —1 12 12
210 | 2.660le +0 | 3.7756e+3 | —2 12 11
211 | 1.4618¢ +0 | 5.3396e+3 | —3 13 11
2712 | 84740e —1 | 7.6314e+3 | -3 13 11
2-13 | 5.2102¢e —1 | 1.2905e+4 | —3 14 12
2-14 | 33740e —1 | 2.5810e+4 | —4 15 12
2-15 | 2.268le —1 | 5.162le+4 | —5 16 12
2-16 | 1.5606e —1 | 1.0324e+5 | —6 17 12
2-17 | 1.0879¢ —1 | 2.0648¢+5 | —6 18 13
2718 | 7.6367e —2 | 4.1297e+5 | —6 19 14
2719 | 5.380le —2 | 8.2593e+5 | —7 20 14
2720 | 3.7973¢ —2 | 1.6519e+6 | —7 21 15
2-21 | 2.6826e —2 | 3.3037e+6 | —8 22 15
2722 | 1.8960e —2 | 6.6075e+6 | —8 23 16
2723 | 1.3404e —2 | 1.3215e+7 | —9 24 16
2724 | 9.4767e —3 | 2.6430e+7 | —9 25 17
2725 | 6.7006e — 3 | 5.2860e+7 | —10 26 17
TABLE 111

COMPARISON OF Wopt1 UNDER DIFFERENT h.

Table IIT compares the values of f(Wsopt1) and d(Wsopt1)
together with the related minimum bit lengths for the con-
troller realisation Weopt1, giving b = 219 ~ 2725 Tt can
be seen that W.opt1 and Wgoper of o = 29 = 1 have
the identical FWL closed-loop stability characteristics, as
is expected according to the definition of 4. In general, as
h decreases, f(Wsopt1) and hence bg{‘in(w(;optl) decrease,
while d(Wsop1) and bg“i“(w(;optl) increase. Before certain
values of h (in this case, 2710, 2711 2712 the reduction in
bg}‘in outpaces the increase in b;nin and, as a consequence,
b™™ decreases as h decreases. However, when A is smaller
than these values, the increase in bg‘i“ outpaces the decrease
in b}‘”“ and, consequently, b™" increases as h decreases. It
can be concluded that there exist optimal values of h for the
0 operator and the resulting optimal controller realisations
Wsopt1 achieve the maximum robustness to the FWL errors.

VI. CONCLUSIONS

A two-step approach has been developed to design optimal
fixed-point realisations of digital controllers with FWL con-
siderations. The proposed strategy first finds an optimal con-
troller realisation by minimising an FWL closed-loop stabil-
ity measure. This realisation is then modified via an effective
numerical optimisation to produce an optimal realisation with

FrA12.2

the smallest dynamic range without sacrificing FWL closed-
loop stability robustness. The final optimal realisation thus
requires a minimum total bit length in fixed-point implemen-
tation. Our approach has been developed within the unified
framework that includes both the shift and delta operator
parameterisations of a generic controller structure. A design
example has demonstrated that the proposed method provides
an effective design procedure for obtaining optimal controller
realisations that are robust to the FWL errors in fixed-
point implementation. Simulation results have shown that, by
choosing the value of h in the delta operator appropriately,
the optimal delta-operator controller realisation has much
better FWL closed-loop stability characteristics than the
optimal shift-operator controller realisation.
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