
Rotational Motion of Rigid Bodies

� Rateof changefor rotatingvectorof fixedlength:

dA
dt

� ωωω � A �

Moment of Inertia (MoI)

� For adiscretesystem:

I � ∑
i

miR
2
i �

� For acontinuoussystem:

I �
body

R2dm �
body

R2ρd3r �

Usefuldefinitions

� Radiusof gyrationk:

I � Mk2 �
� Angolarmomentumalongtherotationaxis:

Ln
� ∑

i

Ri
�
miRiω � � Iω �
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Two Theoremson Momentsof Inertia

Parallel Axis Theorem

I � ICM � Md2 �

Perpendicular Axis Theorem

Iz
� Ix � Iy �
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Example: SpokedWheel

Angularequationof motionaboutCM:

τext
CM

� ICM ω̇ �

RecallMoI of a rod(now of lengtha),

ICM
� Ma2 � n

3
ma2 �

Angularequationof motionthengives:

Fa � �
Ma2 � n

3
ma2 � ω̇ �

Componentof linearequationof motionalongplane:

� F �
�
M � nm � gsinθ � �

M � nm � aω̇ �

EliminateF andsolve for aω̇:

aω̇ � 3
�
M � nm � gsinθ
6M � 4nm

�
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Or, conservationof kineticplus(gravitational)poten-
tial energy:

1
2

�
M � nm � v2 � 1

2
ICMω2 � �

M � nm � gxsinθ � const	
(x distancefrom startingpoint).

Usev � ẋ � aω anddifferentiatew.r.t. time:
1
3

�
6M � 4nm � ẋẍ � �

M � nm � gsinθ ẋ 	
hence

aω̇ � ẍ � 3
�
M � nm � gsinθ
6M � 4nm

�



5

Precession

� Ignorecontributiondueto slow precessionof the
topabouttheverticalaxis.

� Torqueis givenby

τττ � r � F 	
wherer is vectorfrom pivot to top’sCM andF �
mg is top’sweight.

� In magnitude,

τ � mgr sinα 	
wheretop’saxismakesangleα with vertical.

� Topprecessesthroughinfinitesimalangledφ about
verticalaxis,then

dL � Ldφsinα �

� If φ̇ � ωp is precessionangularvelocity, then

dL
dt

� Lωpsinα �

� Apply equationof motionin magnitude:

mgr sinα � Lωpsinα �

� Precessionangularvelocity is

ωp
� mgr

L
�
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Commentary

1. Finalanswerindependentof α !

2. Steadyprecessionis a specialmotion: top tends
to nodupanddown, or nutate,duringprecession.


