
Linear Motion of a System of Particles

The linear momentumof a
systemsubjectto no net ex-
ternalforceis conserved.

Fext � Ṗ

P � MṘ Fext � MR̈

Centre of Mass

R � ∑N
i � 1miri

∑N
i � 1mi

� 1
M

N

∑
i � 1

miri �

P � MṘ Fext � MR̈

ri
� R

� ρρρi

Kinetic Energy

T � 1
2

MṘ2 � TCM
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Angular Motion of a System of Particles

� Angularequationof motionfor eachparticlei is

ri � Fi
� d

dt

�
ri � pi �	�

� Total angularmomentumof thesystemandtotal
torqueare:

L � N

∑
i � 1

ri � pi and τττ � N

∑
i � 1

ri � Fi

� Split total force into externaland internalparts,
samefor total torque:

τττ � N

∑
i � 1

ri � Fext
i

� N

∑
i � 1

ri � ∑
j 
� i

Fi j

� τττext � τττint �
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� UseNewton’s third law (like linearmotioncase):

τττint � r1 � �
F12

�
F13

� �����
F1N ��

r2 � �
F21

�
F23

� ������
F2N � � ����

� �
r1 � r2 ��� F12

� �
otherpairs�	�

� Assumeinternalforcesactalongthelinesjoining
particlepairs,hence

�
ri � r j ��� Fi j

� 0: i.e.,

τττint � 0 for central internalforces�

� Obtain:

N

∑
i � 1

ri � Fext
i

� d
dt

N

∑
i � 1

ri � pi �
i.e.,

τττext � L̇ �

� Resultapplieswhenusingcoordinatesin inertial
frame(whereNewton’s laws apply).

� Usedboth Newton’s third law andthecondition
thattheforcesbetweenparticleswerecentral.
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Angular Motion About the Centre of Mass

� Totalangularmomentumusingthecentreof mass
(CM) coordinates:

L � N

∑
i � 1

ri � miṙi
� N

∑
i � 1

�
R

� ρρρi ��� mi
�
Ṙ

� ρ̇ρρi �
� N

∑
i � 1

R � miṘ
� N

∑
i � 1

R � miρ̇ρρi

� N

∑
i � 1

ρρρi � miṘ
� N

∑
i � 1

ρρρi � miρ̇ρρi �

� Secondandthird termsontheRHSvanish(∑miρρρi
�

0 and∑miρ̇ρρi
� 0 from CM definition):

L � R � MṘ
� N

∑
i � 1

ρρρi � miρ̇ρρi �
write as,

L � R � MṘ
�

LCM �

1. First term from CM motionrelative to origin
(orbital angularmomentum):frame dipendent.

2. Secondterm from angularmotion relative to
CM (e.g.,spinningplanetorbiting aroundthe
Sun): same in all (inertial) framesandintrin-
sic (or spin) angularmomentum.
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� Take timederivativeof thelastequation:

dLCM

dt
� dL

dt � R � MR̈ � τττext � R � Fext

� N

∑
i � 1

ri � Fext
i �

N

∑
i � 1

R � Fext
i

� N

∑
i � 1

�
ri � R ��� Fext

i

� N

∑
i � 1

ρρρi � Fext
i

� τττext
CM �

� Find:

τττext � L̇ and τττext
CM

� L̇CM �

� Cantake momentseitheraboutorigin of inertial
frameor CM.

� Rationale:

Theangularmomentumof a
systemsubjectto no external
torqueis constant.


