Normal modes of a Beaded String

e Take string stretched to tensidncarryingN beads,
each of masi.

e Beads are equally spaced by distaa@nd ends
of string are at distancafrom first/last bead.

e Consider small transverse oscillations of beads
with ends held fixed: displacement oth bead
IS Un (See Fig.—).

e Newton’s second law:

MU, = —T (siny + sing).

e Limit of small displacements:

i Uy — Un—1 i Unh — Une1
squz%, and  simpx %.

e Equations of motion are:
T

Un = M—a(un—l - 2un + un+1) .

¢ (Note: same equation for longitudinal oscillations
of one-dimensional line of masses connected by
identical springsC /M replacingl /Ma—C spring
constant of each spring.)

e Boundary conditions are (ends of string fixed):

Up = O, UN+1 = 0.



e Find normal moded.g, motions where all beads
oscillate with same angular frequenay:

Uy = A (for someA,'s).

e Substitute in equation of motion:

:
PP = o (—An1 4 28— Agsa).

e Find A,’s via recurrence relation- aka ‘discrete
form of a differential equation’.

e Boundary conditions become:
Ao =Ans1=0.

e Standard methods:

1. Treat recurrence relation as matrix equation
and determine column vectors Af’s.

2. Solve recurrence relations.
e Usetranslation invarianceandlocal interaction

1. Translation invariancesuppose line of beads
beinfinite, after jumping steps either direction
of string system looks identical.

2. Local interactionu, is affected only byu,_1,
Un.1 (i.e., nearest neighbours) and itself.

e Rationale:

finding combination of normal modes of infinite s
tem satisfyingdp = An.1 = 0 gives normal modes

yS-
Of

finite system and don’t need to knotv ;, Ay 2!




e Suppose have found mode for infinite string with
displacement amplitudes,.

e Shift n-th bead one step left: translation invari-
ance implies system is identical.

e That is, if A, is of normal mode with frequency
w, shiftedA;, gives another mode wittamexw:

A; — An+1-

e Normal mode is arbitrary up to overall scale:

A=A, 1=hA,  (hcomplex constant

e Iterate ovemn beads:

An=h"Ay  (Agarbitrary).

e ReplaceA,’s in equation of motion:

A — Mla (—h1Ag+ 2hAg — hT1A).

e Cancelling common factdr"Ay:

T 1.

henceh and 1/h givesame normal mode frequency

e Conversely, ifwis fixed, amplitude#\, must be:

An=ah"+Bh™ (o andf constan.



e Seth=¢",
1. displacement afith bead is:
U, = (aein9+ Be—inﬂ)eioot;

2. eigenvalue equation becomes:

T
2 T .
W _4Masm2(9/2) .

¢ Insert boundary conditions
Up =0, Uns1 = 0.
1. First yields:
a=—, Un O sSin(nB).
2. Second imposes:

(minteger labelling the modes).

e Normal mode frequenciese then

P = 2\/I\/IiaSiln <2(|r\|nil)) '




