
Gravitation and Kepler’s Laws� Newton’sLaw of UniversalGravitation in vecto-
rial form:

F12
� � F21

� Gm1m2

r2
12

r̂12 �
wherethehat(̂ ) denotesaunit vectorasusual.� Gravity obeys the superpositionprinciple, so if
particle1 is attractedbyparticles2and3, thetotal
forceon1 is F12

�
F13.� Centralforcesareconservative, wecandefinegrav-

itational potentialenergy:

V � r � � � r

∞
F � dr � � � r

∞
� � � Gm1m2

r � 2 dr � � � Gm1m2

r 	
� Definealsogravitational potential (akagravita-

tionalpotentialenergy perunit mass)

Φ � r � � � Gm
r 	

(setm1
� m andreplacem2 with 1).

� Likewise,gravitationalfieldg asgravitationalforce
perunit mass:

g � r � � � Gm
r2

r̂ 	
� Fieldandpotentialarerelatedin theusualway:

g � � ∇∇∇Φ 	
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Gravity From A Spherical Shell: Direct Calculation� Considera thin sphericalshellof radiusa, mass
perunit areaρ andtotalmass

m � 4πρa2 	
� Superpositionprincipleleadsto elementof mass:

dm � ρ2πasinθadθ � m
2

sinθdθ 	
� Contributionto thepotentialfrom annulusis:

dΦ � � Gdm
R

� � Gm
2

sinθdθ
R 	

� Integrateoverθ from 0 to π.

� Changetheintegrationvariablefrom θ to R, via

R2 � r2 � a2 � 2arcosθ �
hence

sinθdθ 
 R � dR
�� ar �



3� If r � a integrationlimits arer � a andr
�

a; if
r  a they area � r anda

�
r :

Φ � r � � � Gm
2ar

r � a�
r � a

�dR � � � Gm
 r for r � a� Gm
 a for r � a 	
� Gravitationalfield by differentiation:

g � r � � � � Gmr̂ 
 r2 for r � a
0 for r � a 	

1. Outsidethe shell, the potential is just that of a
pointmassat thecentre.

2. Insidethe shell, the potentialis constantandso
theforcevanishes.
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Now Using Analogy With Coulomb Force� Apply integral form of Gauss’Law to gravita-
tional case:

S
g � dS � � 4πG

V
ρmdV

� Thatis:

Surfaceintegral of normalcomponentof gravita-
tionalfieldovergivensurfaceSis equalto � � 4πG�
timesthemasscontainedwithin surface,with mass
obtainedby integratingmassdensityρm over vol-
umeV containedby S.

� Fromsphericalsymmetrygravitationalfieldg must
beradial:

g � gr̂ 	� Chooseaconcentricsphericalsurfacewith radius
r � a: massenclosedis just shell massm and
Gauss’Law says

4πr2g � � 4πGm�
giving

g � � Gm
r2

r̂ for r � a.

� Likewise,chooseconcentricsphericalsurfacein-
sideshell:massenclosedis zeroandg vanish.



5

Orbits: Preliminaries

Two-body Problem: Reduced Mass� Expressposition ri as CM location R plus dis-
placementρρρi relative to it:

r1
� R

� ρρρ1 � r2
� R

� ρρρ2 	
� Changevariablesfromr1 andr2 to R andr � r1

�
r2 (recallF � F12

� � F21, internalforcesonly):

m1r̈1
� F � m2r̈2

� � F 	
� SetM � m1

�
m2, thus

MR̈ � m1r̈1
�

m2r̈2
� 0 �

i.e.,CM velocity is constant.

� Considerrelativedisplacementr,

r̈ � r̈1
� r̈2

� � 1
m1

� 1
m2

� F � m1
�

m2

m1m2
F �

i.e.,
F � µr̈ �

andre-encounterreducedmass

µ � m1m2

m1
�

m2 	
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� For conservativeforceF thereis potentialenergy
V � r � , hencetotalenergy is:

E � 1
2

MṘ2 � 1
2

µṙ2 � V � r � 	
� Likewise, when F is central, total angularmo-

mentumis

L � M R � Ṙ
�

µr � ṙ 	
� SinceCM velocityis constant,chooseinertialframe

with origin at R, i.e.:

R � 0 	
� Hence:

E � 1
2

µṙ2 � V � r � �
L � µr � ṙ 	� Rationale: two-bodyproblemreducesto equiva-

lent singlebodyoneof massµ at positionr rela-
tive to fixedcentre,acteduponby force

F � � � ∂V 
 ∂r � r̂ 	
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� If m2 � m1:

µ � m1m2 
�� m1
�

m2 ��� m1 �
R � m1r1

�
m2r2

m1
�

m2
� r2

(‘fix edSunandmoving Planetapproximation’).� Commentary:

1. Approximationvalid for Kepler’sLaws(m1
� mPlanet

andm2
� mSun).

2. CanignoreinteractionsbetweenPlanetsin com-
parisonto gravitationalattractionPlanet-Sun.
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Two-body Problem: Conserved Quantities� Gravity is centralforce: gravitational attraction
betweentwo bodiesactsalongline joining them.� Gravitationalforceonmassµactsin direction � r
andnotorqueis exertedaboutfixedcentre:

L � constant	� Bothmagnitudeanddirectionof L arefixed!� Since
L � r � p � r � µṙ �

L is perpendicularto planedefinedby position
andmomentumof µ.� Conversely:r andp mustalwayslie in fixedplane
of all directionsperpendicularto L.� Canthereforedescribemotionusingplanepolar
coordinates� r � θ � , with origin at fixedcentre!� Radialandangularequationsof motionbecome:

r̈ � r θ̇2 � � k
mr2

� radialequation� �
1
r

d
dt

� r2θ̇ � � 0 � angularequation� �
� Gravitationalforceis

F � � kr̂ 
 r2 � k � GMm�
whereinµ � m � mPlanetandM � mSun.



9� Angular equationexpressesconservation of an-
gularmomentum:

L � mr2θ̇ 	� Otherconservedquantityis totalenergy:

E � 1
2

mṙ2 � 1
2

mr2θ̇2 � k 
 r 	
whereingravitationalpotentialenergy is

V � r � � � k 
 r 	� Commentary:

1. Gravitationalpotentialenergy will helpdeducing
shapeof planetaryorbits!
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Two-body Problem: Two Problems

Comet

1. CometapproachingSunin planeof Earth’s orbit
(assumedcircular) crossesorbit at angleof 60�
travelling at50kms� 1.

2. Closestapproachto Sunis 1
 10of Earth’sorbital
radius(re).

3. Ignoreattractionof cometto Earthcomparedto
Sun(i.e.,reducedmassµ � m � mComet).

4. Aim:

computecomet’sspeedatpointof closestapproach.

Solution� Key: angularmomentumconservation

L � r � p � r � mv � of cometaboutSun� 	� At pointof closestapproachcomet’svelocitymust
betangentialonly:�

r � v

� � rminvmax	� At crossingpoint:�
r � v

� � revsin30� 	� Equatetwo expressions:

rminvmax
� 0 	 1revmax

� 1
2

rev	



11� Finally,

vmax
� 5v � 250kms� 1 	
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Cygnus X1

1. CygnusX1 is abinarysystemof asupergiantstar
of 25 solarmassesanda black hole of 10 solar
masses,eachin a circular orbit aboutCM with
period5 	 6days.

2. Aim:
Determinedistancebetweensupergiantandblack
hole,givensolarmass1 	 99 � 1030kg.

Solution� Key: 2-bodyequationof motionin polarcoord.s:

Gm1m2

r2
� m1m2

m1
�

m2
r ω2

(m1 � 2 � mass,r � distance,ω � ang.velocity).� Whereis RHS2ndtermcomingfrom ?� Introduceperiod:

T � 2π 
 ω 	� Extractdistance:

r3 � G � m1
�

m2 � T2

4π2� 27	 5 � 1030m3 	� Thatis,
r � 3 � 1010m 	
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Kepler’s Laws

State Kepler’s Laws:

1. Theorbitsof theplanetsareellipseswith theSun
atonefocus.

2.
Theradiusvectorfrom theSunto aplanetsweeps
outequalareasin equaltimes.

3.
Thesquareof theorbital periodof a planetis pro-
portionalto thecubeof thesemimajoraxisof the
planet’sorbit (T2 ∝ a3).

Next lecture: their derivation
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Kepler’s 2nd Law

� This is statementof angularmomentumconser-
vationunderactionof central gravitationalforce.

� Angularequationof motiongives:

r2θ̇ � L
m

� const	� Leadsto:

dA
dt

� 1
2

r2θ̇ � L
2m

� const 	
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Orbit equation

� Ellipsesarespecificto inversesquarelaw for force,
hencefirst andthird laws arespecificto inverse
squarelaw force.

� Studyradialequationof motion(k � GMm)

r̈ � r θ̇2 � � k
mr2

!

(i) Removeθ̇ usingangularmomentumconservation,

θ̇ � L 
 mr2 �
get

r̈ � L2

m2r3
� � k

mr2 	
(ii) Userelation

d
dt

� θ̇
d
dθ

� L
mr2

d
dθ �

(differentialequationfor r in termsof θ).

(iii) Substituteu � 1
 r to obtainorbit equation:

d2u
dθ2

�
u � mk

L2 	
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Kepler’s 1st Law

� Solutionof orbit equationis

1
r
� mk

L2
� 1 �

ecosθ � 	
� First law: for 0  e � 1 is an ellipse,with semi

latusrectuml � L2 
 mk.

Kepler’s 3rd Law

� Startwith 2ndlaw for rateof area:
dA
dt

� L
2m 	

� IntegrateovercompleteorbitalperiodT:

T � 2mA
 L � A � πab is areaof ellipse! � 	
� Substitutingfor b in termsof a givesthird law:

T2 � 4π2

GM
a3 	



17

Scaling Argument for Kepler’s 3rd Law� Supposeyou foundasolutionto orbit equation

r̈ � r θ̇2 � � k 
 mr2 �
i.e., r andθ asfunctionsof t.� Scaleradialandvariablesby constantsα andβ:

r � � αr � t � � βt 	
� In termsof r � andt � , LHS of orbit equationis:

d2r �
dt � 2 � r ��� dθ

dt � � 2 � α
β2

r̈ � αr � θ̇
β
� 2 � α

β2
� r̈ � r θ̇2 � 	

� RHSbecomes:� k
mr� 2 � 1

α2
� � k

mr2
� 	� Comparetwo sides,new solution in termsof r �

andt � provided
β2 � α3 	� Thatis,
T2 ∝ a3 	

1. Needsolving orbit equationfor proportionality
constant.

2. Scalingargumentmakesclearthird law basedon
inverse-squareforcelaw.



18

Problem Sheet 6

Section B.� Earth’sspeedin circular motionaboutSun!?

� Orbit equationin polar coordinates:

l
r
� 1 � e � 0� !

� Thatis,

re
� l � L2

mk
� m2v2

er
2
e

m2MSunG 	
� Inverting,

v2
e

re

� GMSun

r2
e 	

� Finally,

v2
e
� GMSun

re 	
� Everythingcanbeexpressedin termsof ve !
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Energy Considerations: Effective Potential

� Gravitationalforceisconservative,hencetotalen-
ergy E of orbitingbodyis conserved:

E � 1
2

mṙ2 � 1
2

mr2θ̇2 � V � r � 	
� Angular momentumis also conserved (force is

central),henceuse

r2θ̇ � L 
 m�
to remove θ̇2:

E � 1
2
mṙ2 � L2

2mr2
�

V � r � 	
� Formally, energyequationof particlein linearmo-

tion undereffectivepotential

U � r � � L2

2mr2
�

V � r � 	
� Effectivepotentialcontainscentrifugalterm,

L2 
 2mr2 �
arisingbecauseangularmomentumis conserved.

� ReplaceV � r � � � k 
 r andusel � L2 
 mk:

U � r � � kl
2r2

� k
r

� � Fig� 	
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Interpret U � r � as a function of r for given E� By definition ṙ2 � 0, implying

E � U � r � � kl
2r2

� k
r 	� Draw ahorizontalline for E, U � r � liesbelow it !

Circular Orbit� At minimumU � r � � E, r is constantat

rc
� l � L2 
 mk�

henceorbit is circularandtotal energy is

E � � k 
 2l � � mk2 
 2L2 	
Elliptic Orbit� If � k 
 2l � E � 0, motionis allowedfor

rp  r  ra �
perihelionrp andaphelionra givenby rootsof

E � kl 
 2r2 � k 
 r 	
Parabolic Orbit� If E � 0, thereis alwaysminimumvaluefor r but

escapeto infinity is justpossible.

Hyperbolic Orbit� ForE � 0,escapeto infinity is possiblewith finite
kineticenergy at infinite separation.
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Orbits in a Yukawa Potential� ConsiderYukawapotential

V � r � � � αe� κr

r
� α � 0 � κ � 0� 	

� Describes,e.g.,attractiveforcebetweennucleons
in anatomicnuclei.

� Neglectquantum-mechanicsanduseclassicaldy-
namics.

� Effectivepotentialbecomes

U � r � � L2

2mr2
� αe� κr

r 	
� Trajectoriesaremorecomplicated:� Fig.
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Interpret U � r � as a function of r for given E

E � 0 but greater than Umin� Rosetteorbit, i.e., ellipse with rotating orienta-
tion, akaprecessionof perihelion.� Typical of small (κ � 0) perturbationsof plane-
tary orbits, e.g.,dueto otherplanets(irregulari-
ties in Uranus’motion led to discovery of Nep-
tune,1846).

Large r limit� TermL2 
 2mr2 dominatesexponentiallyfallingYu-
kawa term,soU � r � becomespositive !� If Umax � E � 0, two possibleorbits classically
distinct. In quantummechanics,‘tunnelling’ be-
comespossible(e.g.,alphadecay)!


