Gravitation and Kepler'sL aws

e Newton’s Law of UniversalGravitationin vecto-
rial form:

Gmm .
Fio=—-Fa=—5—T1
M1

wherethe hat () denotesa unit vectorasusual.

~»

e Gravity obeys the superpositiorprinciple, so if
particlelis attractedy particles2 and3, thetotal
forceonlis Fio+ F1a.

e Centralforcesareconservativewe candefinegrav-
itational potentialenengy.

r r
V(r)= —/oo F-dr’ = _/oo(_)Glemzdrf: _G”}mz .

¢ Define also gravitational potential (aka gravita-
tional potentialenegy perunit mass)
Gm
-
(setm; = mandreplacem, with 1).

®(r) =

e Likewise,gravitationalfield g asgravitationalforce
perunit mass:

¢ Field andpotentialarerelatedin theusualway:
g=—0o.



Gravity From A Spherical Shell: Direct Calculation

e Considera thin sphericalshell of radiusa, mass
perunit areap andtotal mass

m = 41pa’.

e Superpositiomrincipleleadsto elemenif mass:

dm = p2masinfade = gsinede.

e Contrikutionto the potentialfrom annuluss:

Gdm GmsinB6do
db=——]"="7%2"Rr

¢ Integrateover 0 fromOto 1t

e Changeheintegrationvariablefrom 8 to R, via
R? =r2+a’— 2arcosh,

hence
sin6dB/R = dR/(ar)



e If r > aintegrationlimits arer —a andr + a; if
r <athey area—r anda+r:

Gm [r+a —Gm/r forr >a

P =" Zar |r_a|dR: { —~Gm/a forr<a’

¢ Gravitationalfield by differentiation:

or) = {—Gmf/r2 forr>a
0 forr <a

1. Outsidethe shell, the potentialis just that of a
pointmassatthecentre.

2. Insidethe shell, the potentialis constantand so
theforcevanishes.



Now Using Analogy With Coulomb Force

e Apply integral form of Gauss’Law to gravita-
tional case:

/g-dS: —4T[G/ OmdV
S \Y

e Thatis:

Surfaceintegral of normalcomponenbf gravita-
tionalfield overgivensurfaceSis equalto (—4nG)
timesthemasscontainedvithin surface with mass
obtainedby integratingmassdensitypy, over vol-
umeV containedoy S.

e FromsphericaBymmetrygravitationalfield g must
beradial:

g=agr.

e Chooseaconcentricsphericaburfacewith radius
r > a: massenclosedis just shell massm and
Gauss’Law says

ATrg = —4TIGmM
giving
Gm,
g= —r—zr forr > a.

e Likewise,chooseconcentricsphericakurfacein-
sideshell: massencloseds zeroandg vanish.



Orbits: Preliminaries

Two-body Problem: Reduced M ass

e Expresspositionr; asCM locationR plus dis-
placemenp; relativeto it:

ri=R+py, r;=R+p,.

e Changevariabledromr; andratoRandr =rq—
r, (recallF = F1, = —F»3, internalforcesonly):

iy =F, mpi> = —F.

e SetM = m + my, thus
MR = myi'1 +myi', = 0,

l.e.,CM velocityis constant.

e Considerelatve displacement,
L 1 1 M+
F=t—Fr=(—4+—)F=— il

MmNy MmNy

F,

l.e.,

F=ur|,

andre-encountereducedmass

= MMy
Mt |




e For consenrative forceF thereis potentialenegy
V(r), hencetotalenepy is:

1, ., 1.
E:EMR?+§w2+vuy

e Likewise, when F is central, total angularmo-
mentumis

L=MRXR+Ur xT.
e SinceCM velocityis constantchooseanertialframe
with origin atR, i.e.:

R=0.

e Hence:

1 .
— El,ll’z—l—V(r),
L = urxr.

e Rationale two-bodyproblemreducego equiva-
lent singlebody oneof massyu at positionr rela-
tive to fixedcentre acteduponby force

F=—(3V/an)Ff.



o If m, > Ny

U= mmp/(m+nmp) ~ my,
Ml +Npl2

M+ My
(‘fixedSunandmoving Planetapproximation’).

R =

)

e Commentary:

1. Approximationvalid for KeplersLaws (m; = Mpjanet
andm, = mgyy).

2. CanignoreinteractionsetweenPlanetsn com-
parisonto gravitationalattractionPlanet-Sun.



Two-body Problem: Conserved Quantities

e Gravity is centralforce: gravitational attraction
betweentwo bodiesactsalongline joining them.

e Gravitationalforceonmasguactsin direction—r
andnotorqueis exertedaboutfixedcentre:

L = constant

e Both magnitudeanddirectionof L arefixed!

e Since
L=rxp=rxpr,

L is perpendiculato planedefinedby position
andmomentunof .

e Corversely:r andp mustalwayslie in fixedplane
of all directionsperpendiculato L.

e Canthereforedescribemotion usingplanepolar
coordinategr, 0), with origin atfixedcentre!

¢ Radialandangularequation®f motionbecome:

F—r62 — _% (radialequation,
%%(ﬂé) -0 (angularequation,

¢ Gravitationalforceis
F=—ki/r, k=GMm,

whereing = m= MpjgnerandM = Mgy,



e Angular equationexpressesonseration of an-
gularmomentum:

L = mr2e.

e Otherconseredquantityis totalenepy:

1 1 -
E = _mi?4+ =mr20% — k/r.
2 + 2 /
whereingravitationalpotentialenegy is

V(r)=—k/r.

e Commentary:

1. Gravitationalpotentialenegy will helpdeducing
shapeof planetaryorbits!
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Two-body Problem: Two Problems

Comet

1. Cometapproachingsunin planeof Earth’s orbit
(assumectircular) crossesrbit at angleof 60°
travelling at 50kms—.

2. Closestpproacho Sunis 1/10of Earthsorbital
radius(re).

3. Ignore attractionof cometto Earthcomparedo
Sun(i.e.,reducednassi = M= Mcomey-

4. Aim:

computecomets speedat point of closestapproach.

Solution

e Key. angula€momentunconseration
L=rxp=rxmv (of cometaboutSun.

e At pointof closestipproacltometsvelocitymust
betangentiabnly:

|r X V| — rmianax.

e At crossingpoint:
Ir x v| =revsin30°.

e Equatetwo expressions:

1
minVmax = 0.1 eVmax = EreV-



e Finally,

Vinax = BV = 250kms 1.
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Cygnus X1

1. CygnusX1 is abinarysystenof asupegiantstar
of 25 solarmassesnda black hole of 10 solar
masseseachin a circular orbit aboutCM with
period5.6days

2. Aim:
Determinedistancebetweensupegiantandblack
hole,givensolarmassl.99 x 103%kg.

Solution

e Key. 2-bodyequationof motionin polarcoord.s
G
m;mz _ Ml o2
r M +Np
(my 2 — massy — distancew — ang.velocity).

e Whereis RHS 2ndtermcomingfrom ?

¢ Introduceperiod:
T =21/ w.

e Extractdistance:
3 G(my +mp) T2
41P

— 275x%x10°°m3,

e Thatis,
r=3x10"m.



Kepler’'sLaws

State Kepler's L aws:

1 The orbits of the planetsareellipseswith the Sun
"|latonefocus.

Theradiusvectorfrom the Sunto a planetsweep:

U)

outequalareasn equaltimes.

Thesquareof the orbital periodof a planetis pro-
3. |portionalto the cubeof the semimajoraxis of the
planets orbit (T2 O a3).

Next lecture: their derivation




Kepler’'s2nd Law

e This is statemenbdf angularmomentumconser
vationunderactionof cental gravitationalforce.

e Angularequationof motiongives:
. L
r’0 = — = const
m

e Leadsto:

dA 1 ,. L
—=r=_—= t.
I 2r 0 o cons




Orbit equation

e Ellipsesarespecifidoinversesquardaw for force,
hencefirst andthird laws are specificto inverse
squardaw force.

¢ Studyradialequationof motion(k = GMm)

. Kk
F—rg?=——|
mr

(i) Remave 6 usingangulamomentuntonseration,
0=L/mr,
get

(i) Userelation

(differentialequatiorfor r in termsof 9).

(iii) Substituteu = 1/r to obtainorbit equation

Pu K
doe? L2y

15
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Kepler’'slst Law

e Solutionof orbit equations

1 mk

e Firstlaw: for 0 < e < 1is anellipse,with semi
latusrectuml = L?/mk

Kepler’'s3rd Law

e Startwith 2ndlaw for rateof area:
dA_ L
d 2m’

¢ Integrateover completeorbital periodT:

T =2mA/L (A= mabis areaof ellipse!).

e Substitutingfor b in termsof a givesthird law:

T? = ﬁa3 :
GM
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Scaling Argument for Kepler’'s3rd Law

e Suppose/ou founda solutionto orbit equation
f—re?=—k/mr?
l.e.,r andb asfunctionsof t.

e Scaleradialandvariablesoy constant& andp:
' =ar, t' = Bt.

¢ In termsof r’ andt’, LHS of orbit equations:

dr’  do., o 0.,
di2 Qw)_ﬁf_u“ﬁ

Bz(r —16?).

¢ RHSbecomes:
k 1 k

m2 = 2l " me

).

e Comparetwo sides,new solutionin termsof r’
andt’ provided

[32 — GB.

e Thatis,
T20as.

1. Need solving orbit equationfor proportionality
constant.

2. Scalingargumentmakesclearthird law basedon
inverse-squartorcelaw.



Problem Sheet 6

Section B.

e Earths speedn circular motionaboutSun!?

e Orbit equationn polar coodinates
I

-=1 (e=0)!
r
e Thatis,
R S 1V
¢ mk~ mPMg, G
e Inverting,
V_g . GMsun
e 12
e Finally,
Vg _ GIVlSun
le

e Everythingcanbeexpressedn termsof v !



Energy Considerations: Effective Potential

e Gravitationalforceis consenrative,hencdotalen-
ergy E of orbiting bodyis consered:

1 ., 1 .
E= émr2+ émr262+V(r).

¢ Angular momentumis also consered (force is
central),henceuse

r’0=1L/m,

to remove 62

l 2
E =Zmr? V(r)|.
2 +2mr2+ (")

e Formally, enegy equatiorof particlein linearmo-
tion undereffectivepotential
L2
~ 2mr2

U(r)

+V(r)|.

¢ Effective potentialcontainscentrifugalterm,
L2/2mr?,

arisingbecaus@angularmomentunms conserved

e Replace/(r) = —k/r andusel = L2/mk

u(r) = %—‘F‘ (— Fig).
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Interpret U(r) asafunction of r for given E

e By definition? > 0, implying
kI Kk
> =,
E=U(r) 2r2 r

e Draw a horizontalline for E, U(r) liesbelow it !

Circular Orbit

e At minimumU(r) = E, r is constantt
re=1=L%/mk
henceorbit is circularandtotal enegy is
E=—k/2l = —mk/2L%

Elliptic Orbit

e If —k/2l < E < 0, motionis allowedfor
Mp ST < Ty,
perihelionr , andaphelionr, givenby rootsof
E=kl/2r>—Kk/r.

Par abolic Orbit

e If E =0, thereis alwaysminimumvaluefor r but
escapéo infinity is just possible.

Hyperbolic Orbit

e For E > 0, escapdo infinity is possiblewith finite
kinetic enegy atinfinite separation.
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Orbitsin a Yukawa Potential

e ConsiderYukava potential

— KT
V(r):—O(er (a >0, K>0).

e Describese.q.,attractve forcebetweemucleons
in anatomicnuclei.

¢ Neglectquantum-mechani@nduseclassicably-
namics.

e Effective potentialbecomes

L2 O(e_”
u(r) = omrz

¢ Trajectoriesaremorecomplicated:— Fig.
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Interpret U(r) asafunction of r for given E

E < O but greater than U,

e Rosetteorbit, i.e., ellipse with rotating orienta-
tion, akaprecessiorof perihelion

e Typical of small (k ~ 0) perturbation®f plane-
tary orbits, e.g.,dueto other planets(irregulari-
tiesin Uranus’motion led to discovery of Nep-
tune,1846).

Larger limit

e TermL?/2mr? dominategxponentiallyfalling Yu-
kawaterm,soU (r) becomegpositive !

o If Unax > E > 0, two possibleorbits classically
distinct. In quantummechanics;tunnelling’ be-
comegpossible(e.g.,alphadecay)!




