
Equation of Motion Near Earth’ sSurface� Underapproximationx
�

R:

mẍ � F � mg��� 2mωωω � ẋ �
wherewehavedefinedapparent gravity,

g� � � g
R
R
� ωωω � 	 ωωω � R 


andCoriolis force: � 2mωωω � ẋ �
(Boxesfrom page39 !)

Apparent Gravity� g� defineslocal apparentvertical direction ! (g
definestruevertical,towardsEarth’scentre.)� g� measuredby hangingmassfrom springsothat
massis stationaryin rotatingframefixedtoEarth:

ẋ � 0 � ẍ � 0 �� Magnitudeof centrifugaltermis,� � ωωω � 	 ωωω � R 
 � � ω2Rcosλ �� Direction:seeFig.  .



2 � Apply cosinerule to RHStriangle:

g � 2 � g2 � 	 ω2Rcosλ 
 2 � 2gω2Rcos2λ �
hence

g � � g � 	 ω2 
��� Apply sinerule to sametriangle:

sinα
ω2Rcosλ

� sinλ
g � �

� Take α small,sosinα � α !� To orderω2 wecanreplaceg � by g:

α � ω2R
g

sinλcosλ �
Commentary

1. Deflectionvanishesatequatorandpoles.

2. Deflectionis maximalat latitude45� .
3. Deflectionis governedby

ω2R
g

� 3 � 4cms� 2

g
� 0 � 35%�

(At Southampton,λ � 51� : α � 1 � 7 � 10� 3rad.)



3

Coriolis Force� This is term � 2mωωω � ẋ �� Visualiseparticlemovingdiametricallyacrosssmooth
flat rotatingdisc with no forcesactinghorizon-
tally: seeFig.  .� Chooseconvenientsetof axesonEarth’ssurface:
seeFig.  .� Usingthiscoordinatesystem,vectorsbecome:

ωωω � ω 	 0 � cosλ � sinλ 

ωωω � ẋ � ω

x̂ ŷ ẑ
0 cosλ sinλ
ẋ ẏ ż� ω 	 żcosλ � ẏsinλ 
 x̂ � ωẋsinλŷ � ωẋcosλẑ �

and
g� � � g � ẑ �� Equationsof motionare:

mẍ � Fx � 2mω 	 żcosλ � ẏsinλ 
��
mÿ � Fy � 2mω ẋsinλ �
mz̈ � Fz � mg � � 2mω ẋcosλ �



4

FreeFall — Effectsof Coriolis Term� For particlein free fall,

F � 0 �
equationof motionbecomes

ẍ � g� � 2ωωω � ẋ �� Work to 	 ω 
 sothatg� � g.� Integrateoncew.r.t. timewith initial conditions

x � a � ẋ � v at t � 0

(startswith velocityv from pointa).� Obtain

ẋ � v � gt � 2ωωω � 	 x � a
��� Ignoringtermsof 	 ω2 
 , zero-thordersolution

x � a � vt � gt2 � 2
in crossproductterm

ẋ � v � gt � 2ωωω � �
vt � 1

2
gt2 � �

� Integrateoncemore:

x � a � vt � 1
2

gt2 � ωωω � �
vt2 � 1

3
gt3 � �

(Box in page42!)



5

Particle droppedfr om a tower� Considerparticledroppedfrom restfrom vertical
towerof heighth:

v � �� 0
0
0

�� � a � �� 0
0
h

�� �
� Usingωωω � g � � ωgcosλ x̂, we find thatcompo-

nentsx, y andz of x are:

�� x
y
z

�� � �� 0
0
h

�� � 1
2

gt2 �� 0
0
1

�� � 1
3

ωgt3cosλ �� 1
0
0

�� �
� Particlehitsgroundwhenz � 0 at t � � 2h � g.� For this t, x componentof particle’spositionis

1
3

ωcosλ
�

8h3

g
� 1� 2 �

� Particle strikesgrounda little to Eastof tower’s
base!



6

Shell fir ed fr om a cannon� A shell is fired due North with speedv from a
cannon,with elevationangleπ � 4.� Takecannonatorigin, initial conditionsare:

v � v�
2
�� 0

1
1

�� � a � �� 0
0
0

�� �
� ComputeCoriolis’ contribution

ωωω � v � x̂ ŷ ẑ
0 ωcosλ ωsinλ
0 v�

2
v�
2� ωv�

2
	 cosλ � sinλ 
 x̂ �

� Substitutein oursolution:

�� x
y
z

�� � vt�
2
�� 0

1
1

�� � 1
2

gt2 �� 0
0
1

��
� 1

3
ωgt3cosλ �� 1

0
0

�� � ωvt2�
2
	 cosλ � sinλ 
��� 1

0
0

��
� Look at z component:

z � vt � � 2 � gt2 � 2 � 0 �� t � �
2v � g �



7� Deflectionat impactis:

x � �
2ωv3

3g2
	 3sinλ � cosλ 
��

� If 3sinλ � cosλ then

deflectionat impactis towardsEast!

(Happensfor λ � tan� 1 	 1� 3
 � 18� 4� , λ of Mex-
ico City or Bombay/Mumbai).� If 3sinλ ! cosλ (i.e.,λ ! 18� 4� ) then

deflectionat impactis towardsWest!� Deflectionalongx-directionis sumof positivecu-
bic termplusquadratictermin t:

1
3

ωgt3cosλ � ωvt2�
2
	 cosλ � sinλ 
��

� Sumis alwayspositivefor λ � 45� (likeatSo’ton):

Deflectionis Eastwardthroughouttrajectory.� Now assumeλ ! 45� :
Deflectionis initially to Westthenchangesto East.

(SeeFig.  )



8

Foucault’sPendulum� SeeFig. � Wantto describerotationof oscillationplane.� Usualchoiceof coordinates,neglecting" ω2 terms:

ẑ � � g� � g � � � g� g �� Considerpendulumof length l free to swing in
any direction.� Computedisplacementx of bobusingequations
of motionin Cartesiancoordinates:

mẍ � Fx � 2mω 	 żcosλ � ẏsinλ 
��
mÿ � Fy � 2mω ẋsinλ �
mz̈ � Fz � mg � � 2mω ẋcosλ �� Assumesmalloscillations:

Ignoreall z termscomparedto x andy !� F is tensionof supportcable:

Fx � � mgx � l �
Fy � � mgy � l �� Equationalongx andy become:

ẍ � � ω2
0x � 2ωsinλẏ �

ÿ � � ω2
0y � 2ωsinλẋ �

(ω0 # � g � l pendulumnaturalangularfrequency).



9� Tosolve,definecomplex quantityα � x � iy, hence

α̈ � 2iωsinλα̇ � ω2
0α � 0 �� Solutionis of typeα � Aeipt, provided

p � � ωsinλ $ ω2
0 � ω2sin2λ� � ωsinλ $ ω0 	 ω0 % ωsinλ 
��� Generalsolutionis

α � 	 Aeiω0t � Be � iω0t 
 e � i & ωsinλ ' t
(A andB complex constants).� Chooseinitial conditionssuchthat

α � ae � i & ωsinλ ' t cos	 ω0t 
 � 	 Box page46 ! 

Commentary

1. cos	 ω0t 
 describesusualperiodicswing of pen-
dulum.

2. e � i & ωsinλ ' t describesrotationof oscillationplane
with angularvelocity � ωsinλ.


