Equation of Motion Near Earth’ s Surface

¢ Underapproximatiork < R

mMX = F 4+ mg* — 2mm x X

~

wherewe have definedapparent gravity,

g = —g%—wx (Wx R)

andCoriolisforce:
—2Mo X X.

(Boxesfrom page39!)

Apparent Gravity

e g defineslocal apparentvertical direction! (g
definedruevertical,towardsEarth's centre.)

e J° measuredby hangingmasdrom springsothat
masgs stationaryin rotatingframefixedto Earth:

x=0, %=0.

e Magnitudeof centrifugaltermis,

| — X (Wx R)| = w’RCOSA.

¢ Direction: seeFig. —.



e Apply cosineruleto RHStriangle:
g*° = g?+ (WPRcosh)? — 2gwPRcoSA,

hence
g° =g+ O(w).

e Apply sinerule to sametriangle:
sina sinA
w?Rcosh g

e Take a small,sosina ~ a !

e To orderw?’ we canreplaceg® by g:

o= %Qsin)\cosk :

Commentary

1. Deflectionvanishest equatorandpoles.
2. Deflectionis maximalat latitude45°.
3. Deflectionis governedby

w’R  3.4cms?
;-

(At Southampton) = 51°: o = 1.7 x 10~3rad.)

= 0.35%



Coriolis Force

e Thisisterm
—2mMe X X.

¢ Visualiseparticlemoving diametricallyacrossmooth
flat rotating disc with no forcesacting horizon-
tally: seeFig. —.

e Chooseaeconvenientsetof axeson Earth's surface:
seeFig. —.

¢ Usingthis coordinatesystemyectorsbecome:

W= (0, COSA, SinA)

~ ~ ~

X y i
WXxX=w|0 CcosA\ sinA
X y Z

= W(ZCOSA — YSINA )X 4 WXSINAY — WX COSAZ,
and

¢ Equationf motionare:

mMX = F,—2mw(zCosA —ysinA),
Fy — 2mwXsinA,
mZ = F,—mg*+ 2mwXCosA.
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FreeFall — Effects of Coriolis Term

e For particlein freefall,
F=0,
equationof motionbecomes

X=0g" —2WxX.
e Work to O(w) sothatg* ~ g.

¢ Integrateoncew.r.t. time with initial conditions
X=a, X=V att=0

(startswith velocity v from pointa).

e Obtain
X=V+0t—2Wx (X—a).

e Ignoringtermsof O(w?), zero-thordersolution
X =a+vt+gt?/2
in crossproductterm

xzv+q—2wx(w+%qﬁ.

¢ Integrateoncemore:

_ 15 2 1 3
x—a+vt+2gt W X vt—|—3gt .

(Box in page42!)



Particle droppedfrom a tower

e Considemarticledroppedrom restfrom vertical

tower of heighth:
0
V= : a=10].
h

e Usingw x g = —wgcosA X, we find thatcompo-
nentsx, y andz of x are:

X 0 1 0 1 1
y|=1{0 —Egt2 0 +§wgt3cos)\ 0].
Z h 1 0)

e Particlehits groundwhenz= 0 att = /2h/g.

O O O

e For thist, x componenof particle’s positionis

1 3 1/2
— (WCOSA (ﬂ> i
3 g

e Particle strikesgrounda little to Eastof tower’s
basel



Shellfired from a cannon

e A shellis fired due North with speedv from a
cannonywith elevationanglert/4.

e Take cannomatorigin, initial conditionsare:

N
i<

e Substitutan our solution:

X vt 0 1 O)
y|=—(1]-Zgt?|0
1)

1
1 2
+-wgt®cosA [ 0] — on” (cosh—sin\) | O
3 o) V2 0,

e Look atzcomponent:

z=wt/V2-gt?/2=0 — t=+V2v/g.



¢ Deflectionatimpactis:

‘ V20008
- 57

(3sinA — cos\).

e If 3sinA > cosA then

deflectionatimpactis towardsEast!

(Happendor A > tarm1(1/3) = 18.4°, A of Mex-
ico City or Bombay/Mumbai).

e If 3SiNA < cosA (i.e.,A < 18.4°) then

deflectionatimpacts towards\West!

¢ Deflectionalongx-directionis sumof positive cu-
bic termplusquadratidermin t:

CVt2

l 3
— WQgt°CcosA —
3 V2

(COSA — SinA).

e Sumis alwayspositivefor A > 45" (likeatSo'ton):

Deflectionis Eastward throughoutrajectory

e Now assume\ < 45°:

Deflectionis initially to Westthenchanges$o East

(SeeFig. —)



Foucault’'s Pendulum

e SeeFig. —
¢ \Wantto describeotationof oscillationplane.

e Usualchoiceof coordinatesneglecting~ w? terms:

—0'/9" ~ —0g/9.

Z

e Considerpendulumof lengthl freeto swingin
ary direction

e Computedisplacemenk of bob usingequations
of motionin Cartesiarcoordinates
mMX = F—2mw(zCosA —ysinA),
my = F —2mwXsinA,
Mz = F,—mg*+ 2mwXCosA.

e Assumesmalloscillations:

Ignoreall ztermscomparedo x andy!

e F is tensionof supportcable:

A ~ —mgx/I,
F ~ —mgy/I.

e Equationalongx andy become:
X = —¥X+ 2wsinAy,
Y = —why— 2wSIiNAX,
(o= +/9/l pendulummaturalangulafrequeng).



e To solve,definecomplex quantitya = x+1iy, hence

G 4 2iwsinAa 4 wia = 0.

e Solutionis of typea = Ae*, provided

p = —wsin)\i\/w%+wzsin2)\
~ —WSINAN+wy (W >> WSINA).

e Generabolutionis
o = (Aeiwot + Be_iwot) o-i(wsin\)t

(A andB comple< constants).

e Choosadanitial conditionssuchthat

o =ae (@S™tcoguxt)|. (Boxpage46!)

Commentary

1. coquyt) describesusualperiodicswing of pen-
dulum.

2. e l(@sin\t describegotation of oscillation plane
with angularvelocity —wsinA.



