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Abstract—Hierarchical Modulation (HM) is widely employed
across the telecommunication industry. The potential application
of the coded HM scheme in cooperative communications has
drawn a lot of interests. In this paper, a twin-relay aided triple-
layer cooperative communication system is proposed. The system
amalgamates rate-1/2 TTCM, triple-layer HM-64QAM and twin-
layer SPM-16QAM schemes in the context of cooperative com-
munications. We have optimized the entire system based on the
HM ratio pair (R1, R2), the Superposition Modulation (SPM)
weighting pair (α, β) and the positions of the two relays. The
simulation results show that our optimized system is capable
of reliably transmitting a triple-layer HM-64QAM signal with
the aid of two time slots at an average Signal-to-Noise-Ratio of
6.94 dB per time slot.

Index Terms—Hierarchical Modulation, Superposition Modu-
lation, Turbo Trellis-Coded Modulation, Cooperative Communi-
cation, Soft Decoding and Power Efficiency.

I. INTRODUCTION

Hierarchical Modulation (HM) constitutes an integral part
of the DVB-T/-H standard [1], but it has also been widely
employed by the IT industry for upgrading diverse telecom-
munication services [2], [3]. Compared to a system using
conventional modulation, the system employing HM has a
higher flexibility, while maintaining backward compatibility.
Explicitly, both the original and the upgraded new services
may be combined by the HM scheme and broadcast to the re-
ceivers without requiring any additional bandwidth. Although
the services is upgraded to a higher data rate, the original
devices are still supported by the upgraded broadcast system
without requiring software or hardware upgrade [4].

HM has been developed for combining independent infor-
mation streams at bit-level layer by layer, which are then
mapped onto HM constellations. The information contained
in different layers may also be demapped/detected separately.
The general performance of the HM scheme have been detailed
in [5]–[8]. It can be observed from the simulation results
of [5], [6] that different layers in HM constellations receive
different protection levels. Consequently, the required received
Signal-to-Noise Ratio (SNRr) for receiving the layer with
higher protection level requires lower SNRr than that of the
less protected layers. The author of [9] employed HM in
his system to provide unequal error protection (UEP) for
the information contained in different layers. It has drawn
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a lot of interests [10]–[15]. More specifically, the authors
of [13], [14] invoked a HM scheme for providing UEP for
video and image encoding, where the information bits are
mapped to specific protection layers according to their error-
sensitivity-based priority. Moreover, the HM scheme has also
been combined with sophisticated channel coding schemes
in [13], [14], for protecting the most important information.
The simulation results of [13], [14] have shown that receiving
the information having the highest priority requires a lower
SNRr compared to conventional modulation schemes at a
given target BER performance.

A typical relay aided coded HM scheme was introduced
in [16], where Hausl and Hagenauer combined Turbo Coding
(TC) [17] with a HM scheme conceived for cooperative com-
munications, where the original signal sequence was broadcast
by the Source Node (SN) by ensuring that the layer with higher
protection may be received by the Destination Node (DN)
directly, while the less protected layer will be received and
retransmitted by the Relay Node (RN). However, the authors
of [16] only considered the specific scenario, when the position
of the RN is right in the middle of the SN-DN path and invoked
a specific bit-to-symbol mapping scheme. The performance of
the coded HM schemes was then further discussed in [18]–
[21] in the context of cooperative communications, where the
common choice is to employ multiple encoders at the SN and
combine all the coded bit sequences layer-by-layer to create a
HM signal sequence. Again, the less well-protected layers are
assisted by the RN of the cooperative network.

The bit-to-symbol mapping optimization of the HM scheme
was considered in [20], [22]. More specifically, by appropri-
ately designing the constellation mapping, the HM scheme
is capable of enhancing the protection of the higher-priority
information at the expense of providing a weaker protection
for the other layers. In [21], the specific position of the RN was
explicitly considered in the BER analysis. For a specific coded
HM scheme aided system, the receive power at the RN should
be sufficiently high for guaranteeing that the RN becomes ca-
pable of receiving the information in the lower protected layer
with an acceptable integrity. Therefore, the position of the
RN may influence the power allocation of the entire system.
Several parameters have to be taken into consideration, when
optimizing a coded HM aided cooperative communication
system. On one hand, distorting the HM constellation for the
sake of improving the BER of its high-priority layers at the
detriment of its low-priority layers degrades its average BER,
compared to conventional modulation schemes. On the other
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hand, sophisticated channel coding schemes, such as Trellis-
Coded Modulation (TCM), Turbo Trellis-Coded Modulation
(TTCM) and Bit-Interleaved Coded Modulation (BICM) [17],
[23]–[25] are required for protecting each HM layer at the
expense of an increased complexity. Hence, giving cognizance
both to the complexity and to the power efficiency of the
overall system, while maintaining its flexibility becomes a
challenging task.

In [26], a cooperative communication system assisted by
a TTCM based HM-16QAM scheme was proposed, where
we proposed the optimum constellation mapping for the HM-
16QAM scheme in the context of single RN aided cooperative
communications. However, the position of the RN was fixed
to be right in the middle of the SN-DN path. Hence, the
scheme of [26] was suboptimal, because its power allocation
was suboptimal. Against this background, in this treatise
we intrinsically amalgamate HM, Superposition Modulation
(SPM) [27] and TTCM for creating an attractive cooperative
communication system. Our goal is to increase the time-
efficiency and reduce the total power consumption of the entire
system, while maintaining a low complexity. This cooperative
communication system model may be readily used for assist-
ing multilayer video transmission for example [13], [28] or for
multilayer image transmission [14]. We exploit the idealized
simplifying assumption that the system benefits from perfect
Channel State Information (CSI), including both the fading
and path-loss. Hence, according to the receiver’s SNR, we are
capable of determining the transmission power required at the
transmitter, which we defined as the transmit SNR (SNRt)1.
We proposed a Turbo Trellis-Coded Hierarchical Modulation
(TTCHM) aided twin-relay based cooperative communication
scheme, where three rate-1/2 TTCM encoders are employed
at the SN for constructing a 64QAM-based triple-layer HM
scheme. The TTCM scheme detailed in [17] has a better
performance for transmission over Rayleigh fading channels
than other joint coding and modulation schemes, such as
TCM and BICM. An excellent performance can be attained
by TTCM without expanding the bandwidth. A rate-k/(k+1)
TTCM scheme can be used for protecting a k-bit HM layer
by expanding the number of constellation points from 2k to
2k+1. We considered k = 1 in this contribution.

Depending on the specific symbol-to-bit demapping ar-
rangement of the HM scheme, different HM layers have
different protections. Explicitly, the information in the higher-
protection layers may require a lower SNRr at the DN than
that of the information in the lower-protection layers. Hence,
when the SN transmits a multi-layer HM signal in our cooper-
ative communication network, the SNRt at the SN (SNRSNt )
may be reduced to the minimum value that can ‘just’ guarantee
the successful detection of the base layer (highest priority) of
the HM signal at the DN. By contrast, the information in the
lower priority layers may be received and retransmitted by
the RN. Since we proposed a triple-layer HM scheme, two
RNs are activated for retransmitting the information of the

1The definition of transmit SNR was proposed in [29], which is convenient
for simplifying the discussions, although this is not a physically measurable
quantity, because it relates the power at the transmitter to the noise at the
receivers.

two lower layers. More specifically, a linear SPM scheme is
employed by the two RNs for simultaneously transmitting the
two signal frames to the DN during the second time slot (TS).
Hence, two TSs are required for the transmission of all the
three layers from the SN to the DN. Since the transmissions
between the SN and RN (or RN and DN) only deal with a
single 4QAM layer of the triple-layer HM-64QAM signals,
the decoding complexity imposed on the two RNs (and DN)
is reduced. Moreover, the SNRt at the RN (SNRRNt ) can
also be minimized, because both RNs will only retransmit
using 4QAM. If only one RN is available for assisting the
transmissions, the RN would have to detect both enhancement
layers from the HM-64QAM signals. The position of this
RN would be near to the SN and the transmission between
the RN and the DN will be based on 16QAM modulation.
This would require a high SNRt due to the transmission
of a higher-order modulation scheme over a longer distance.
Due to the flexibility of HM, the lowest-protection layer that
contains the least important information can be discarded in
the adverse situation, when none of the RNs is capable of
detecting it. Nonetheless, the DN can still receive the pair
of more important layers of the HM-64QAM. We found
that apart from reducing the power dissipation of the entire
system, the processing complexity of the twin-relay aided
cooperative communication network may also be mitigated,
when an appropriate design is invoked.

The main contributions of this paper are as follows:
• A triple-layer HM-64QAM scheme is designed for aid-

ing a Decode-and-Forward (DF) based cooperative com-
munications, which involves intrinsically amalgamating
TTCM, HM and SPM schemes;

• Based on our Monte-Carlo simulations, a power-
allocation is conceived and it is demonstrated that the
power consumption of the entire system may be readily
optimized by relying on the related variables, namely by
the HM-based symbol-energy ratio pair (R1, R2), by the
SPM weighting pair (α, β), and by the relay’s geographic
position.

The rest of the paper is organized as follows. Section II
introduces both the system model and our cooperative com-
munication strategy. The specific HM-64QAM mapping rule
designed for cooperative communication is detailed in Sec-
tion III. The protocol of the symbol-to-bit demapper of the HM
symbols is discussed in Section IV. The triple-layer TTCHM-
64QAM system design is detailed in Section V and the
simulation results are displayed in Section VI , our conclusions
and future research ideas are discussed in Section VII.

II. SYSTEM MODEL

Our TTCHM aided DF RN based cooperative communica-
tion system is illustrated in Fig. 1. During the first transmission
TS, the SN will broadcast a sequence of TTCHM symbols
{x1} to RN1, RN2 and DN. In the following TS, RN1 will
transmit a signal frame {x2} to the DN, another signal frame
{x3} will also be sent to the DN by the RN2 simultaneously.
Again, the entire system would require two TSs to convey the
triple-layer TTCHM-64QAM symbol based signal frame {x1}
to DN.
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Fig. 1: The model of a two-relay cooperative system.

We considered an uncorrelated Rayleigh flat-fading channel,
both the transmitters and receivers were assumed to acquire
perfect CSI. During the first TS, each symbol received by the
DN may be expressed as:

ySD =
√
GSDhSDx1 + nSD , (1)

where each of the symbols received by the RN1 and RN2 are:

ySR1
=
√
GSR1

hSR1
x1 + nSR1

, (2)

ySR2 =
√
GSR2hSR2x1 + nSR2 , (3)

where the subscript SD denotes the SN-DN link and the
subscript SRk represents the SN-RNk link. By contrast, the
symbols received at the DN during the second TS, which are
sent by the two RNs, may be expressed as:

yRD = ρ1α
√
GR1DhR1Dx2 + ρ2β

√
GR2DhR2Dx3 + nRD ,

(4)
where ρ1 and ρ2 are the pre-coding parameters and (α, β) is
the SPM ratio pair. The subscript RkD represents the RNk-DN
link. Additionally, the notations hSD, hSRk and hRkD denote
the complex-valued coefficients of the uncorrelated Rayleigh
fading for the different links, nSD, nSRk and nRkD denote the
Additive White Gaussian Noise (AWGN) having a variance
of N0/2 per dimension. Moreover, the variables GSD, GSRk
and GRkD represent the Reduced-Distance-Related-Pathloss-
Reduction (RDRPLR) for each link, which we also refer to as
the path-gain [25], [29]–[31]. We consider an inverse-power
law based non-free-space path-loss model and naturally and
we define the path-loss exponent to be 3 which is usually
used to simulate the path-loss in urban areas [32]. The path-
gain GSD of the SD link is assumed to be unity. Therefore
the path-gains of the two SR links are:

GSRk =

(
dSD
dSRk

)3

, (5)

and similarly, the path-gains of the two RD links are:

GRkD =

(
dSD
dRkD

)3

, (6)

We assume that every node in the cooperative network
has perfect CSI. Hence, given a specific path-loss and a RN
position, we may both compensate the effect of the path-loss
as well as that of the Rayleigh fading with the aid of transmit
pre-coding. Specifically, the ρ1 and ρ2 pre-coding parameters
should satisfy:

ρ1 =
h∗R1D

| hR1D |2
√
GR1D

, (7)

ρ2 =
h∗R2D

| hR2D |2
√
GR2D

. (8)

Hence, during the second TS, the signal received by the DN
may be written as:

yRD = αx2 + βx3 + nRD . (9)

In a realistic situation, there is always a path-loss between the
SN and DN, but in order to simplify the system model, we
normalized this path-loss to 0 dB. Hence the transmit power
at the SN (SNRSNt ) would be identical to the power received
at the DN (SNRDNr ). If the transmissions between the SN
and DN are on a frame-by-frame basis over an uncorrelated
Rayleigh fast fading channel, the average received SNR at DN
(SNRDNr ) would be given by:

SNRDNr = E(|h|2 SNRt) = E(|h|2)SNRSNt , (10)

where the SNRSNt is the transmit SNR defined as the ratio of
the transmit power to the noise power at the DN:

SNRSNt =
E(|x|2)

N0
=

1

N0
, (11)

where E(|x|2) = 1. Furthermore, the uncorrelated Rayleigh
fading coefficient h is generated by the complex-valued Gaus-
sian distribution having a zero mean and a variance of one.
When the number of uncorrelated Rayleigh fading coefficients
we generated is large, we have [33]:

E(|h|2) =
1

N

N∑
k=1

|hk|2 ≈ 1 . (12)

Hence, for a large frame size of N symbols, we may as-
sume that SNRDNr is equal to the SNRSNt , or equivalently
SNRDNr = SNRSNt .

To be more specific, the information flow of the entire sys-
tem is illustrated in the block diagram shown in Fig. 2. In our
system, the SN employs three rate-1/2 4QAM-TTCM encoders
and combines the three independent codeword sequences into
a HM signal stream. Thus, the signal frame {x1} is formed
by HM-64QAM symbols. When the transmit power at the
source is relatively low, the DN may opt for decoding only
the information from Encoder 1 during the first TS, where
the information contained in the other two layers would be
decoded and retransmitted by the RNs. In order to reduce the
complexity of the entire system, two RNs are activated for
assisting the transmissions and each of the two RNs is used
for retransmitting only one information layer of the triple-
layer HM-64QAM symbols. With aid of the pre-coding and
SPM schemes, the two RNs become capable of transmitting
simultaneously. Hence, the system now needs two TSs to
complete its transmissions between the SN and DN. More
specifically, each RN will only deal with a single layer of the
triple-layer HM-64QAM scheme, so the signal frames they
transmit are all 4QAM symbol frames. In this way, both the
processing complexity of the entire system and the transmit
power of the RN is reduced.
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Fig. 2: The system diagram of a twin-relay HM and SPM aided cooperative system.
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Fig. 3: The constellation map of the triple-layer HM-64QAM
scheme, where R1 = d1/d0, R2 = d3/d2.

III. HM AND SPM MODULATION SCHEMES

A. Triple Layer HM Scheme

Our triple-layer model of the HM-64QAM constellation
seen in Fig. 3 was originally introduced in [26]. Since TTCM
is used, where the symbol-based decoder’s performance is
determined by the Symbol Error Rate (SER), hence set-
partition based mapping is invoked by the HM constellation
instead of Gray mapping.

We define the six bits in a HM-64QAM symbol as
(b5b4b3b2b1b0), where the base layer or first layer (L1) is
occupied by (b5b4), (b3b2) belong to the second layer (L2) and
(b1b0) are contained in the third layer (L3). The generation rule
of the triple-layer HM-64QAM symbols may be expressed as:

SHM−64QAM = β
[
S4QAM ±

√
2δ1e

±π
4
j ±
√
2δ2e

±π
4
j
]
. (13)

The parameter β is used for normalizing the average symbol
energy to unity, which given by β = 1/

√
1 + 2δ2

1 + 2δ2
2 . Fur-

thermore, the ratios R1 = d1/d0 and R2 = d3/d2 are defined
for controlling the shape of the HM-64QAM constellations, as
shown in Fig. 3, where all the three parameters β, δ1 and δ2
will be directly controlled by the HM ratio pair (R1, R2) and
their relationship may be expressed as follows:

δ1 =
1√

2 (1 +R1)
, (14)

δ2 =
R1 −R2√

2 (1 +R1) (1 +R2)
. (15)

The constraint of the HM ratio pair (R1, R2) in the simulations
are: {

0 < R2 < R1 if R1 < 1
1

2
(R1 − 1) < R2 < R1 if R1 > 1 .

(16)

The derivations of Eq. (14), Eq. (15) and Eq. (16) are detailed
in appendices A, B, C and D respectively. The entire HM-
64QAM constellation point arrangement is directly controlled
by the HM ratios R1 and R2. Upon increasing the value of
these two HM ratios, the constellation points in each quadrant
would move closer to each other. Hence it is necessary to
have a higher receive SNR at the RN (SNRRNr ) in order to
adequately detect the information contained both in L2 as well
as in L3, but a lower SNRDNr is necessitated for detecting the
two bits in L1. Our design-goal is to find the optimum HM
ratios and RN position based on a given SNRSNt .

B. Twin Layer SPM Scheme

The twin layer SPM scheme is detailed in [34], where we
observe from this Eq. (9) that the reception of the signal at
the DN is identical to that of detecting a twin-layer linear
SPM signal received over AWGN channels. Note that the
performance of a specific modulation scheme in the AWGN
channel is directly determined by the Euclidean distance
among the constellation points. The relationship between α
and β is given by [34]:

α2 + β2 = 1 . (17)
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If we only focus our attention on the relationship between the
Euclidean distance dmin and α, we have:

dmin =


1√
2

min
(

2
√

1− α2, 2
(
α−
√

1− α2
)) (

α ≥
√

1/2
)

1√
2

min
(

2α, 2
(√

1− α2 − α
)) (

α <
√

1/2
)
.

(18)

Theoretically the largest Euclidean distance is achieved,
when α is

√
1/5 or

√
4/5. Hence, we anticipate that the best

performance of an uncoded twin-layer linear SPM scheme
would appear when α equals to

√
1/5 or

√
4/5. However,

when TTCM is used, it depends on dmin of the entire TTCM
set partitioning scheme [17].

IV. DEMAPPER AND RN POSITION

In [34], we have discussed the receiving of the two signal
frames using SPM schemes, so in this section, we only focus
our attention on the receiving of the triple-layer TTCHM-
64QAM symbols. The symbol-to-bit Demapper block of
Fig. 2 will produce a (N ×M)-element Probability Density
Function (PDF) matrix of receiving y given x(i) transmit-
ted. x(i) is the hypothetically transmitted M -ray symbol for
i ∈ {0, 1, · · · ,M − 1} and the element in the matrix is
p(y|x(i)), which is the soft-input to the TTCM decoder, N is
the number of symbols in a transmission block. The general
equation of calculating the PDF of receiving y, given that x(i)

is transmitted may be expressed as:

p(y|x(i)) =
1

πN0
exp

(
−|y −

√
Ghx(i)|2
N0

)
i ∈ {0, 1, . . . ,M − 1} , (19)

where h is the fading coefficient and G is the path-gain.

A. L1 Detection at DN

The DN of Fig. 2 will demap the HM-64QAM signal frames
received from the SN as 4QAM symbols for detecting the
information contained in the base layer of the triple-layer
HM-64QAM constellation. According to the HM-64QAM
generation rule of Eq. (13), Eq. (19) may be rewritten as:

p(ySD|x(i)) =
1

πN0
exp

(
−|ySD −

√
GSDhSDx

(i)|2
N0

)
x(i) ∈ {βejπ/4, βej3π/4, βej−3π/4, βej−π/4} , (20)

where we have i ∈ {0, 1, 2, 3}.

B. L2 Detection at RN1

The information output of Encoder 2 in Fig. 2 is mapped
onto L2, RN1 will demap the received signal frame x1 as the
HM-16QAM symbols shown in Fig. 3 and will obtain the joint
symbol probability of L1 and L2 in the HM-64QAM symbol
streams for producing a (N × 16)-element PDF matrix. Then,
the Log Likelihood Ratio (LLR) converter 1 of Fig. 2, will
extract the PDF of L2 from the (N × 16)-element PDF matrix.
Therefore, RN1 can decode L2 even when L1 is received with

errors. When demapping the HM-64QAM symbol as HM-
16QAM, Eq. (19) may be reformulated as:

p(ySR1 |x(i)) =
1

πN0
exp

(
−
|ySR1 −

√
GSR1hSR1x

(i)|2

N0

)
x(i) ∈ {β

[
S4QAM ±

√
2δ1e

±π
4
j
]
} , (21)

where i ∈ {0, 1, · · · , 15}. The HM-16QAM constellation
points of x(i) are shown as hollow circles in Fig. 3. We defined
L

(0)
2 as the pair of bits (00) in L2, L(1)

2 as (01), L(2)
2 (10) and

finally L(3)
2 for (11), where the corresponding generation rule

is given by:

p(ySR1
|L(l)

2 ) =p(ySR1
|x(l)) + p(ySR1

|x(l+4))+

p(ySR1 |x(l+8)) + p(ySR1 |x(l+12)) , (22)

where l ∈ {0, 1, 2, 3}. The input PDF matrix of Decoder 2 is
formulated in Eq. (22).

C. L3 Detection at RN2

RN2 requires the highest receive power, because it has to
convey the information of L3. In order to receive L3, RN2 has
to fully demap the whole HM-64QAM symbol stream. Hence
Eq. (19) may be represented as:

p(ySR2 |x(i)) =
1

πN0
exp

(
−
|ySR2 −

√
GSR2hSR2x

(i)|2

N0

)
x(i) ∈ {β

[
S4QAM ±

√
2δ1e

±π
4
j ±
√
2δ2e

±π
4
j
]
} , (23)

where i ∈ {0, 1, · · · , 63}. Let L(0)
3 denote the pair of bits (00)

in L3, L(1)
3 represent (01), L(3)

2 (10) and finally L(3)
3 for (11).

Then the LLR converter 2 of Fig. 2 may produce the PDF of
L3 according to:

p(ySR2
|L(l)

3 ) =

15∑
k=0

p(ySR1
|x(i=4k+l)) , (24)

where l ∈ {0, 1, 2, 3}. The (N × 4)-element PDF matrix
generated by the LLR converter 2 is then fed to Decoder 3
of RN2, as seen in Fig. 2, for detecting L3. Furthermore, we
consider logarithmic probabilities, so that the approximate log
MAP algorithm [17] may be directly employed by the decoder
block.

D. RN position

In our simulations, the same rate-1/2 encoder is employed
for all three SN encoders. Hence we only focus our attention
on the specific SNR values for achieving a BER of 10−6.
Multiple values of the two HM ratios R1 and R2 had been
tested. At a given HM constellation ratio pair (R1, R2), the
minimum receive SNR required SNRL1

r for decoding L1 at
the DN, SNRL2

r for receive L2 at the RN1 and SNRL3
r for

receiving L3 at RN2 may be computed. The SNR differences
among the three layers are:

GL1,L2

SNR = SNRL2
r − SNRL1

r [dB] , (25)

GL1,L3

SNR = SNRL3
r − SNRL1

r [dB] , (26)
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where, GL1,Lj
SNR is the SNR difference between SNRL1

r and
SNR

Lj
r , for j ∈ {2, 3}. If we set SNRSNt to be identical to the

SNR required for receiving L1 from the HM-64QAM symbol,
namely to SNRSNt = SNRL1

r , this would guarantee that the
BER of decoding L1 would reach an arbitrarily low value. In
this situation, if we want the BER performance of receiving
L2 to become sufficiently low, the channel gain GSR1

of the
SN-RN1 link should satisfy:

10 log10GSR1
+ SNRL1

r = SNRL2
r . (27)

If we use the distance-ratio dSR1
/dSD to represent the position

of the RN, we arrive at:

GL1,L2

SNR = 10 log10

(
dSD
dSR1

)3

, (28)

where GL1,L2

SNR is given by Eq. (25) and hence we have:

dSR1

dSD
= 10−

GL1,L2
SNR
30 . (29)

Similarly, the position of RN2 is related to:

dSR2

dSD
= 10−

GL1,L3
SNR
30 . (30)

V. TRIPLE-LAYER TTCHM-64QAM COOPERATIVE
SYSTEM DESIGN

In practice we do not have any control over the position of
mobile relays, but the relay-selection algorithm would appoint
a relay close to the optimum location. In this section, we will
optimize this practical system regarding the position of the RN,
as well as the HM ratio pair (R1, R2) and the SPM weighting
pair (α, β). Additionally, in this investigation, the simulations
are carried out by IT++ and the number of iterations of our
rate-1/2 TTCM decoder is ζ = 4, the block size is η = 12, 000
symbols. Using a large number of iterations allows the TTCM
decoder to more closely approach capacity and a large block
length assists in avoiding error propagation, but also imposes
an increased complexity. In the simulations, we observed that
no substantial BER performance improvement is achieved for
more than four iterations (ζ > 4) or for a block size of η >
12, 000 symbols.

A. Optimum SPM ratio

In our simulations, the pair of signal sequences received
from RN1 and RN2 will be multiplied by a specific SPM ratio
α or β and be received by the DN simultaneously. Here, we
only focus our attention on the performance of receiving a
single signal sequence having a SPM ratio α in the simulations
and the related results are shown in Fig. 4(a) and Fig. 4(b).

From the combined signal sequences, we set the signal
associated with a larger SPM ratio α to be the dominant
signal and the signal with a smaller SPM ratio β to be the
auxiliary signal. Based on the simulation results of Fig. 4(a)
and Fig. 4(b), we may observe that as expected, for the
dominant signal, a larger SPM ratio would result in a better
BER performance. However, for the auxiliary signal, the
best BER performance appears at the SPM ratio of 0.45
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Fig. 4: The BER versus SNR performance of receiving a single
signal sequence with SPM ratio α in the twin layer SPM
schemes. Both of the two signal sequences are encoded by
rate-1/2 TTCM encoder. The number of iterations of the rate-
1/2 TTCM decoder is ζ = 4, the block size is η = 12, 000
symbols and the channel is uncorrelated Rayleigh fading
channel.

(
√

1/5 ≈ 0.45) or 0.5. We have found from our simulations
the SNRr value required for achieving BER=10−6 for different
values of the SPM ratio α, as shown in Fig. 5. Note that 0.7071
(
√

1/2 ≈0.7071) is a bound, where we have α = β =
√

1/2,
which would collapse the 16-point constellation to a 9-point
constellation making unambiguous decoding to be impossible.
Fig. 5 shows that when α = 0.5, the SNRr required for
receiving the auxiliary signal from the SPM-16QAM signal
is about 10.31 dB which is the lowest value of receiving the
auxiliary signal. Meanwhile, when α = 0.5, the corresponding
SPM ratio β will be

√
1− α2 ≈ 0.87, and the SNRr required

for receiving the dominant signal from the SPM-16QAM
signal using β = 0.87 is about 5.74 dB. Hence, based on
the results of Fig. 5, we find that the optimum SPM ratio
pair is (α = 0.87, β = 0.5) (we assume α > β in this
paper). In this combination, the SNRr required for receiving
the two signal sequences is the lowest. Consequently, the SNRt
required at the two RNs would also be the lowest at the given
RN positions.

B. SNRt of the two RNs

In order to evaluate the power-efficiency of our cooperative
communications scheme, we have to calculate the average
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Fig. 5: The SNRr versus SPM ratio performance of receiving
a single signal sequence with SPM ratio α in the twin layer
SPM schemes. Both of the two signal sequences are encoded
by rate-1/2 TTCM encoder. The number of iterations of the
rate-1/2 TTCM decoder is ζ = 4, the block size is η = 12, 000
symbols and the channel is uncorrelated Rayleigh fading
channel. The SNRr here is the required receive SNRr for
achieving a performance of BER=10−6.

SNRt (SNRt) defined as the SNRt per TS. Based on the
statistics seen in Fig. 5, we opted for the SPM ratio pair of
(α = 0.87, β = 0.5) and hence we have SNRDNr = 10.31 dB.
Next, we have to find the relationship among SNRRN1

t ,
SNRRN2

t and SNRDNr . Let us denote the SNR by γ, which is
expressed as 10 log10(γ) in dB. Furthermore, since L2 of the
triple-layer HM-64QAM symbols has a higher priority than
that of L3, the signal frame {x2} transmitted from RN1 will
be multiplied by a higher SPM weighting factor of α = 0.87,
while another SPM weighting factor of β = 0.5 is used for
the signal frame {x3} at RN2. Hence we have:

E
[
γRN1
t

]
= E

[ | αρ1x2 |2
N0

]
, (31)

where
E
[
| x2 |2

]
= 1 . (32)

Therefore, it can be observed that:

E
[
γRN1
t

]
=E

[
α2|ρ1|2
N0

]
=α2E

[ | h∗R1D
|2

| hR1D |4 GR1DN0

]
=

α2

GR1DN0
E

[
1

|hR1D|2

]
, (33)

where h obeys the Rayleigh distribution of [32]:

f(h) =
2h

Ω
exp

(
−h

2

Ω

)
. (34)

Note that the mean square value of h is given by Ω = 1,
Let Z = |h|2, then the distribution of the variable Z may be
expressed as [32]:

fZ(z) =
1

Ω
exp

(
− z

Ω

)
. (35)

Let us denote the Cumulative Distribution Function (CDF) as
FZ(Γ) = Pr(Z < Γ), which can be expressed as:

FZ(Γ) = Pr(Z < Γ) = 1− exp

(
−Γ

Ω

)
, (36)

where Pr denotes probability. Upon introducing Γ′ = 1/Γ, we
may further express Eq. (36) as:

Pr(Z < Γ) = Pr

(
1

Z
>

1

Γ

)
= 1− Pr

(
1

Z
< Γ′

)
. (37)

Hence, it can be observed that:

Pr

(
1

Z
< Γ′

)
= exp

(
− 1

ΩΓ′

)
. (38)

If we let Θ = 1
Z , the PDF of the variable Θ may be expressed

as [35]:

fΘ(θ) =
1

Ωθ2
exp

(
− 1

Ωθ

)
. (39)

Therefore, the expectation E
[

1
|h|2

]
may be derived as:

E

[
1

|h|2
]

=

∫ Θup

Θlow

Θ

ΩΘ2
exp(− 1

ΩΘ
)dΘ , (40)

where Θlow and Θup are the lower and upper limits of the
integration. Let us define ξ = 1

Θ , then Eq. (40) may be
converted to:

−
1

Ω

∫ 1/Θlow

1/Θup

1

ξ
exp

(
−
ξ

Ω

)
dξ =

1

Ω

[
Ei

(
−1

ΩΘup

)
− Ei

(
−1

ΩΘlow

)]
,

(41)
where Ei is the Euler function:

Ei(u) =

∫ ∞
−u

e−t

t
dt . (42)

Theoretically, we have |h| ∈ [0,+∞), which gives us
Θlow = 0 and Θup = +∞. When Θlow = 0 , we may
have Ei

(
−1

ΩΘlow

)
= 0. However, if Θup = +∞, the term

Ei

(
−1

ΩΘup

)
becomes infinite and we are unable to derive the

value of E
[
1/|h|2

]
. To resolve this dilemma, we defined an

outage threshold, which is given by [|h|2]min = 0.03. Accord-
ing to Eq. (35), the probability of Pr(|h|2 > 0.03) ≈ 0.97,
indicates that our system will halt its transmissions, when
the fading obeys |h|2 < 0.03. Hence, we may have 1

Θup
=

[|h|2]min = 0.03. In this situation, we have E
[
1/|h|2

]
= 2.96.

Hence, Eq. (33) may be expressed as:

E
[
γRN1
t

]
=

2.96α2

GR1DN0
. (43)

Note that this assumption will lead to a 3% throughput
reduction for the entire system. Additionally, we have:

E
[
γDNr

]
= E

[ | αx2 + βx3 |2
N0

]
=

1

N0
. (44)

Therefore, we find that:

E
[
γRN1
t

]
=

2.96α2

GR1D
E
[
γDNr

]
, (45)
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which may be expressed in dB as:

E
[
SNRRN1

t

]
= E

[
SNRDN

r

]
+ 10 log10

(
2.96α2

GR1D

)
. (46)

Similarly, the relationship between SNRRN2
t and SNRDNr

may be formulated as:

E
[
SNRRN2

t

]
= E

[
SNRDN

r

]
+ 10 log10

(
2.96β2

GR2D

)
. (47)

Finally, SNRt may be expressed as:

SNRt = 10 log10 (γt) = 10 log10

(
γSN
t + γRN1

t + γRN2
t

2

)
. (48)

VI. SIMULATION RESULTS

Based on Section V, we characterized our cooperative
communications system for multiple values of the HM ratio
pairs (R1, R2) for the sake of generating the power dissipation
surface of the cooperative system, which is shown in Fig. 6.
Explicitly, 64 pairs of (R1, R2) have been simulated, where
R1 is chosen from {0.5, 1.0, 1.5, 2.0, 2.5, 3.0, 3.5, 4.0} and
for each R1, multiple R2 values were selected based on the
constraints illustrated in Section III. Given a specific HM
ratio pair (R1, R2), the receive SNR required for adequately
receiving L1, L2 and L3, namely SNRL1

r , SNRL2
r and SNRL3

r

respectively, may be derived for a target BER of 10−6. More
specifically, the optimum position of the two RNs and the
optimum average transmit SNR (SNRt) of the entire system
may be calculated according to SNRL1

r , SNRL2
r and SNRL3

r

based on the discussions in Section IV and Section V. Hence,
we can compute the optimum SNRt for each of the HM ratio
pairs (R1, R2), as shown in Fig. 6. The bold line marked by
dots in Fig. 6 illustrates the lowest power consumption point
for a specific HM ratio pair (R1, R2) and the corresponding
data is recorded in Table I.

Fig. 6: The 3D plot of the simulation-based transmit power
dissipation surface of the entire system versus the HM-64QAM
ratio pair (R1, R2). The two RNs employ SPM schemes asso-
ciated with the SPM weighting pair of (α = 0.87, β = 0.5).
Explicitly, the number of iterations of the rate-1/2 TTCM
decoder is ζ = 4, the block size is η = 12, 000 symbols
and an uncorrelated Rayleigh fading channel is considered.

Based on the results of Fig. 6, the best performance
of our cooperative communication system obeying this ar-
rangement is achieved, when the HM ratio pair is given by
(R1 = 1.5, R2 = 0.8) and the SPM weighting factor pair is
(α = 0.87, β = 0.5), where the optimum SNRt per TS is
6.94 dB. In this situation, the positions of RN1 and RN2 are
dSR1/dSD = 0.53 and dSR2/dSD = 0.31, where SNRSNt is
6.81 dB, SNRRN1

t is 4.01 dB and SNRRN2
t is 4.08 dB, as

shown in Table I. The throughput per TS for this scheme is
3/2×0.97 = 1.455 bps owing to the 3% throughput reduction
imposed by the threshold of [|h|2]min = 0.03.

A. EXIT chart analysis

The Extrinsic Information Transfer (EXIT) chart is ca-
pable of visualizing the input/output characteristics of the
constituent MAP decoders in terms of the achievable average
mutual information transfer [36], [37]. It may be used for
predicting whether a soft decision based decoder is capable
of decoding the information with an arbitrarily low BER
based on the available mutual information provided by the
symbol-to-bit demapper. Since we do not invoke iterations
between the demapper and the TTCM decoder in our symbol-
based scheme, we need a sufficiently high receive SNRr for
guaranteeing that the mutual information gleaned from the
demapper is sufficiently high for the decoder to attain a low
BER. More specifically, the EXIT curves of the HM-64QAM
and SPM-16QAM demappers are illustrated in Fig. 7.
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Fig. 7: The symbol based EXIT chart of our rate-1/2 TTCM
aided triple-layer HM-64QAM scheme and twin-layer SPM-
16QAM scheme. The number of iterations in the rate-1/2
TTCM decoder is from the set of ζ ∈ {2, 4, 6, 8}. The
HM-64QAM ratio pair is (R1 = 1.5, R2 = 0.8) and the
SPM weighting coefficient pair is (α = 0.87, β = 0.5). The
receive SNR required for achieving a BER of 10−6 based on
simulations is denoted as SNRr. An uncorrelated Rayleigh
fading channel is considered.

In Fig. 7, the notation ‘Inner’ iteration represents the infor-
mation exchange between the demapper and decoder, while
‘Outer’ iteration refers to the information exchange between
the two components of the TTCM decoder. Since there are



0090-6778 (c) 2013 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See
http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI
10.1109/TCOMM.2014.2387164, IEEE Transactions on Communications

9

R1 R2 Pos. RN1

[dSR1/dSD]
Pos. RN2

[dSR2/dSD]
SNRSN

t
[dB]

SNRRN1
t

[dB]
SNRRN2

t
[dB]

SNRt

[dB]
0.5 0.3 0.82 0.33 11.18 -8.81 3.88 8.94
1.0 0.6 0.65 0.30 7.98 -0.04 4.27 6.96
1.5 0.8 0.53 0.31 6.81 4.01 4.08 6.94
2.0 1.2 0.47 0.26 5.91 5.61 5.12 7.32
2.5 1.6 0.42 0.22 5.42 6.71 5.76 7.76
3.0 2.0 0.38 0.19 5.06 7.52 6.20 8.14
3.5 2.4 0.35 0.17 4.91 8.10 6.50 8.46
4.0 2.8 0.33 0.16 4.79 8.58 6.73 8.74

TABLE I: The simulation based average transmission power SNRt per TS of the HM-64QAM and SPM based cooperative
system. The SPM weighting pair is (α = 0.87, β = 0.5), the number of iterations of the rate-1/2 TTCM decoder is ζ = 4, and
the block size η = 12, 000 symbols. The channel is an uncorrelated Rayleigh fading channel.

no iterations between the demapper and the TTCM decoder,
we may observe in Fig. 7 that the inner curve is a straight
line. Specifically, the inner curve shows the mutual information
received by the decoder from the demapper, which is increased
upon increasing the receive SNR. In order to guarantee that
the decoder becomes capable of decoding the information with
an arbitrarily low BER, an open EXIT chart tunnel has to be
maintained between the ‘Inner’ and ‘Outer’ curves all the way
to the (x, y) = (2, y) point, where we have x = I

(i)
A = I

(o)
E

and y = I
(i)
E = I

(o)
A . Note that the subscript i and o denote

‘Inner’ and ‘Outer’ respectively, whilst IA and IE denote the a
priori and extrinsic information. When the HM-64QAM ratio
pair is (R1 = 1.5, R2 = 0.8) and the number of TTCM
iterations is ζ = 4, the receive SNR required for achieving
a BER of 10−6 for each HM layer is: SNRL1

r = 6.81 dB,
SNRL2

r = 15.15 dB and SNRL3
r = 21.87 dB. It also can be

observed in Fig. 7 that there are open tunnels between the three
‘Inner’ curves upon receiving triple-layer HM symbols and the
ζ =4-iteration ‘Outer’ curve. Note that the ‘Inner’ curve of
receiving L3 of the HM scheme is closer to the ‘Outer’ curve
compared to the other two ‘Inner’ curves of receiving L1 and
L2. When L1 of the HM scheme is detected at the DN, each
HM-64QAM symbol received will be detected as a 4QAM
symbol. Similarly, L2 of the HM scheme will be detected
in the form of 16QAM symbols at RN1. This HM-specific
simplifying demapping assumption shifts the ‘Inner’ curves
corresponding to L1 and L2 upwards to higher values than
the ‘Inner’ curve recorded for receiving L3. Hence, we infer
that we can reduce the SNR required for receiving L1 and L2

to let the two ‘Inner’ curves to be closer to the ζ =4-iteration
based ‘Outer’ curve. However, according to the simulations,
even though there might be an open EXIT tunnel, the integrity
of L1 and L2 will be degraded, if we reduce SNRr.

Additionally, the ‘Inner’ curves associated with receiving
the pre-coding based twin-layer SPM-16QAM scheme are also
shown in Fig. 7. In the simulations, the L2 and L3 of the triple-
layer HM-64QAM will be mapped to base layer and auxiliary
layer of the SPM symbols, respectively. It can be observed in
Fig. 7 that the SNRr required for achieving a BER of 10−6

for both layers of our twin-layer SPM scheme can provide
open tunnels between the two ‘Inner’ curves and the ζ =4-
iteration ‘Outer’ curve. Moreover, both ‘Inner’ curves are very
close to the ζ =4-iteration ‘Outer’ curve, since the DN fully
detects the SPM-16QAM symbols for the sake of receiving
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Fig. 8: BER versus SNR performance of the triple-layer coded
HM-64QAM scheme with imperfect CSI, where the HM-
64QAM ratio pair is (R1 = 1.5, R2 = 0.8). Explicitly, the
number of iterations of the rate-1/2 TTCM decoder is ζ = 4,
the block size is η = 12, 000 symbols and an uncorrelated
Rayleigh fading channel is considered.

the soft-information of L2 and L3. We have investigated the
optimum number of iterations for the TTCM decoder. It can
be observed from Fig. 7 that increasing ζ beyond 4 only gives
us a marginal gain, while significantly increasing the decoding
complexity. Hence we have opted for ζ = 4 for our design.

B. Imperfect CSI for receiving triple-layer HM and pre-coding
based twin-layer SPM

When considering the impact of imperfect CSI at all nodes
in cooperative communications, the performance of our co-
herent scheme is expected to be degraded. To investigate
the robustness of our triple-layer coded HM-64QAM and
pre-coding based twin-layer coded SPM-16QAM schemes,
we model the CSI estimation errors by a Gaussian process
superimposed on each channel coefficient at the two RNs and
DN, where the CSI estimation error variance is denoted by σ̃.

The BER performance of receiving triple-layer coded HM-
64QAM recorded for diverse CSI estimation error variances
σ̃ is shown in Fig. 8. We can observe that a CSI estimation
error of σ̃ = 0.01 only slightly impedes the performance of
receiving L1, but will cause a 2 dB SNR degradation (at a BER
of 10−6) for receiving L2. However, the system excessively
degrade L3 for σ̃ = 0.01. By contrast, a CSI estimation
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error of σ̃ = 0.1 would impose a 5 dB SNR degradation on
the performance of L1, whilst the cooperative communication
system will have completely lost L2 and L3 in this situation. It
is shown in Fig. 8 that a CSI estimation error variance below
σ̃ = 0.001 is required for receiving L3. Hence, we find that the
robustness of each layer in the HM-64QAM symbols against
imperfect CSI is different, where L1 is the most robust layer,
while L3 has the highest sensitivity to CSI errors.
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Fig. 9: BER versus SNR performance of the twin-layer coded
SPM-16QAM scheme with imperfect CSI, where the SPM-
16QAM weighting pair is (α = 0.87, β = 0.5). Explicitly, the
number of iterations of the rate-1/2 TTCM decoder is ζ = 4,
the block size is η = 12, 000 symbols and an uncorrelated
Rayleigh fading channel is considered.

The performance of our pre-coding based coded SPM
scheme associated with CSI estimation errors are shown in
Fig. 9. If there is CSI estimation error for the R1N (R2N )
and the DN link, the resultant ρ1 in Eq. (7) and ρ2 in Eq. (8)
become:

ρ1 =
h̃∗R1D

| h̃∗R1D
|2
√
GR1D

, (49)

ρ2 =
h̃∗R2D

| h̃∗R2D
|2
√
GR2D

. (50)

Hence, the pre-coding based twin-layer coded SPM-16QAM
symbols received by the DN during the second TS is expressed
as:

yRD =
αh̃∗R1D

hR1D

| h̃∗R1D
|2

x2 +
βh̃∗R2D

hR2D

| h̃∗R2D
|2

x3 + nRD . (51)

More specifically, we have:

h̃R1D = hR1D + ∆1 , (52)

h̃R2D = hR2D + ∆2 , (53)

where ∆1 is the CSI estimation error imposed on hR1D,
and ∆2 is the CSI error contaminating hR2D. In order to
simplify our discussions, we assume that both ∆1 and ∆2

obey the Gaussian distribution with zero mean and a variance
of σ̃1 = σ̃2 = σ̃. It can be seen from Fig. 9 that our pre-coding
based twin-layer coded SPM-16QAM scheme is sensitive to

the CSI estimation errors. Explicitly, an error floor around
BER of 10−4 exists for the detection of L2 and L3 of the twin-
layer SPM scheme when σ̃ = 0.001. Upon increasing the CSI
estimation error variance σ̃, the performance of the pre-coding
based coded SPM scheme will be dramatically reduced. The
error floor will be eliminated at BER of 10−6 by employing
sophisticated channel estimation schemes, which could reduce
σ̃ below a level of 10−5, as shown in Fig. 9.

C. Comparisons with other systems

Fig. 10 compares our rate-1/2 TTCM aided triple-layer HM-
64QAM scheme to that of the same system but aided by a
rate-1/2 LDPC code [38]. It can be observed that the bit-
based LDPC coding scheme performs slightly worse than the
symbol based TTCM coding scheme, even though the number
of LDPC decoder iterations is much higher than that of the
TTCM decoder. This is because a symbol-based scheme tends
to have a lower convergence SNR than an equivalent bit-based
scheme, as detailed in [39].
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Fig. 10: The BER versus SNR performance of our triple-layer
64QAM TTCHM scheme and triple-layer 64QAM LDPC
scheme. The triple-layer HM-64QAM ratio pair is (R1 =
1.5, R2 = 0.8). The block size of the decoder of the two
coding schemes is the same, which is η = 12, 000 symbols,
the code-rate of the two coding schemes’ encoder is 1/2.
For TTCM decoder, the iteration number is ζ = 4 and the
maximum iteration number of LDPC decoder is ζl = 20.
The system communicates over uncorrelated Rayleigh fading
channel.

The BER performance curves of the non-cooperative rate-
2/3 8PSK TTCM and of our scheme in [26] are shown in
Fig. 11. The throughputs of the two schemes are 2 bps and
1.5 bps (the scheme in [26] requires 2 TSs for cooperative
transmission). Note that the throughput of the optimized
scheme proposed in this paper is 1.455 bps. By contrast, the
achievable throughput of the system proposed in this paper is
3×0.97 = 2.91 bps, when the channel SNR is sufficiently high
for the DN to detect all the three layers of the HM symbols
in a single TS without the assistance of the RN. The SNRSNt
required for achieving a BER of 10−6 for the non-cooperative
rate-2/3 8PSK is 13.2 dB, while that of the optimized scheme
in [26] is 14.8 dB. By contrast, the SNRSNt of the optimized
scheme proposed in this paper is 6.81 dB and SNRt is 6.94 dB
per TS. Additionally, the simulation results of [13] show that
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Fig. 11: The BER versus SNR performance of non-cooperative
rate-2/3 8PSK TTCM and the optimized scheme in [26]. The
number of iterations of the TTCM decoder in each of the three
schemes is ζ = 4, the block size is η = 12, 000 symbols. An
uncorrelated Rayleigh fading channel is considered.

in order to transmit a twin-layer HM-16QAM signal with
the aid of two rate-1/2 H264/AVC encoders over an AWGN
channel for achieving a BER of 10−6, their SNRSNt should be
higher than 14 dB, which is about 7.19 dB higher than that of
our optimized scheme transmitting a triple-layer HM-64QAM
signal over uncorrelated Rayleigh channels. It can be observed
that the scheme optimized in this paper reduced the SNRSNt
and SNRt of the cooperative system.

VII. CONCLUSIONS

In this paper, we proposed a TTCHM aided cooperative
communication system. The system employed both pre-coding
and SPM schemes at the two RNs, as detailed in Section II.
The results have demonstrated that the best performance
of the system is achieved at a HM-64QAM ratio pair of
(R1 = 1.5, R2 = 0.8) and the optimum SPM ratio pair is
(α = 0.87, β = 0.5). The optimized system requires an SNRt
of 6.94 dB per TS. It can be concluded that by employing HM
in cooperative communications, both the SNRSNt may indeed
be reduced, along with the SNRt of the entire system. We
note that spatial modulation [40] may also be employed for
further reducing the transmit power dissipation of the entire
system. The benefit of employing spatial modulation will be
investigated in our future work.

APPENDIX

A. Derivation of Eq. (14)

Before normalization, the L1 is represented as conventional
square 4QAM symbols, hence we may have d0 + d1 =

√
2.

Therefore, it can be expressed that:

δ1 =
d0

2
=

d0√
2
√

2
=

d0√
2 (d0 + d1)

=
1√

2 (1 +R1)
. (54)

B. Derivation Eq. (15)

As shown in Fig. 3, we have:

R1 = d1/d0 and R2 = d3/d2 . (55)

Hence, we can write d1, d2 and d3 as:

d1 = d0R1 and d3 = d2R2 , (56)

d1 = d3 + 2δ2 and d2 = d0 + 2δ2 , (57)

It may be observed from Eq. (56) and Eq. (57) that

δ2 =
d1 − d3

2
=
d0R1 − d2R2

2
=
d0R1 − (d0 + 2δ2)R2

2
,

(58)
where δ2 here may be expressed as:

δ2 =
d0(R1 −R2)

2(1 +R2)
. (59)

Upon substituting Eq. (54) into Eq. (59) we have:

δ2 =
(R1 −R2)√

2(1 +R1)(1 +R2)
. (60)

C. Restrictions on R1

It can be observe that:

R1:max =
d1max

d0min

=

√
2

0
⇒∞ , (61)

R1:min =
d1min

d0max

=
0√
2
⇒ 0 , (62)

so we have 0 < R1 <∞.

D. Restrictions on R2

Note that R2 is directly restricted by R1 as follows:

R2max =
d3max

d2min

=
d1

d0
⇒ R1 . (63)

If R1 > 1, then max (δ2)→ d0/2 and we have:

R2min =
d3min

d2max

=
d1 − d0

2d0
⇒ 1

2
(R1 − 1) . (64)

By contrast, if R1 < 1, then we have max (δ2) → d3/2 and
hence:

R2min =
d3min

d2max

=
0

d0 + d3
⇒ 0 . (65)
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